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1.1 ¢êÚØ�ª

�!òlp�êÆ�Ä��Vgµ¢ê�½ÂÑu§3dL§¥O\Ööép�ê

ÆØyÜ6�n)"

knêÚÃnê

p¥��knê´XÛ½ÂQº�Ä��½Â´�êÚ�êÚ¡knê§ùp��

ê��´k��êÚÃ�Ì��ê¶�A�§Ø3d��Ã�ØÌ��êÒ�½Â�Ã

nê¶knêÚÃnêKÚ¡�¢ê"

3p�êÆ��Æp§�êÚ�ê�y©½Â¿Ø
�Ù§�
²(«©kn

êÚÃnê§·�éknê�ÑXeî�½Âµ¡êr�knê§XJ�±òrL«

�r = p
q§Ù¥p, q´ü�p���ê"g,§ØU�¤r = p

q/ª�êrK�¡�Ãn

ê"3d½Âe§·�éN´y²knê�Ä��5�µ$��µ45"�½ü�kn

ê§Ù\~¦Ø$��(J�,´knê§~X

p1
q1

+
p2
q2

=
q1p2 + p1q2

q1q2
. (1)

knê���±L«�©ª�ê§Ù�ê/ª7,´k��ê½Ã�ØÌ��ê§
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Ïdþãknê�¶O©ª�·�Ï�n)�knê´�U�"|^knê�½Â§·

��±�O��ê´knê½Ø´knêµ

~~~ 1. y²
√

3Ø´knê"

©Ûµ�~¦^�´y�knê�IO�{§=¦^�Ø5©Û��{"

Proof. ¦^�y{§XJ
√

3´knê§@o�±�¤
√

3 = q
p§Ù¥p, q´p��ü�

�ê"@o�\z{

p2 = 3q2. (2)

þã�ª`²p2´3��ê§=3|p2",3´�ê§XJp2´3��êÒ7Lp´3��

ê"2�âp´3��ê§Ò,�3�êl¦�p = 3l§�\��

3l2 = q2. (3)

¤±ù`²q2�´3��ê§½`²q´3��ê"ùòÑ
p, qÑ´3��ê§=p, qäk

úÏf3§�p, qp�gñ"nþ¤ã§
√

3Ø´knê"

knêÚÃnêÚ¡¢ê§ù��½Â¢S´kÜ6"��§Ï�Ãnê�½Â´

�Ãnê�¢ê"¢Sþ§p�êÆ�Æp�¢ê�½Â´'�E,�§I��6�


Ä��êÆE|§ùp·�Ñ�¢ê�î�½Â"�´���*n)¢ê��ª§·�

@�¢ê�ê¶þ�z��:��éA§¿�¢êX÷
��ê¶"w,§z��kn

êÑ´ê¶þ�:§�´ê¶þ�kX
√

3ù�Øáuknê�:§Ïdknê¿vk

X÷��ê¶§´3e
�
�Y"ÃnêKÖ¿
knê3e�ù
�Y§¦�

¢êX÷��ê¶"

@oknêÚÃnê´XÛüÙ3ê¶þ�Q"�½knêr1Úr2§?¿�

y r1+r2
2 ´��0ur1Úr2�knê"lê¶þw§?¿ü�knê ��c��3kn

ê"¢Sþ§knêÚÃnê3ê¶þ´ÈÈÈ���üüüÙÙÙ���"?¿ü�¢ê�mÑ�±é�

knêÚÃnêµ

~~~ 2. �a, b´ü�¢ê§÷va < b§¦yknêr1ÚÃnêr2÷va < r1, r2 < b"

©Ûµ�K�(Ø´¢êÈ�5½n"(Ø`²knêÚÃnê3ê¶�üÙÑ�

~È�§Ð'��µp�YÚ�âÃ{©m"

Proof. ky²(a, b)�m�3knê"·�©�ü«�¹µ

A.ea´knê½b´knêµ@o7,�3v
��m ∈ N¦� 1
m < b − a§?�

Úa < a+ 1
m < b�ÎÜ�¦�knê"éub´knê��¹§�±æ^�Ó�{"
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B.ea, bÑ´Ãnêµe�3���êr¦a < r < b§@o·K®y¶eØ�3���

êr¦a < r < b§@o�3���êk ∈ Z¦�k ≤ a < b ≤ k + 1"�X�v
��n¦

� 1
n < b− a§,�ò[k, k + 1]©¤nÜ©µ{

[k +
i− 1

n
, k +

i

n
] | i = 1, 2, · · · , n

}
. (4)

dub− a > 1
n§@oaÚbØU?uþãn�4«m¥�Ó��§�Ò´aÚb�½?uü

�ØÓ�4«mµ�k+ i−1
n < a < k+ i

n < b§@ok+ i
n ∈ [a, b]´knê"£5µdu

·�b½a, b´Ãnê§Ïda, b�½Ø u«m�.¤

2y²(a, b)�m�3Ãnê"|^�c�(Ø§·��±���knêr÷

v
√

2a <
√

2b"�e5a < r√
2
< b§Ù¥ r√

2
´Ãnê"e r√

2
∈ Q§@o

√
2 = r

r√
2

∈

Q§ù�¯¢��§Ïd r√
2
´0ua, b�Ãnê"

��§·�5?Ø¢ê�5�"1�´$��µ45§¢ê�\~¦ØE,´¢

ê¶1�´¢ê�kS5§?¿ü�¢êa, b���'Xk�=kn«µa = b§a <

b½a > b¶1n´�)��Æ§(ÜÆ§©�Æ3S�$�5�¶��K´¢ê���

5§Ù¥��5î�½Â�©E,§�*5`Ò´¢êX÷
��ê¶vk�Y§3Ö

¿�ÖÜ©·�¬0�¢ê��5��
Ly�ª§�YNõ½n�y²Ñ�/^¢

ê���5§3�·�¬é¢ê���5\�n)"

