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1 �£:�n

�ùÂb½\®²ÙG¼ê4��½ÂÚ�«O��{"·�©üÜ©0�ëY¼

ê§Ù�´3��ü:ëY�¼ê§Ù�´3k.4«mëY�¼ê"

1.1 ü:ëY

ü:ëY�½Â

·���§½Â¼ê4�limx→a f(x)I�f(x)3�%��U0
r (a)½Â§´Ø�

6f(x)3:x = a�¼ê��"·�?Ø¼êf(x)3:x = a?�ëY5�§·�I

�f(x)3x = ak½Â§�f(x)3��Ur(a) = (a− r, a+ r)½Â"

¼êëY5�IO½Â´µ

½½½ÂÂÂ 1.1. �f(x)3��Ur(a)½Â§4�limx→a f(x)Âñ���uf(a)§K¡f(x)3

:x = aëY"

·�édkA:)ºµ

� þã½ÂI�²(3=�:x = a?Ø§�Ñ�ëY5�´3x = a�:�ëY

5§"

� du4�limx→a f(x)Lyf(x)3�%��U0
r (a)�à §:x = a?ëY5`

²f(x)3x = aNC?¼ê��f(a)'��C§ù�¼êã��ëY5�Ó"
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�
\�é¼êü:ëY5�n)§·�ïÄeãn��¼ê

g1(x) =

x sin
(
1
x

)
, x 6= 0,

0 , x = 0,
g2(x) =

x sin
(
1
x

)
, x 6= 0,

1 , x = 0,
g3(x) =

sin
(
1
x

)
, x 6= 0,

0 , x = 0.

(1)

�âþ�Ù��£§·�klimx→0 x sin
(
1
x

)
= 0limx→0 sin

(
1
x

)
uÑ§ò4��x =

0?¼ê�éX�±�O¼ê�ëY5"w,g1(x)3x = 0?´ëY�g2(x)3x = 0?

´uÑ�§Ï�g1(0) = 0g2(0) 6= 0¶XJ�Ä¼êy = x sin
(
1
x

)
�ã�£�¼êã�

ùÂã1¤§¼êg1(x)3x = 0¼ê� uã��þ§¼êg2(x)3x = 0?¼ê� 

l3ã�±	¶,��¡§g3(x)3x = 0?�´uÑ�§Ï�4�limx→0 sin
(
1
x

)
´uÑ

�§Ïd¼êy = sin
(
1
x

)
�ã�3x = 0NC���à §���¼êg1(x)g,Ø´

ëY�ã/"

