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1.1 )ÛAÛ¥�­�Ú­¡

¤¢)ÛAÛ§´�ïÄAÛé��ÏL�ÑÙ�§5ïÄAÛé��5�"3p

�êÆ���?ÛAÛé�§X­�Ú­¡�§1�Ú½[�´�ÑÙ�§",
�§

�©�Aa§�)���I���§§4�I�§£²¡AÛã/¤Úëê�§�§~

X²¡�ü �±����§�x2 + y2 = 1§·���±�ÑÙ4�I�§r = 1"Ø

Ó��§3ØÓ�O�I¦e�k`�§���§'��*´Ã§
ëê�§é·Ü­

�È©Ú­¡È©�O�"

­�

­��)²¡­�Ú�m­�ü«§ïÄ²¡­�Ï~�ÄÙ���§½ëê�§

£�ê�¹æ^4�I�§�Ø~�¤§�m­��këê�§vk���§µ

1.²¡­�����§y = y(x)§Ù¥gCþ����a < x < b"

2.²¡­��ëê�§

 x = x(t),

y = y(t).
§Ù¥gCþ����α 6 t 6 β"

3.²¡­��4�I�§r = r(θ)§Ù¥gCþ����α ≤ θ ≤ β"

1



4.�m­��ëê�§


x = x(t),

y = y(t),

z = z(t).

§Ù¥gCþ����α 6 t 6 β"

ØØ�m­��´²¡­�§ÙA:´�§gCþ�k��"3?Ø­��§�§

?n'5�§��§�I��	5¿gCþ�����"·�3O�K¥���­�Ï

~Ø´Ã�ò��§¤±gCþ7,k��"AO/§­­­������ëëëêêê���§§§´́́ØØØ���������§

~Xü�ëê�§

 x = cos t,

y = sin t,
(−π

2 6 t 6 π
2 ) Ú

 x = cos(2t),

y = sin(2t),
(−π

4 6 t 6 π
4 ) Ñ�±

L�ü �±�þ��§¦^ùü«�§ïÄ­�9ÙÈ©´���"

­��,��Ì�Vg�Ù½½½���"=�^­�§l­�ØÓ�üàÑur�,�

à´I�«©�"Ó�±���þ�±Þ~§XJ^��w§=l�±:(−1, 0)Ñu

�(1, 0)§��­�ëê�§

 x = cos t,

y = sin t,
(−π

2 6 t 6 π
2 ) "XJ_��w§=l�±

:(1, 0)Ñu�(−1, 0)§��­�ëê�§

 x = cos(−t) = cos(t),

y = sin(−t) = − sin(t),
(−π

2 6 t 6 π
2 ) 3

�YÆS1�.­�È©�§·��Ñ�­��§7LéA­��(�½�"

­��������þþþ´�x­�r��'�§éA������þ"Þ~5`§b½�

�<<XÃ>Ù÷X�^­��,�½�1r§�¦r�,?�§Ã>Ù1Î���

Ò´T:���þ���"·�7LÝºÏL­��§O���þ��ªµ�âëê

�§�±O��:(x(t), y(t))���þ(x′(t), y′(t))£n��¹�(x′(t), y′(t), z′(t))¤¶

du���§y = y(x)�±w�±x�gCþ�ëê�§§¤±�±O�:(x, y(x))?�

�þ(1, y′(x))"­����þ�±Ø8�z§�´I�5¿��þéA�½�§=�

þ(−x′(t),−y′(t))éA­���½����þ"

éu²¡­��±½Â{{{���þþþ§=3­�´�:?§�T:���þR���þ"

éuµ4�­�
ó§­�ò�m©�S	üý§ÏdSýÚ	ýéAØÓ�{�þ§

ù�Ü©ò3ÆSGreenúª�?Ø"