ýé�Ún�Ø�ª

�½��¢êx§Ùýé��½Â´

|x| =

x , x ≥ 0,

−x , x < 0.
(5)

�âþã½Â§x�ýé�o´�Kê"ýé���*n)ê¶þ:x��:�å

l§3dÄ:ýé�|x − y|K�±n)�ê¶þ�:xÚy�ål"òòòýýýééé���nnn)))���ååå

lll§§§´́́������������êêêÆÆÆggg���"""

ýé��5�%¹NõØ�ª&E§·�o(Xe

1.|x| ≥ 0�|x| = 0��=�x = 0"

2.|x| = | − x|"

3.|x| < y��=�−y < x < y"

þã½n�y²Ñ�±ÏLéýé���©a�¤§~XXJ|x| < y§@o©

ü«�¹µx ≥ 0�|x| < y%¹0 ≤ x < y;x < 0�%¹|x| < y%¹−y < x < 0¶n

þ|x| < y%¹−y < x < y"
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'uýé����5�´eãnnn���ØØØ���ªªªµ

|x− y| ≤ |x− z|+ |y − z|. (6)

þãØ�ª�y²�±ÏLé|x− z|Ú|y − z|��K©a��"duýé��AÛ¿Â

´ê¶:�ål§ÏdþãØ�ª�8Ü¿Âþµéuê¶þn�:§:xÚ:z�m�

ål\þ:yÚ:z�m�ål�Ú�u�u:xÚ:y�m�ål"þã5��²¡n

�/ü>�Ú�u1n>�(Ø�§aq§�´n�:�©Ùl²¡þ�:òz�
ê

¶þ�:£ÏdØ�ª�±��¤"ù´þãØ�ª�¡�n�Ø�ª�Ì��Ï"n

�Ø�ª3p�êÆ�y²K¥�~~^"

²þ�Ø�ª

�e50�¢ê�Æe����Ø�ªµ²þ�Ø�ª"3p¥��S§·�Ì

�ÆS�´���²þ�Ø�ªµ�½¢êa, b§§���â²þ�a+b
2 �u�uAÛ²

þ�
√
ab§=

a+ b

2
≥
√
ab. (7)

þã��²þ�Ø�ª�y²´�~{ü�"

·�y3�Ñ�²þ�Ø�ª´n��²þ�Ø�ªµ�kn����¢¢¢êêêa1, · · · , an£5µ

dc��²þ�Ø�ªØ�¦a, b��¢ê¤§½Â§��o«²þ�µ

1.NÚ²þ�µHn = n∑n
k=1

1
ak

2.AÛ²þ�µGn = n
√∏n

k=1 ak

3.�â²þ�µAn =
∑n

k=1 ak
n

4.²�²þ�µQn =

√∑n
k=1 a

2
k

n

ùo«²þ����^S�

Hn ≤ Gn ≤ An ≤ Qn, (8)

Ù¥z��Ø�Ò���¿�^�þ�n��¢ê��"

²þ�Ø�ª�y²�{´ÏLêÆ8B{½´üSØ�ªy²§ùpÒØKã"

·�I�J9§·��~^�²þ�Ø�ª´Gn ≤ An§=�â²þ�Ø�uAÛ²þ

�§,	ü�Ø�ÒÑ´§�íØ§¤±�¦^þ�Ø�ªy²�§Ï~�r·�I

�y²�ªf�¤��¦ÈØ�u��Úª�/ª"