�O¼êü:ëY5���´O�4�§·�ke¡�~K

~~~ 1. �äe¡ü�¼ê¼ê

f(x) =


esin x−1

x , x 6= 0,

1 , x = 0,
g(x) = [x] + [−x], (2)

3x = 0?´ÄëY"

©Ûµ�äü:ëY5���´4�0?4�´ÄÂñ��u0?¼ê�"

Proof. Äk^�dÃ¡��{O�4�

lim
x→0

f(x) = lim
x→0

esinx − 1

x
= lim

x→0

sinx

x
= 1 = f(0), (3)

ddf(x)3x = 0?ëY"

�e5§dpd��¼ê´©ã¼ê§·�©�m4�O�

lim
x→0+0

[x] = 0, lim
x→0+0

[−x] = −1, (4)

±9

lim
x→0−0

[x] = −1, lim
x→0−0

[−x] = 0, (5)

dd

lim
x→0+0

([x] + [−x]) = −1 = lim
x→0−0

([x] + [−x]) , (6)

¤±4�

lim
x→0

g(x) = lim
x→0

([x] + [−x]) = −1. (7)

(Üg(0) = 0�g(x)3x = 0ØëY"
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ü:ëY�5�

Äk§�â½Â�±y²ÊaÄ�Ð�¼êÑ3½Â�þ���:ëY§¿�ëY

¼êÏLoK$�ÚEÜ$����¼ê�,ëY"ù
(Ø�y²Ñ�±ÏL¼ê4

���'5���"

b½¼êf(x)Úg(x)Ñ3��Ur(a)½Â�3x = aëY§@o3��Ur(a)þ½Â�

¼êf(x) ± g(x), f(x) · g(x)ëY¶XJg(a) 6= 0§·��±3��½Â¼êf(x)
g(x)§d¼

ê�3x = aëY"d	·���±y²§XJf(x)3x = aëY§@o|f(x)|3x = aë

Y§Öö�±g1Ö¿y²"

b½¼êf(x)3��Ur(a)½Â�ëY§¼êg(x)3��Ut(f(a))½Â�ëY§@o

·��±y²EÜ¼êg(f(x))3x = aëY"

|^þã�{§·��±|ÜÄ�Ð�¼ê§�Ñ�þ3½Â���:ÑëY�¼

ê"

mä:�©a

du�õê~^¼êÑ3½Â�þý�õê:ëY§·�¬�	'5¼ê�ØëY

:§�¡mmmäää:::"�f(x)3��Ur(a)½Â"lÜ6þ5`§:x = a¤�f(x)�mä:

keãn«�Uµ

1.������mmmäää::: 4�limx→a f(x)Âñul�´�l 6= f(a)§~Xc~¥�¼êg2(x)Ò´

da"XJx = a´��mä:§·��±òf(x)3x = a�¼ê��U�l§Ò�±¦

�f(x)3x = aëY§ù´/��0�c�5"

2.aaa���mmmäää:::4�limx→a f(x)uÑ§�´ü�üý4�limx→a−0 f(x)Úlimx→a+0 f(x)Ñ

�3�´��"~X¼êf(x) = [x]3x = 0Ò�3Ø���ü�üý4�§Ï

dx = 0´f(x) = [x]�a�mä:§Ùã�3x = 0�müà�)/� 0§��
m

ä"

3.111���aaammmäää:::4�limx→a f(x)uÑ§¿�ü�üý4�limx→a−0 f(x)½limx→a+0 f(x)�

���Ø�3�§~Xc~¥�¼êg3(x)Ò´da"XJx = a´f(x)�1�amä

:§@of(x)3x = aNC~~pª��§ùamä:�mä5��¼ê�f(a)Ã'§

´�©���uÑ"

3þã©Û¥�±w�§a�mä:Ú1�amä:Ñ%¹X4�limx→a f(x)u

Ñ§�´üö%¹X¼ê4�uÑ�ªµüý4��3�ØÓÚ�����uÑ"

ùp·��Ñmä:��«AÏ�¹µþã©Ûþb�f(x)3Ur(a)k½Â§¢S

þXJf(x)3�%��U0
r (a)k½Â3x = aÃ½Â§·���±?ØÙmä:5�§Ï

�mä�©a�6´´x→ a�¼ê4�5�§¼ê4��5�Úx = a?´Äk½Â
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Ã'"~X·��Ä¼êh(x) = x sin
(
1
x

)
§�c~¥g1Úg2ØÓ§¼êh(x)3x = 0?

¿Ã½Â§�´du4�limx→0 x sin
(
1
x

)
= 0�Ñx = 0´h(x)���mä:"lã�þ

w§h(x)3:(0, 0)?Ã½Â/¤�%:§¦�h(x)3x = 0mä"

Ïé�½¼ê�mä:¿�äa.´�a�~~��K8"ùaK8�Ñ�¼êÏ

~3�õê:Ñ�±w�ëY§·��I�?ØAÏ�:?�ëY5§éumä:ÏL

O�¼ê4���{�Oa."AO/"vk½Â��á:��±��mä:"

~~~ 2. ¦e�¼ê3Rþ���mä:¿�äa.

1. x(x−1)
|x|(x2−1)"

2.[| cosx|]"

©Ûµ�K´éÑ¼êmä:¿©a�K8"duùü�¼ê/ªþ�CÄ�Ð�

¼ê�oK$�§Ïd§�3�õê:ÑëY§·���éÑ@
/¦q0ØëY�

:§¿ÏLO�üý4��äÙ´Ä�mä:±9mä:a.=�"

Proof. 1.�f(x) = x(x−1)
|x|(x2−1)§@of(x)3:±1Ú0±	þk½Â�ëY§·����

Äf(x)3:±1Ú0�mä:a.=�"Äk�Äx = 1��¹§O�4�

lim
x→1

x(x− 1)

|x| (x2 − 1)
= lim

x→1

x(x− 1)

x(x2 − 1)
= lim

x→1

1

x+ 1
=

1

2
, (8)

ddx = 1���mä:"�X�Äx = −1��¹§O�4�

lim
x→−1

x(x− 1)

|x| (x2 − 1)
= lim

x→−1

x(x− 1)