­¡

�m­¡k���§Úëê�§ü«

1.­¡����§z = g(x, y)§Ù¥gCþ����(x, y) ∈ D§D´²¡«�"AÛþ

w§«�D´�m­¡z = g(x, y)3XoY²¡�ÝK"±ØÓ�gCþ��±�ÑÙ¦

�­¡���§x = h(y, z)½y = l(x, z)§¦�éu­¡�ïÄÑé­�"
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ã 1: ­¡�:��²¡Ú{�þ�«¿ã

2.­¡�ëê�§


x = x(u, v),

y = y(u, v),

z = z(u, v),

Ù¥gCþ����(u, v) ∈ D′§Ù¥D′´UoV²

¡���«�"/ªþ§���§��±w�AÏ�ëê�§"

­¡�§�­��§���«O´Ùkü�gCþ§¤±gCþ�����´²¡

þ�«�"­¡�­�Vg´{{{���þþþÚ���²²²¡¡¡§§�L�­¡òÐ���§Xã1"�

�¢S�~f´§��<Õ3/¥�,�:þ§Ã>Ù1Î��U§@oÃ>Ù1Î�

��B´T:?�{�þ���"�m¥L�:��T:{�þR��²¡Ò´�²

¡§Ïd�²¡�­¡äk�Ó�{�þ"

­¡�,��AÛ5�´ýýý�Vg"éu­¡�z��:§Ñ�±é�T:?ü�

ü {�þ§¦��©þ©O���KÒ§éAu­¡�üý"AO/§·�­¡È©

�ïÄé���Ñ´Vý­¡§�,�k/X#'¿d�´üý­¡"�*þ§·�¬

�âã/A:¡�ý�Sÿ!	ý!þý!eý��§�´���J�´§�´êÆþ

­¡�ý´déA�{�þ�x�§\��­¡��ý�§�Äkg�3z�:Týé

A�o��{�þ"

��·�?Ø�â­��§O�­¡{�þ��{§�
�Bå�·�b�O��

Ñ´ü {�þµ

1.���§z = g(x, y)3:(x0, y0, g(x0, y0))?�{�þ´

± 1√
(g′x)2 + (g′y)

2 + 1

(
g′x(x0, y0), g′y(x0, y0),−1

)
. (1)
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ã 2: ~K1È©«�D«¿ã"

2.ëê�§


x = x(u, v),

y = y(u, v),

z = z(u, v),

3:(x(u0, v0), y(u0, v0), z(u0, v0))?�{�þ´

± 1√
A2 +B2 + C2

(A,B,C), (2)

Ù¥

A =
D(y, z)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

, B =
D(z, x)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

, C =
D(x, y)

D(u, v)

∣∣∣∣
(u,v)=(u0,v0)

. (3)

1.2 ­È©3AÛ�A^

·�©üaK.5ù)"

¡ÈÚNÈ�O�

O�²¡«�D�¡ÈS§��uO�«�Dþ±1��È¼ê��­È©

S =

∫∫
D

1dxdy, (4)