|^²þ�Ø�ª�±y²Nõ��(Ø§·�=Þ�~µ

~~~ 3. �n ∈ N∗§^²þ�Ø�ªy²
(
1 + 1

n

)n
<
(

1 + 1
n+1

)n+1
"

©Ûµ�
|^²þ�Ø�ªy²§·�I�ò�ý
(
1 + 1

n

)n
z���¦È§m

ý
(

1 + 1
n+1

)n+1
z���Úª§,�¦^Gn ≤ Any²"
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Proof. ·�ò1 + 1
n+1©�Úª§,�¦^²þ�Ø�ªµ

1 +
1

n+ 1
= n× 1

n
+

1

n+ 1
≥ (n+ 1)×

[
1

nn(n+ 1)

] 1
n+1

. (9)

�mÓ�n+ 1g�µ(
1 +

1

n+ 1

)n+1

≥ (n+ 1)n+1

nn(n+ 1)
=

(
1 +

1

n

)n
. (10)

·�5¿�§²þ�Ø�ª(9)Ø�U��Ò"Ï�A^²þ�Ø�ª�é´n� 1
nÚ�

� 1
n+1¦^�"¤±ª(9)��u�uÒAT��uÒ§Ò��
K8¤I�(Ø"

1.2 ¼ê

p�êÆ´éy�êÆ�©|©ÛÆ�Ä:êÆ©Û�0�§êÆ©Û�ïÄé�

´±¢ê�½Â��¼ê"3·��Ñ
¢ê�½Â�§·�ò?Ø¼êù�²;êÆ

Vg�î�½Â"

¼ê�½ÂÚL��ª

30�¼ê�c§·�I�²(��Ä:�êÆVgµN�"�Äü�8

ÜEÚF§8Ü�m�NNN���´�8Ü�m��«éA'X§éuz��x ∈ EN�fòÙ

éA�y ∈ F§·�ÒPy = f(x)§,���x ∈ E¡�N��������§��y ∈ F¡�N

�����"ù«éA'X´/�é�0�§=�����UéA���"8ÜE¡�N�

�½½½ÂÂÂ���§8ÜF�f8

f(E) = {f(x) ∈ F : x ∈ E} , (11)

¡�N�����888"XJN�f��8f(E) = F§=z��y ∈ FÑ´,��x ∈ E�

�§K¡f´÷÷÷���¶XJN�f�8�z����y ∈ f(E)§Ñ�3�����x ∈ E÷

vy = f(x)§K¡f´üüü���¶XJ��8Ü´ü��´÷�§·�¡�VVV���§V�`²

8ÜEÚFk�à�éA'X"

ùpI��²������éééAAAù�Vg§�
�áò��éA�Óuü�§�k�
�

áò��éA�ÓuV�§I�Öö3ÖÖ�X«©"��þò��éA�Óuü

�"

3N��Ä:þ§¼¼¼êêê½Â�ê8�ê8�N�§Ïd¼ê�g,U«
N��

½Â�Vg§¼êN����¡�gggCCCþþþ§¼êN���¤�ÏÏÏCCCþþþ"ùpI��²

/Cþ0�Vg§Ï�·�Ï~ò¼ên)�Cz�L§§�XgCþx3½Â�C

z§ÏCþf(x)�3�8¥Cz§Ïdâk
/Cþ0�¶i"

e¡�¯K´§XÛL���¼êfQº��©O��ª´�Ñf�L�ª§~

Xy = cosx´½Â3�N¢êRþ�¼ê§òz��¢êéA�Ù{u�¶,�«'�
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�*��ªK´±�¼ê�ã�§²¡þ�:�±w«½Â�9½Â�z��gCþé

A�ÏCþ§Ù¥y = cosx�àwXã¤«"ØLI��Ñ�´§z��¼êÑ�±�

ÑÙL�ª§�´Ü©¼ê�ã�´xØÑ5�§Ù¥���~f´·�êþÒ�J

��)|�X¼êÚiù¼ê"

¼ê�~f

·��e5ÞÑA«¼ê�~fµ

1.~~~êêê¼¼¼êêê y = c§Ù¥c´Ø�6gCþCz�~ê"~ê¼ê�½Â�´�N¢ê"

2.���¼¼¼êêê y = xa§Ù¥a�±´��¢ê¶�a�Ü©��§�¼ê�½Â��U�

Ø��N¢ê§~Xa = 1
2�y =

√
x�½Â�´[0,+∞)§a = −1�y = 1

x½Â�

´{x 6= 0}"·�~^��¼ê�Ä�´a�knê��/"

3.���êêê¼¼¼êêê y = ax§Ù¥.êa > 0�a 6= 1"�ê¼ê�½Â�´�N¢ê"

4.éééêêê¼¼¼êêê y = loga x§Ù¥.êa > 0�a 6= 1"éê¼ê�½Â�´(0,+∞)"

5.nnn���¼¼¼êêê �)y = sinx, y = cosx, y = tanx�¼ê"

6.���nnn���¼¼¼êêê �)y = arcsinx, y = arccosx, y = arctanx�¼ê"

þã8a¼ê�¡�ÄÄÄ���ÐÐÐ���¼¼¼êêê§dù
Ä�Ð�¼ê\~¦Ø½EÜ¤�

¼ê¡�ÐÐÐ���¼¼¼êêê"p�êÆ�ÆpA�¤k�¼êÑ´Ð�¼ê§�´kü�~

	µ)|�X¼êÚiù¼ê"

)|�X¼ê´3�²¡½Â�©ã¼ê

D(x) =

1 , x ∈ Q,

0 , x /∈ Q.
(12)

�,D(x)�ÏCþ��0, 1ü�§�´du¢ê¶knêÚÃnê�È�üÙ§D(x)�

ã�´ü^È�%kmä�:§Ã{xÑÙ�[ã�"

iù¼ê´3[0, 1]½Â�©ã¼ê

R(x) =


1
q , x = p

q ∈ Q�x ∈ (0, 1)

0 , x /∈ Q½x = 0, 1.
(13)

iù¼êÚ)|�X¼êÏ~��,
·K��~Ñy"~X3�YÆS½È©�

L§¥§·�ò`²)|�X¼êØU½Â½È©§�´wq')|�X¼ê�E,�

iù¼ê%�±½Â½È©"

¼ê�5�Ú�¼ê

�!·�?Øäk�½5��¼ê"Äk´¼ê�Ûó5§ùa¼êb�½Â�'
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u0k.§=�R½«m[−a, a]�"XJf(x) = f(−x)é��x¤á§¡f(x)�óóó¼¼¼êêê¶

XJ−f(x) = f(−x)é��x¤á§¡f(x)�ÛÛÛ¼¼¼êêê"ó¼êLy�¼êã�'uy¶é

¡§Û¼êLy�¼êã�'u�:¥%é¡"

�e5´k.5"�¼êf(x)�½Â�´D§XJ�3M ∈ R¦�f(x) <

M£½f(x) > M¤é��x ∈ D¤á§¡¼êf(x)kkkþþþ...£½kkkeee...¤§Ù¥MB

´f(x)���þþþ...£½eee...¤"XJ��¼êQkþ.qke.§¡T¼ê�kkk...¼¼¼

êêê"k.¼ê�,�«�d½Â´§�3M > 0¦�|f(x)| < Mé��x ∈ D¤á"

�e5´üN5"�¼êf(x)�½Â�´[a, b]£5µüN5��Ø�ÄÉ~½Â

��/¤§XJéu?¿a ≤ x1 < x2 ≤ bÑkf(x1) ≤ f(x2)£½f(x1) ≥ f(x2)¤§¡

¼êf(x)üüüNNN444OOO£½üüüNNN444~~~¤"XJòf(x1) ≤ f(x2)U�f(x1) < f(x2)§K¡¼

êf(x)îîî���üüüNNN444OOO"ØJ�y§î�üN4O�¼ê´ü�"

��´�¼ê�Vg§§�N�nØ¥�_N�Vg�Ó"�½½Â��D�

¼êf(x)§Ù�8�f(D) ⊂ R"���¼¼¼êêê´±�8f(D)�½Â��¼ê§§òz�

�y = f(x) ∈ f(D)éA�x ∈ D§P�¼êf−1¿÷vf−1 : f(x) 7→ x"¢Sþ§�¼

ê¿Ø´é��¼êþk½Â�§���¼¼¼êêêf−1���333���¿¿¿©©©777���^̂̂���´́́¼¼¼êêêf���üüü���"X

JfØ´ü�§�UÑy��¹´�3�8¥���y ∈ f(D)�3ü���x1, x2§½

=f(x1) = f(x2) = y§d�f−1Ò7LòyÓ�éA���x1, x2§ù«/�é�0�y

�¦�f−1Ø2´N�§Ïd�¼ê�½Â��"

e¡�~K0�O��½¼ê�¼ê��{µ

~~~ 4. O�¼êf(x) = 2
x −

x
2��¼ê§Ù¥½Â�D = (0,+∞)"

©ÛµO��¼êf−1Äk�¦Ñ�¼ê�½Â�f(D)§3dÄ:þ�Ñf(x)�x�

éA'X"

Proof. �x ∈ (0,+∞)�f(x)w,î�üN4~§dd�Ñ�8f(D) = (−∞,+∞)"î

�üN4~�¼ê´ü�§dd�¼ê�±�½Â"

éu�½�y = f(x) = 2
x −

x
2§¦)�¼ê�¢�´�Ñx'uy�L�ª§dd�

�±y�ëê'ux����g�§

x2 + 2xy − 4 = 0. (14)

)�x = −y ±
√
y2 + 4§w,·��Ä�´x > 0§Ïd�¼ê

f−1(y) = −y +
√
y2 + 4, (15)

½Â�y ∈ (−∞,+∞)"
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�
Ú�PÒ§·�k�¬ò�¼ê�gCþ¶i�U�x§=f−1(x) = −x +
√
x2 + 4"

n�¼ê�Ú�zÈÚÈzÚ�úª

n�¼ê�úª§�)Ú��úª!���úª!p�úªÚ�UúªÑ´p�ê

Æ�§%@Öö®²Ùö�"ùpÖ¿Ú�zÈÚÈzÚ�úª"��5¿�´§Ú�

zÈÚÈzÚ�úª´ØI�kPM��§�ÏLúª���n)úª"

Äk´Ú�zÈúª§Ù/ª�µ

sinx+ sin y = 2 sin
x+ y

2
cos

x− y
2

, (16)

sinx− sin y = 2 cos
x+ y

2
sin

x− y
2

, (17)

cosx+ cos y = 2 cos
x+ y

2
cos

x− y
2

, (18)

cosx− cos y = −2 sin
x+ y

2
sin

x− y
2

. (19)

lÚ��úª��Ý§Ú�zÈ�¢�´ò�ý'ux, y�n�¼ê¤x+y
2 ±+x−y

2 �

/ª§~X

sinx+ sin y = sin

(
x+ y

2
+
x− y

2

)
+ sin

(
x+ y

2
− x− y

2

)
=

(
sin

x+ y

2
cos

x− y
2

+ cos
x+ y

2
sin

x− y
2

)
+

(
sin

x+ y

2
cos

x− y
2
− cos

x+ y

2
sin

x− y
2

)
= 2 sin

x+ y

2
cos

x− y
2

. (20)

3PÁÚ�zÈúª�§A�g�XÛò�ý�n�¼ê�Ú�ª©�'

ux+y
2 Ú

x−y
2 �n�¼êª§©Ñ�=����§,	��ÒC¤
·�I��

È"

d	´ÈzÚ�úª§��±ÏLaq��{n)�Ú��úª�Ú�µ

sinx sin y = −cos(x+ y)− cos(x− y)

2
, (21)

cosx cos y =
cos(x+ y) + cos(x− y)

2
, (22)

sinx cos y =
sin(x+ y) + sin(x− y)

2
, (23)

cosx sin y =
sin(x+ y)− sin(x− y)

2
. (24)