ùa¯K�JÝÌ�3²¡«��/GØN´�x§·�we¡�~Kµ

~~~ 1. 3²¡þO�­�(x2 + y2)2 = x2 − y2¤�4«��¡ÈS"

©Ûµ�K�­�dE,�§(½§�±ÏL4�I����{z{�§¿xÑã

/§éã/v

)�§Ò�±ÀJÜ·��{O�È©"

Proof. �­�(x2 + y2)2 = x2 − y2¤�4«��D§�Ñ�O���­È©

S =

∫∫
D

1dxdy. (5)
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·��Ñ­��4�I�§�r4 = r2 cos 2θ§z{��r2 = cos 2θ"�â4�

I�§�±£:�ã§=�θ = 0, π8 ,
π
4�:�Ñr���ë��ã§ã/Xã1.2"

·��±w�§­�r2 = cos 2θ¥§gCþθ�����Ø´[0, 2π]�Ü§
´Ü

©θ ∈ [0, π4 ] ∪ [3π
4 ,

5π
4 ] ∪ [7π

4 2π]"

du·�*	�ã/D�é¡5§·��I�O�D31���Ü©«��¡

ÈD0¦±4=�"3­È©AÛ¯K�§�¦þÏLé¡5z{¦�O���31��

�½1�%�§ù��±~�O�Ñ�Ç"��·�O��­È©§·�æ^4�I�

���{§·�b�D0éA�(r, θ)²¡«��D′0§éu�½θ ∈ [0, π4 ]§gCþr���

��´[0,
√

cos 2θ]§dd

S = 4

∫∫
D0

1dxdy

= 4

∫∫
D′

0

rdrdθ = 4

∫ π
4

0

(∫ √cos 2θ

0
rdr

)
dθ = 2

∫ π
4

0
cos 2θdθ = 1. (6)

·��Ñ§du·�æ^4�I©Û«�D§Ü©ÓÆ¬ØòD�¡È��S =∫∫
D′ 1drdθ§��D′´«�D3(r, θ)²¡�éA«�",
ù�:´Øé�§Ï��k

�·�¦^���I�§�§¡ÈSâ�u«�þ�È¼ê�1��­È©"

O��m«�Ω�NÈV§��uO�«�Ωþ±1��È¼ê�n­È©

V =

∫∫∫
Ω

1dxdydz. (7)

dun­È©O��E,5§·���±ÏL�­È©��{O�NÈµXã3�ã¤

«§«�Ω3XoY²¡��¡´D§éu�½(x, y) ∈ D§·��±w,*	�z���

��[z1(x, y), z2(x, y)]§dd�±ÏL�­È©�ÑNÈ

V =

∫∫
D

(z2(x, y)− z1(x, y))dxdy. (8)

lÈ©z\gÈ©��Ýw§ª(8)��urª(7)¥�È©�
�Ú\gÈ©z{"�

�5`§·ïÆ¦^úª(8)��­È©5O�NÈ"

~~~ 2. �m¥�VivianiNΩ´dü ¥x2 + y2 + z2 ≤ 1Ú�Îx2 + y2 ≤ x��/¤��

mã/§¦§�NÈV"

©Ûµ�K´��IO�¦NÈ¯K§�´7LAO5¿é¡�¦^±;�Ñ�§

Proof. �mVivianiNΩ3XoY²¡ÝKD(x,y)´±:(1
2 , 0)��%1

2��»��x
2 + y2 ≤

x§
éu�½�x, y§z���´[−
√

1− x2 − y2,
√

1− x2 − y2]"�âNÈúª(8)§
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ã 3: �ãµ�m«�Ω�NÈO�«¿ã¶mãµ~2È©«�VivianiN�«¿ã"

�±�Ñ�­È©

V =

∫∫
D(x,y)

(√
1− x2 − y2 − (−

√
1− x2 − y2)

)
dxdy. (9)

�âé¡5§Ω3z ≥ 0Úz ≤ 0üÜ©�NÈ´��é¡�§d	du�¡D(x,y)´

�§·���±w�Ω3y ≥ 0Úy ≤ 0üÜ©�´��é¡�"¤±§���ØN´�

���{´�O�Ω31�%�£=y, z ≥ 0¤�NÈ,�¦±4",
·��
ü«�

UÑ���¹§·�ÀJ�òΩ'uz = 0²¡NÈ��©O�

V = 2

∫∫
D(x,y)

√
1− x2 − y2dxdy. (10)

�Xé�­È©^4�IC�§��#�È©«�D′÷véu�½θ ∈ [0, π2 ] ∪

[3
2π, 2π]§r���´[0, cos θ]µ

V = 2

∫∫
D′
r
√

1− r2drdθ

= 2

∫
[0,π

2
]∪[ 3

2
π,2π]

(∫ cos θ

0
r
√

1− r2dr

)
dθ

= 2

∫
[0,π

2
]∪[ 3

2
π,2π]

(
−1

3
(1− r2)

3
2

∣∣∣∣r=cos θ

r=0

)
dθ =

2

3

∫
[0,π

2
]∪[ 3

2
π,2π]

(1− | sin θ|3)dθ.(11)

5¿þ¡�ýé�§Ï�
√

1− cos2 θ = | sin θ|§¤±
(
1− cos2 θ

) 3
2 = | sin θ|3"�´

XJθ ∈ [3
2π, 2π]�sin θ ≤ 0§¤±7L\\ýé�"�´N´uyüã½È©���§

u´���ã,�¦±2µ

V =
4

3

∫ π
2

0
(1− (sin θ)3)dθ =

2π

3
− 8

9
. (12)
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ã 4: ~3áNΩ�«¿ã

­¡L¡È�O�

L¡È�O�´'�E,�§·�I�Äk(½­¡��§"L¡ÈO��¢�´

O�
��1�.­¡È©§Ïd·�3dkØ�[)ºL¡Èúª�í�§�´�*

5`L¡Èúª�Ä�g´´ò­¡y©�L¡È��§
L¡È����gCþ²

¡XoY½UoV�¡È������ê"·����Ñúª

1.­¡����§z = g(x, y)§Ù¥gCþ����(x, y) ∈ D§L¡Èúª

S =

∫∫
D

√
1 + f2

x(x, y) + f2
y (x, y)dxdy, (13)

Ù¥�È¼ê
√

1 + f2
x(x, y) + f2

y (x, y)�L­¡�L¡È���²¡¡È�����'

~"

2.­¡�ëê�§


x = x(u, v),

y = y(u, v),

z = z(u, v),

Ù¥gCþ����(u, v) ∈ D′§L¡Èúª

S =

∫∫
D′

√
A2 +B2 + C2dudv =

∫∫
D′

√
EG− F 2dudv. (14)

Ù¥E,F,G�'Jacobi1�ªA,B,CÐ�§�E,F,G�´'uu, v�¼ê§Ù'Xª´
E = x2

u + y2
u + z2

u,

F = xuxv + yuyv + zuzv,

G = x2
v + y2

v + z2
v .