�e5·�5w��ÈzÚ�úª3n�¼êð�ªy²¥�A^µ

~~~ 5. y²ð�ª
∑n

k=1 cos kx =
sin
(

(2n+1)x
2

)
−sin(x

2 )
2 sin x

2
§¿ddy²Ø�ª|

∑n
k=1 cos kx| ≤

1

|sin x
2 |
"

8



©Ûµ�~/ÏÈzÚ�òz��cos kx�¤©1´�ª�©ª§¿ddO�¦

Ú"�K�g´'�|©§�´(Ø´�~��§§`²/X
∑n

k=1 cos kx�Úª§

�,�Xk�ØÓ{u�cos kxÎÒ�É§�´ÙÚo´k.�"

Proof. |^ÈzÚ�úª

cos kx sin
x

2
=

sin
(
(2k+1)x

2

)
− sin

(
(2k−1)x

2

)
2

. (25)

dux 6= 0k

cos kx =
sin
(
(2k+1)x

2

)
− sin

(
(2k−1)x

2

)
2 sin x

2

. (26)

�âØÓ�k¦Ú

n∑
k=1

cos kx =
n∑
k=1

sin
(
(2k+1)x

2

)
− sin

(
(2k−1)x

2

)
2 sin x

2

=
sin
(
(2n+1)x

2

)
− sin

(
x
2

)
2 sin x

2

. (27)

dd�±�ÑØ�ª∣∣∣∣∣
n∑
k=1

cos kx

∣∣∣∣∣ ≤
∣∣∣sin( (2n+1)x

2

)
− sin

(
x
2

)∣∣∣
2
∣∣sin x

2

∣∣ ≤ 1∣∣sin x
2

∣∣ . (28)

1.3 Ù¦ý��£

�!òÖ¿0��ep�êÆ¥ØLõ�9§�ép�êÆ�©���£:"

��{

��{´¦^u¦ÚªO���«�{"~X²;�¦ÚªO�

Sn =
n∑
k=1

1

k
=

1

1× 2
+

1

2× 3
+

1

3× 4
+ · · ·+ 1

n(n+ 1)
, (29)

·��±ò¦Úª�z���¤ü���

1

k(k + 1)
=

1

k
− 1

k + 1
. (30)

·�5¿�� 1
(k−1)k\þ��Ú�

1
k(k+1)~����Ó§Ïd¦Úª�±�p-�§Ï

d

Sn =

n∑
k=1

(
1

k
− 1

k + 1

)
= 1− 1

n+ 1
=

n

n+ 1
. (31)

�±��§��{���´ò¦Úª�z���)�ü��~§,�3¦Úª¥¦\~

��§¦�¦Úª�±�O�"¢Sþ§~K5�g´¢S�´/ÏÈzÚ�úª��

�{µ·�ÏLª(26)ò�cos kx�)�ü���§2ÏLª(27)\~-�¦Ú"
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~~~ 6. ¦^����{y²
∑n

k=1 k
3 = (

∑n
k=1 k)2"

©ÛµduÃ{��ék3��§·�Äkòk3)�õ�§,�¦^��{"

Proof. ·�Äké¦Úª
∑n

k=1(k − 1)k(k + 1)��

(k − 1)k(k + 1) =
1

4
((k − 2)(k − 1)k(k + 1)− (k − 1)k(k + 1)(k + 2)) . (32)

dd���

n∑
k=1

k(k+1)(k+2) =
1

4
((n− 1)n(n+ 1)(n+ 2)− (−1) · 0 · 1 · 2) =

(n− 1)n(n+ 1)(n+ 2)

4
.

(33)

5¿�

k3 = (k − 1)k(k + 1) + k, (34)

¤±

n∑
k=1

k3 =

n∑
k=1

(k− 1)k(k+ 1) +

n∑
k=1

k =
(n− 1)n(n+ 1)(n+ 2)

4
+
n(n+ 1)

2
=
n2(n+ 1)2

4
.

(35)

Ï~ó§��{�)g´´'�|©�§Ïd·�Ø�¦ÓÆ�±é?Ûªf

ÑU�ÑäN���{"�´��¦ÚªO��K8§�P4ò��{µPu%"

êÆ8B{

êÆ8B{´�«y²êÆ·K�AÏµe"�·KΓ´'u��g,ên¤á

�§~X~K6��ª
∑n

k=1 k
3 = (

∑n
k=1 k)2Ò´'u��n ∈ N¤á�·K"êÆ8B

{¿Ø�¦·�é��n��y²·KΓ§´¦^�«/4í0y²�µe§=¦

ye¡ü�¯µ

1.888BBBååå::: ·KΓén = 0¤á"

2.444ííí555��� XJ·KΓén = k¤á§@o§én = k + 1�¤á"

3êÆ8B{�µee§·�l·KΓén = 0¤á¤áÑu§k�Ñ·KΓén = 1¤

á§,�´én = 2¤á§±daí�Ñ·KΓé��g,ên¤á"

êÆ8B{��«C«´Xe�1�êÆ8B{§§ò~5êÆ8B{�4í5�

��?Uµ

2’.111���444ííí555��� XJ·KΓé0 ≤ n ≤ k¤á§@o§én = k + 1�¤á"

1�êÆ8B{íÑn = k + 1�·KØ��6n = kÕá5�§´��n ≤ kz�

�n��(Ø"

10



·�5we¡~Kµ

~~~ 7. ¦^êÆ8B{y²
∑n

k=1 k
3 = (

∑n
k=1 k)2"

©Ûµ����{§êÆ8B{�y²�U�<�«/N60�aú§�´êÆ8

B{�´ÎÜêÆÜ6�"

Proof. éun = 1�ªw,¤á"·�b��ªén = k¤á§=

k∑
t=1

t3 =

(
k∑
t=1

t

)2

=
k2(k + 1)2

4
, (36)

@o·��±O�

k+1∑
t=1

t3 =
k2(k + 1)2

4
+ (k + 1)3 =

(k + 1)2(k + 2)2

4
. (37)

�ªén = k + 1¤á§Ïd4í5�¤á"

ü�|ÜÚ��ª½n

·�lü�|Üm©0�§Äk�²(ü�|Ü´�«Oê�ª"

Äk5wü�~f"�Ä1�9ùÊ�g,ê§�±|¤õ��� ØÓ�n êº

·��Än ê�n��ABC§z A�±�1�9?¿g,ê§ÏdkÊ«À{¶333

bbb½½½A®®®²²²(((½½½������¹¹¹eee§� B�±�1�9?¿g,ê¥Ø
�À½�A±	�?¿

��§¤±Bkl«À{¶��5w� A§3A,BÑ(½��¹eCkÔ«À{"ò

ù
À{|Ü3�å§·��Ñ� ØÓ�n êABCk9× 8× 7¥À{"AO/§·

�P

A3
9 = 9× 8× 7 = 504, (38)

�ÊÊÊ«««ÀÀÀJJJ���nnn���üüü���§{¡üüü���"��/§éum ≤ n§·�kü��î�½Â�

Amn = n× (n− 1)× · · · × (n−m+ 1). (39)