(15)

~~~ 3. ¦n��Î¡x2 + y2 = R2§x2 + z2 = R2§y2 + z2 = R2�¤�áNΩ31�%

�Ü©�L¡È"£L¡ÈØ¹n��I²¡¤

©ÛµXã4¤«§�K�Ì�J:´(½­¡��§±9gCþ�����§


ã/���/GN´Ø��§�O�§ù�I��K<7L�±e·"

7



Proof. ·�b�Ω31�%��­¡�S§@oS�±�©�L¡È���nÜ©§ù

nÜ©©O´n�Î¡x2 + y2 = R2§x2 + z2 = R2Úy2 + z2 = R2��Ü©§nÜ

©­¡��:´(
√

2R
2 ,

√
2R
2 ,

√
2R
2 )"£ù��:��IØ�ÎÜAÛ�ú§N´Ø@�

´(
√

3R
2 ,

√
3R
3 ,

√
3R
3 )¤

·��IO�S3Î¡x2 + z2 = 1�Ü©L¡È§,�¦±3Ò��S��Ü

L¡È"·�Äk�ÑÎ¡x2 + z2 = 1����§z =
√
R2 − x2§gCþ��«

�(x, y) ∈ D§Ù¥D´Î¡x2 + z2 = 13XoY²¡þ�ÝK§´±�:��%R��

»�Ý�π
4�÷/"ùpI�5¿§(½D´ÏL�:(

√
2R
2 ,

√
2R
2 ,

√
2R
2 )��I§¿��

:(
√

2R
2 ,

√
2R
2 ,

√
2R
2 )u:(1, 0, 0)�ë�´Îx2 + y2 = 1ÚÎx2 + z2 = 1���§ù^�

�7,R�/ÝK�ü �þ"

âd�ÑL¡ÈO�úª

S = 3

∫∫
D

√
R2

R2 − x2
dxdy = 3R

∫∫
D

1√
R2 − x2

dxdy. (16)

·�ÀJ�½xÈ©y�^S§�x ∈ [0,
√

2R
2 ]�y ∈ [0, x]§�x ∈ [

√
2R
2 , R]�y ∈

[0,
√

1− x2]"ù�O�wq©ãE,§�´,�«È©^S¡��¯K´�È¼

ê 1√
R2−x2'ux��¼êLuE,��	�È©Ã{O�"

S = 3R

∫ √
2R
2

0

[∫ x

0

1√
R2 − x2

dy

]
dx+ 3R

∫ R

√
2R
2

[∫ √R2−x2

0

1√
R2 − x2

dy

]
dx

= 3R

∫ √
2R
2

0

x√
R2 − x2

dx+ 3R

∫ R

√
2R
2

1dx

= 3R
(
−
√
R2 − x2

)∣∣∣√2R
2

0
+ 3R2

(
1−
√

2

2

)
= 6R2

(
1−
√

2

2

)
. (17)

1.3 ­È©3Ôn�A^

n)­È©�ÔnA^§ÄÄÄkkk���nnn)))ÔÔÔnnnþþþ���¢¢¢SSS¿¿¿ÂÂÂ§§§,,,���´́́lll///©©©000!!!000ÈÈÈ

///,,,���///���444���000nnnÚÚÚnnn)))ÔÔÔnnnþþþ���OOO���úúúªªª"""·�=òw�§�!�9�ÔnþO

�úªÑ´ÏL��{\È�g����§ù�´��oÔnþ�O�~~�duO�

��È©"

ÔN��þ

¥ÆÔn�Ä�@�´�þ�u¡È/NÈ¦±�Ý§
·��!?Ø�ÔN�Ý

©ÙØþ!§�Ã{��ÏL�þ¦±�Ý�úªO�"·��Ä���/§�ÔN�
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�Ý�ρ(x, y)§O�ÔND�þ��{©�nÚµ

1.©©© òÔND©�Nõ�¬Di"

2.ÈÈÈ z���¬�¡È´∆Si§�¬v
���±b½�¬�Ýþ!�ρ(xi, yi)§Ù

¥(xi, yi) ∈ Di"ddDi��þ�ρ(xi, yi)∆Si§\ÈÑD�o�Ý
∑

i ρ(xi, yi)∆Si"

3.���444��� �Ä�¬���v
�§ÔND��þM(D)�

M(D) = lim
∑
i

ρ(xi, yi)∆Si =

∫∫
D
ρ(x, y)dxdy. (18)

lþãL§¥�±w�§¡ÈM(D)O�úª�í�g´¢S��­È©½Â�n

Ú�²1§Ñ´/©0!/È0,�/�4�0"Ïd�·�3PÁÔnúª�§�Ø

ATkPM�§�±Ó�æ^/©0!/È0,�/�4�0nÚn)Ônúª�í�

L§"

ÔN��%

�%´AÛã/¥%Vg�í2"�Ä²¡þ��/§Ù�%g,´��¥%"\

\òT�/w���§z��:Ñäk�Ý§du����ÝØþ!§¤±�%Ø�½

´����þ¥%"·���x����þ¥%� �§ÒÚ?
�%�Vg"�%´

�m¥���:£Ïd7L´k©þ��I¤§§´ÔN3�þÚ �£/G¤ü��

¡�nÜ²þ:"

·��Ä�%�O�úª"�Ä���/§�ÔND��Ý�ρ(x, y)§�þ

´M(D)§O�ÔND�%��{©�nÚµ

1.©©© òÔND©�Nõ�¬Di"

2.ÈÈÈ z���¬�¡È´∆Si§�¬� ��(xi, yi)§ddDi��þ�ρ(xi, yi)∆Si"

nÜDi��þÚ �§Di�¬é�%�K��x¶��xiρ(xi, yi)∆SiÚy¶��yiρ(xi, yi)∆Si"

òù
K�\Èå5§��x¶��
∑

i xiρ(xi, yi)∆SiÚy¶��
∑

i yiρ(xi, yi)∆Si"

3.���444��� �Ä�¬���v
�§ÔND��%(x0, y0)��I�þãK��\ÈØ±

ÔN��þµ

x0 =
1

M(D)
lim
∑
i

xiρ(xi, yi)∆Si =
1

M(D)

∫∫
D
xρ(x, y)dxdy. (19)

Ú

y0 =
1

M(D)
lim
∑
i

yiρ(xi, yi)∆Si =
1

M(D)

∫∫
D
yρ(x, y)dxdy. (20)

~~~ 4. 1�%��áNΩdo�¡z = 0§y = 1§x = yÚz = xy�¤§�Ý¼

êρ(x, y, z) = 1 + 2z§¦TáN��%�I"

©Ûµ�KÈ©«�'�E,§ÏdÈ©^S�ÀJ´��5¿�"�O�ÔN�

�%§7LÄkO�ÔN�þ"
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Proof. Äk©ÛáNΩ�/G§·�uyáN��p:´(1, 1, 1)§Ω3XoY²¡�

�¡´±(0, 0)§(0, 1)Ú(1, 1)�º:�����n�/D(x,y)"�KÈ©�^SÀ

Jkõ«§·�þÀJ/k���0�È©^S§k�½(x, y)ézÈ©µé�½

�(x, y) ∈ D(x,y)§z�����´[0, xy]"ù���Ð?�	��­È©´5Kã/�

­È©§O�þØ¬ÄÑ"

·�ÄkO�áN��þµ

M(Ω) =

∫∫∫
Ω

(1 + 2z)dxdydz =

∫∫
D(x,y)

[∫ xy

0
(1 + 2z)dz

]
dxdy

=

∫∫
D(x,y)

(
xy + x2y2

)
ddy =

∫ 1

0

[∫ y

0

(
xy + x2y2

)
dx

]
dy

=

∫ 1

0

(
y3

2
+
y5

3

)
dy =

13

72
. (21)

|^�Ó��{�±±dO��%�I�©þµx©þµ

x0 =
1

M(Ω)

∫∫∫
Ω
x(1 + 2z)ddxdydz =

1

M(Ω)

∫∫
D(x,y)

[∫ xy

0
x(1 + 2z)dz

]
dxdy

=
1

M(Ω)

∫∫
D(x,y)

(
x2y + x3y2

)
dxdy =

1

M(Ω)

∫ 1

0

[∫ y

0

(
x2y + x3y2

)
dx

]
dy

=
1

M(Ω)

∫ 1

0

(
y4

3
+
y6

4

)
dy =

258

455
. (22)

y©þµ

y0 =
1

M(Ω)

∫∫∫
Ω
y(1 + 2z)dxdydz =

1

M(Ω)

∫∫
D(x,y)

[∫ xy

0
y(1 + 2z)dz

]
dxdy

=
1

M(Ω)

∫∫
D(x,y)

(
xy2 + x2y3

)
dxdy =

1

M(Ω)

∫ 1

0

[∫ y

0

(
xy2 + x2y3

)
dx

]
dy

=
1

M(Ω)

∫ 1

0

(
y4

2
+
y6

3

)
ddy =

372

455
. (23)

z©þµ

z0 =
1

M(Ω)

∫∫∫
Ω
z(1 + 2z)dxdydz

=
1

M(Ω)

∫∫
D(x,y)

[∫ xy

0
z(1 + 2z)dz

]
dxdy =

1

M(Ω)

∫∫
D(x,y)

(
x2y2

2
+

2x3y3

3

)
dxdy

=
1

M(Ω)

∫ 1

0

[∫ y

0

(
x2y2

2
+

2x3y3

3

)
dx

]
dy =

1

M(Ω)

∫ 1

0

(
y5

6
+
y7

6

)
dy =

7

26
.