1��~f§·��Ä���fpCkÊ��¥§©O�k1�9ùÊ�g,

ê§·�ëYÄÑn��¥�U�(Jkõ�«º·��,b�ÄÑ�n��¥

�SÒ�g�(A,B,C)§�þ�~���ØÓ§3uÄÄÄÑÑÑ���^̂̂SSSØØØÉÉÉKKK���§�Ò

´`·�ÄÑ��¥�g�(1, 2, 3)½(1, 3, 2)§(JÑ´SÒ�1�3�n��¥§ü

«�¹7LÀ��«¶�*À�n êABC��/§dun ê�� � z 

äk�Ó�¿Â§Ïd(1, 2, 3)Ú(1, 3, 2)ØUÀ��«�/"?nù�~f§·�

3�Ñ(A,B,C)�ÀÑ�UkA3
9 = 504«cJe§�IüØ�
O�E��¹µ

11



±Ä�SÒ�1�3�n��¥ù«�¹�~§éA�(A,B,C)��¹k8«§�

)(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1)§ù��un«ÀJ�n�ü�§

Ïd�¥Ä���Uê�3A3
9 = 504Ä:þØ±A3

3 = 6§P

C3
9 =

A3
9

A3
3

=
9× 8× 7

3× 2× 1
= 84, (40)

�ÊÊÊ«««ÀÀÀJJJ���nnn���|||ÜÜÜ§{¡|||ÜÜÜ"��/§éum ≤ n§·�k|Ü�î�½Â�

Cmn =
Amn
Amm

=
n× (n− 1)× · · · × (n−m+ 1)

m× (m− 1)× · · · × 1
. (41)

ü�|Ü����A^´��ª½n§§O��´õ�ª(x + y)n�Ðmª"õ

�ª(x+ y)n�Ðmª�¹Nõ'ux, y�ngü�ª§Xxn, xn−1y"��ª½n©Û�

ü�ª�Xê§kr(x+ y)n�¤ë¦/ª

(x+ y)n = (x+ y)× (x+ y)× · · · · · · · · ·
n�

× (x+ y). (42)

O�(x + y)n�Ðmª�IO�{´òn�¦m§ù���O�´Luæ��"�´·

��±w�§Ðmª��xnXê�½´1§Ï��k�¦ª¥z��¦êþ�xªÐm

ªâU¥yxn"/Ïù��À�§·��±rÐmª¯KwÑü�|Ü¯Kµéuü�

ªxmyn−m§Ù¦ê¥km�ÀJ
xn −m�ÀJ
y§z�«ÎÜ�¦�ÀJÑ¬

�xmyn−m�Xê�z1"3n�¦ª¥ÀJm�¦ª¦x§ù´��|Ü¯K§ÀJ�

�U5�Cmn «§ddü�ªx
myn−m�Xê�Cmn "o(�eã��ªÐm½n

(x+ y)n =
n∑

m=0

Cmn x
myn−m. (43)

�y = 1�·��k��ªÐm�{ü/ª

(1 + x)n =
n∑

m=0

Cmn x
m. (44)

2 *Ðò�

2.1 *ÐKVA

Ü©*Ðò�KJÝ��nÜ5�r§�(Ü�<�¹ÀJ5�Ö"

� *ÐSK1µ¥�JÝ§y�knê�k�E|"

� *ÐSK2µ¥�JÝ§��{�A^"

� *ÐSK3µ¥�JÝ§n�¼ê�ê/(ÜnÜK"

� *ÐSK4µ¥�JÝ§�¼ênÜK"
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2.2 *ÐSK

KKK 1. y²
√

2 +
√

3Ø´knê"

©ÛµØ
¦^½Ây²�knê§�K/Ï
knê$��µ45��¤y²"

Proof. �r =
√

2 +
√

3§²���r2 = 5 + 2
√

6"

·�^½Â��{y²
√

6Ø´knêµXJ
√

6´knê§=�3p��¢

êp, q¦�
√

6 = p
q§@o

p2 = 6q2. (45)

��p´óê§�p´3��ê§ddp´6��ê"�Ñp = 6t§��

6t2 = q2, (46)

ddÓ�kq´6��ê§ù�p, qp�gñ"

du
√

6Ø´knê§@or2 = 5 + 2
√

6Ø´knê§¤±r =
√

2 +
√

3Ø´kn

êµÏ�XJr´knê¬í�r2´knê"

KKK 2. ¦�
∑2022

k=1
(k−1)2k
(k+1)! ��C���ê

©Ûµù�K����{��Lu|©§F"ÓÆ�Ýº���g�"

Proof. ·��ÄXeé (k−1)2k
(k+1)! ��¶

(k − 1)2k

(k + 1)!
=

2k

k!
− 2k+1

(k + 1)!
, (47)

òþ¡�ªfë\�

2022∑
k=1

(k − 1)2k

(k + 1)!
=

21

1!
− 22023

2023!
= 2− 22023

2023!
. (48)

5¿�22023´2023�2�¦§2023!´c2023�g,ê�¦§Ï�ö'cö��éõ§

¤±�
∑2018

k=1
(k−1)2k
(k+1)! ��C��ê´2"

KKK 3. ¦éu¢êx§2
√

5− 4 cosx+
√

6 + 4
√

2 cos
(
x+ π

4

)
����"

©Ûµ�K0�
|^n�¼êAÛ¿ÂO�¼ê4���{"
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Proof. ·�Äké�K�8I¼ê�z{§Ù¥|^
1 = sin2 x+ cos2 x�5�µ

2
√

5− 4 cosx+

√
6 + 4

√
2 cos

(
x+

π

4

)
= 2

√
5− 4 cosx+ 2

√
3

2
+ cosx− sinx

= 2

√
(cosx− 2)2 + sin2 x+ 2

√(
cosx+

1

2

)2

+

(
sinx− 1

2

)2

. (49)

^(cosx, sinx)L«ü �£���IXþ±�:��%1��»��¡�ü 

�¤§@oL�ª
√

(cosx− 2)2 + sin2 xL«:(cosx, sinx)�:(2, 0)�ål§L

�ª
√(

cosx+ 1
2

)2
+
(
sinx− 1

2

)2
L«:(cosx, sinx)�:(−0.5, 0.5)�ål§@o�â

ê/(Ü��{§¦√
(cosx− 2)2 + sin2 x+

√
(cosx+

1

2
)2 + (sinx− 1

2
)2 (50)

¼ê�4��(cosx, sinx)�½ 3²L(2, 0)Ú(−0.5, 0.5)��ã�ü ���:þ§d

d¼ê����´:(2, 0)�:(−0.5, 0.5)�ål
√
26
2 §@o�K���

√
26"

KKK 4. ¦ëêa, b¦�¼êf(x) = ln(a+ bex)��¼ê�g�"

©Ûµ�¼ê�gC�¼ê§Ø
¼ê�Ù�¼êéA'X�Ó	§·����y

¼êÚÙ�¼êäk�Ó�½Â�§Ï�¼ê�|¤��Ø
éA'X�k½Â�"

Proof. �f�½Â�´D"XJf��¼ê´g�§=f = f−1§�â�¼ê½Âk

f(f(x)) = x, ∀x ∈ D. (51)

�\��

ln
[
a+ beln(a+be

x)
]

= x, ∀x ∈ D. (52)

z{��

(1− b2)ex = a(b+ 1), ∀x ∈ D, (53)

´'uex����g�§§�
�§é��½Â�p�x¤á§7Lb2 = 1�a(b+ 1) =

0§ùpÒ�±©�¹?Øµ

1.XJb = 1§@o7La = 0§d�f(x) = x§¼êfÚf−1�½Â�Ñ´R"

2.XJb = −1§�I��yf�f−1´Ääk���½Â�"�
f½Â�Ø´�8§7

La > 0"éu��a > 0§f(x)��

f(x) = ln(a− ex), (54)

½Â�D = (−∞, ln a)§�8f(D)�´(−∞, ln a)§f(D)�´f−1�½Â�"

nþëêk,a��µb = 1, a = 0½b = −1, a > 0"
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3 Ö¿�Ö

Ö¿�ÖÌ�Xåu0��y�êÆ*:e��È©Vg§øa,��Ööë�"

3.1 g,ê�½ÂÚPeano’s axioms

/�)�§�)�§�)n§n)�Ô0"3·�Ñ)��ÿ§�Ø��ù�.

k/ê0�Vg§�5·�ÏLêê§��
ù�.þkl0m©�g,ê"�Æ�

·���
�kKê§�d·�éê�n)*Ð���ê"�5·�@£�knê§§

�½Â´p��ê�û"8U�p�êÆ��[k@£�
¢ê§lê¶þ5`§¢

ê¥�/Ãnê0VÖ
/knê03e��Y"

lî��êÆ�Ý§g,êlÃ�k��6ueãî�½Âµ

½½½ÂÂÂ 3.1. (Peano’s axioms)g,êÏL±eÊ^ún½Âµ

1.�3��g,ê0"

2.é?¿g,êa�3Ù�Uêa∗"

3.0Ø´?Ûg,ê��Uê"

4.XJaÚb��UêÑ´c§@oa = b"

5.�S´g,ê���f8§÷v0 ∈ S±9é?¿a ∈ SþkÙ�Uêa∗ ∈ S§@

oS = N"

Peano’s axioms½Âg,ê�±0å:ÏL�Uê�E�ë�����/ó0"�

�ÏXd§·��±|^êÆ8B{�4íg�y²é��g,êÑ¤á�·K"

3XdÄ��g,êXÚeXÛ/¤$�{KQºPeanoòg,ê�\{$�½Â

�ü�g,ê���g,ê�N�+ : a, b 7→ a + b"=éü�êa, b�3Úa + b��N

���"\{$�÷veãü^{Kµ

1.0 +m = mé��m ∈ N∗¤á"

2.n∗ +m = (n+m)∗é��n,m ∈ N∗¤á"

=^þãü^5�§·��±y²1 + 1 = 2µ

1 + 1 = 0∗ + 1 = (0 + 1)∗ = 1∗ = 2. (55)

�âg,ê§éN´½Â�N�ê"l�ê§·���±knê"lÄ��êþ

w§knê´�ê��©ª*Ü�"·���§�î�½Â�Ä��êÆVgknê�

½Â§��6
Ä��ún"

3.2 lknê�¢ê

lknê�¢ê�L§´E,�§ÙÄ�g´Ñ´ÏL/W÷0knê3ê¶þ3
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e�/mY0"ùp·�{��Ñü«lknê½Â¢ê��ª"

Dedekind©��n

Dedekind©��Ì�g´´^8ÜL�¢ê§k8Ü�$�L�¢ê�$�"ä

Ng´�6knê8Q´�Dedekind©�(S, T )§½Â´

½½½ÂÂÂ 3.2. ¡knê8Q�f8Ü|(S, T )��|Dedekind©©©���§XJ÷vXen�^

�µ

1.S, TÑØ´�8"

2.Q = S ∪ T"

3.éu∀x ∈ SÚ∀y ∈ TÑkx < y"ddg,kS, TØ�"

Ù¥S�¡����888§T�¡�mmm888"

�*5w§Dedekind©�òQ©���üÜ©§�=òê¶3©��müãµ�8

ê��m8ê��"

�e5§·�Uì�m8�A5òDedekind©�©�naµ

1.S¥�3��knê§T¥Ø�3��knê§~XS = {x ≤ 2}, T = {x > 2}"

2.S¥Ø�3��knê§T¥�3��knê§~XS = {x < 2}, T = {x ≥ 2}"