(ÜþãO�§�%�I
(

258
455 ,

372
455 ,

7
26

)
"
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ÔN�=Ä.þ

�Än��m¥�ÔNΩ"XJΩ·�ØÄ§Ω�/åþ0£X­å¤��d�þ

�x"XJΩm©=Ä§@oΩ��äk
�Ý§¿�3Ω���:�ÝØÓ§l=¶

���:äk����Ý"ÔNΩ=Äå5�/åþ0§Ø=dΩ����þû½§�

ÚΩ���=�k'"XJΩ=Ä��¯§ΩÒk�r�ÀÂå"Ônþ§·�^=Ä

.þ�xÔN^=$Ä�ÀÂå���"

=Ä.þ�O���Än�ÔNΩ§Ù�Ýρ(x, y, z)"ÔN�=¶���Än��

I¶§·��Ñ=Ä.þ�O�úª§�Ä=¶�x¶µ

1.©©© òÔNΩ©�Nõ�¬Ωi"

2.ÈÈÈz���¬�NÈ´∆Vi§�¬� ��(xi, yi, zi)§ddVi��þ�ρ(xi, yi, zi)∆Vi"

·���Ωi�=��'uΩi�=¶�ål§
(xi, yi, zi)�=¶x¶�ål�
√
y2
i + z2

i§


��Ωiþ=Ä.þ½Â��þ¦±=¶ål�²�
(
y2
i + z2

i

)
ρ(xi, yi, zi)∆Vi"ò=Ä

.þ\Èå5
∑

i

(
y2
i + z2

i

)
ρ(xi, yi, zi)∆Vi"

3.���444��� �Ä�¬���v
�§ÔNΩ'ux¶=Ä.þJx(Ω)�O�úª´

Jx(Ω) = lim
∑
i

(
y2
i + z2

i

)
ρ(xi, yi, zi)∆Vi =

∫∫∫
Ω

(y2 + z2)ρ(x, y, z)dxdydz. (24)

·�éN´íÑΩ'u,	ü��I¶�=Ä.þJyÚJz�úªµ

Jy =

∫∫∫
Ω

(
z2 + x2

)
ρ(x, y, z)dV, Jz =

∫∫∫
Ω

(
x2 + y2

)
ρ(x, y, z)dV. (25)

d	§·�k��¬�ÄÔNΩ'un��I²¡�=Ä.þ§¯¢þn�ÔN¿

ØU7²¡^=§¤±'u�I²¡�=Ä.þ¿vk���Ôn¿Â"�,Xd§·

�E�±�Ñ=Ä.þ�úª§=òÔN����I¶�ålO����I²¡�å

lµ

Jxy =

∫∫∫
Ω
z2ρ(x, y, z)dV, (26)

Jyz =

∫∫∫
Ω
x2ρ(x, y, z)dV, (27)

Jzx =

∫∫∫
Ω
y2ρ(x, y, z)dV. (28)

~~~ 5. �ëêa, b, c > 0§²¡x
a + y

b + z
c = 1�n��I²¡¤�ncIΩäkþ!�

Ýρ§¦Ù'un��I²¡�=Ä.þ"

©Ûµ�K´²;�=Ä.þO�K§�5¿é=Ä.þÔnþ�n)"'u�I

¶�=Ä.þÈ©Ñ´�'u��gCþ�§¤±�±ÀJ/k���0^S�O�È

©"
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Proof. ·��Òþ=Ω'uXoY²¡�=Ä.þ

Jxy =

∫∫∫
Ω
ρz2dz = ρ

∫∫∫
Ω
z2dz. (29)

ÀJ/k���0�È©^SO�n­È©§éu�½z ∈ [0, c]§gCþ(x, y)�

����Dz
(x,y)´��

x
a + y

b = 1 − z
c��I¶�Ñ���n�/§n�/�ü>�

�a
(
1− z

c

)
Úb

(
1− z

c

)
"

Jxy = ρ

∫ c

0
z2

[∫∫
Dz

(x,y)

1dxdy

]
dz

= ρ

∫ c

0

ab

2
z2
(

1− z

c

)2
dz =

abρ

2

(
z3

3
− z4

6c
+

z5

4c2

)∣∣∣∣c
0

=
abc3ρ

60
. (30)

�âé¡5§,	ü�=Ä.þ�Jyz = a3bcρ
60 ÚJzx = ab3cρ

60 "
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