3.S¥Ø�3��knê§T¥�Ø�3��knê§~XS = {x2 ≤ 2} ∪ {x ≤ 0}, T =

{x2 > 2} ∪ {x ≥ 0}"

w,cü«�¹Dedekind©�fÐy©3ê¶�knê:2þ§�´ü«�¹

¥2©O u�8Úm8§·�¡ùü«�¹�kkknnn©©©���§�©:2K¡�¥¥¥000:::"1

n«�¹�,�´Dedekind©�§�´�©�¥0TÐØ3knê:þ£du·�y

3ÿ�Ú\Ãnê�Vg§ù��©�B?uknê��Ym¤§ÏdØ�3¥0:"

·�¡1nÙDedekind©��ÃÃÃnnn©©©���"

3Dedekind�¢êNXe§knê�z�«Dedekind©�éA��¢ê§kn©

�éAknêÃn©�éAÃnê"Ü©ÓÆ�U¬�¾§y3�¢êÐ�Ø´��

ê´�|8Ü"Ïd§Dedekind3Dedekind©�þÚ\
Ãõ�âVgµ

1.¡©�(S1, T1)Ú(S2, T2)��§XJS1 = S2"

2.¡©�(S1, T1)�u(S2, T2)§XJS1 $ S2"

3.�©�(S1, T1)Ú(S2, T2)�\{$�(J´©�(S, T )§Ù½Â�

S = {x+ y : x ∈ S1, y ∈ S2}, (56)

5¿S1ÚS2��Ñ´knê�f8§knê�\{$�´®²k½Â�"
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�Ü�

Dedekind©��½Â�6
knê���'X§ÏdJ±í2��Ä���âX

Ú"�Ü�K´,�«lknêí2¢ê��{§·�Äk�Ñ�Ü��½Âµ

½½½ÂÂÂ 3.3. ¡knê�{an}∞n=1����ÜÜÜ���§XJéu∀ε > 0þ�3N ∈ N∗§¦�|an −

am| < εéu��m,n > Nþ¤á"

·�Þ��*�~f§�ÄöS���L§§·�F"ÏL�EÔö¦���±�

¥q%§,�m©·�o´ØÙö�§¬�Ñ lq%�(J"�XöSgê�O

\§�lq%�5�C§Ó�züg�Â�(J�l��5�C"·��an�1ng�

Â�(J§�X�Â�í£§·��±é�����N§�gên,m > N±�§üg

�Â�(Jan, am®²�©�C
§d��Â(JS�{an}Ò´��/�Ü�0"�

Â�(J�X��q%§�Ü��¼ê��g,�X��:à "~Xknê�Ü

�an = 1
10n§Ù�B�0à ¶�âÃnê

√
2�Ã�ØÌ��êÐm½Â%C

√
2�k

nê�Ü�µ

a0 = 1, a1 = 1.4, a2 = 1.41, a3 = 1.414, · · · (57)

dd��§�,�Ü�´knê�§�´�Ü�à ��:�±´kn:��±Ø´k

n:"u´·�Òòknê�Ü�éA�¢ê"

3.3 ¢ê���5

·�3�£:�)Ü©Q²�Ñ
¢ê�õ«5�§Ù¥$�µ45!kS5Ú�

a$�5�´'�Ðn)�"¢ê���5K´¢ê,�^�5�§�´��5�î

�½Â´'�E,�§·��l�*��Ýn)��5"�*5`§��5`²¢ê�

±òê¶z��:W÷§l¢ê�Dedeking©��n�±w�ÃõDedekind©�¦�

·��±3¢ê¶?¿:½Â¢ê"

¢Sþ§�,·�Ã{�Ñ¢ê��5�î�½Â§�´¢ê��5%�±3Ãõ

�¡LyÑ��êÆy�§ùÒ´Í¶�¢êÊ�½nµ

1.(.�3�n

2.4«m@½n

3.k�CX½n

4.Weierstrass4�:�n

5.�ÜÂñOK

ùÊ�½n´¢ê��53���Ý�Ly/ª§Ê�½n�´�d�"�!·�0�

(.�3�n"
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3d�c·�²((.�Vgµ�Ä,�kþ.�8Ü§Ùþ.7,´Ø���§

Ùþ(.Ò½Â����þ.",(.�î�½Â´�6ε�ó�§ùaε�ó´áu

p�êÆAk��ó§�,î>�Ø�*"

½½½ÂÂÂ 3.4. �Ä¢ê8A§Ùþ(.M£½e(.m¤�½Â´Xeü^µ

1.M´A��þ.£m´A��e.¤"

2.éu∀ε > 0Ñ�3��x ∈ A¦�x > M − ε£½x < m+ ε¤"

þ(.P�M = sup(A)£½e(.P�m = inf(A)¤"

3þã½Â�µee`²§duM − εÑØ´A�þ(.§ddþ.MÒ¤�A�

����þ.§=þ(."ÏdÄ��ε�ó�`²
þ(.´���þ.",	�8

ÜAØ�3þ.�§Ö¿½Âþ(.�+∞"

3d�¹e§(.�3�n`²
¢ê�Xe5�

½½½nnn 3.1. ?¿¢ê8Ñ�3¢þ(.Ú¢e(."

(.�3�n�±ÏL¢ê���5y²"

(.�3�nlÛ«�¡Ny
¢ê���5Qº·�b½A´k.¢ê8§·

�F"ÏéA���þ.§=þ(."·�æ^Ä�Ïé��{§b½M´A���þ

.§·�ÅìòM~�§¿�y�ê´ÄE�A�þ.¶ùÒÐ'·�k�rºf§§

qM?Ñu¿Åì�ê¶K��²£§���8ÜA¥�:��B��A�þ(."ù

�Ïéþ(.��{wq´�{�§�´¬����¯Kµ�,��ý�3ê¶þé�


���þ.§T:éA�¬Ø¬Ø´¢êºdu¢ê��5w�·�§ê¶z��

:ÑéA
¢ê§¤±ù�/íºf0��{â�½Ué�8ÜA�/>.0§=þ(

."
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