−x(x2 − 1)
= lim

x→−1+0
− 1

x+ 1
=∞, (9)

ddx = −1�1�amä:£5µ¼ê4�2ÂÂñ�Ã¡áuuÑ��a¤"��

�Äx = 0��¹§UYO�4�

lim
x→0+0

x(x− 1)

|x| (x2 − 1)
= lim

x→0

x(x− 1)

x(x2 − 1)
= lim

x→0+0

1

x+ 1
= 1, (10)

Ú

lim
x→0−0

x(x− 1)

|x| (x2 − 1)
== lim

x→0

x(x− 1)

−x(x2 − 1)
= lim

x→−1+0
− 1

x+ 1
= −1, (11)

ddx = 0�a�mä:"nþ¼êk1, 0,−1n�mä:§©O���mä:§a�m

ä:Ú1�amä:"

2.�f(x) = [| cosx|]§·�uydu| cosx| ∈ [0, 1]§ÏdØ�cosx = ±1�f(x) =

1§Ù{�¹f(x) = 0"dd§�k�| cosx| = 1��U�)mä§d�x = kπ§Ù

¥k ∈ Z"·�O�4�

lim
x→kπ

[| cosx|] = 0 6= f (kπ) = 1, (12)

Ïdkπ���mä:"
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ëY5�S�z½Â

b�f(x)3x = aëY§k:�{xn}+∞n=1÷vlimn→∞ xn = a§�â8(½n

lim
n→∞

f(xn) = lim
x→a

f(x) = f(a) = f
(
lim
n→∞

xn

)
. (13)

ª(13)�±�*�n)�§3ëY5��ye4�$�limn→∞Ú¼ê$�f�^S´�

±���"~X§¼êex3Rz�:ëY§XJ:�{xn}+∞n=1Âñ§Ò�±��

exp
(
lim
n→∞

xn

)
= lim

n→∞
exn , (14)

ù�(Ø´S�4�$�K�²;(Ø§(�
e��{��15"

XJò8(½n�¿©^�Ú7�^�o(��å§�±��eã(Øµ

½½½nnn 1.1. �f(x)3Ur(a)k½Â§@of(x)3:x = aëY�¿©7�^�§´é?¿

S�{xn}+∞n=1 ⊂ Ur(a)§XJlimn→∞ xn = aÒ%¹limn→∞ f(xn) = f(a)"

3�
K8¥§ò¼ê�ëY5ÏLþã½n=zlS��Âñ5§´'��¦^

¼ê4��5�½½Â�\k^�"

~~~ 3. 2020cccppp���êêêÆÆÆAÏÏÏ¥¥¥���ÁÁÁKKK. �f(x)�(0,+∞)þ½Â§3½Â����:ë

Y§�f(x2) = f(x)é��x¤á§�f(2021) = 1§¦f(2022)"

©Ûµ�K�J:3uXÛ¦^^�f(x)ëY§�d·�¦^
S�z�ëY¼ê

½Â"

Proof. �âK�k

1 = f(2021) = f
(√

2021
)
= f

(
4
√
2021

)
= · · · (15)

ddéu��n ∈ N∗kf
(
20212

−n
)
= f(2021) = 1"�yn = 20212

−n
§w,limn→∞ yn =

1"�âS�z�ëY¼ê�½Âklimn→∞ f(yn) = f(1)§ddf(1) = 1"

�e52�zn = 20222
−n
§Ón�kf(zn) = f(2022)é��n ∈ N∗¤á§d	·�

�klimn→∞ f(zn) = f(1)§Ïdf(2022) = f(1) = 1"

1.2 k.4«mëY¼ê�5�

ëY5´Å:½Â�"XJ��¼êf(x)3k.4«m[a, b]�z��:ÑëY£3

à:x = a, bdu�ýÃ½Â§�IüýëY¤§¡�f(x)3k.4«m[a, b]ëY§P

�f(x) ∈ C[a, b]"aq/§·���±3m«m!Ã¡«mþ½Â«m�N�ëY5§

P�f(x) ∈ C(a, b)�"
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«m�N�ëY5äkéÐ�AÛ5�§=/¼êã�ë3�å0§ù«A5�±

^k.4«mëY¼ê�n^5�5�x"

½½½nnn 1.2. �f(x) ∈ C[a, b]§@o

1.kkk...555 f(x)´[a, b]þ�k.¼ê"

2.444���������555��� f(x)3[a, b]þ�3���MÚ���m§=�3x1, x2 ∈ [a, b]¦�m =

f(x1) ≤ f(x) ≤ f(x2) =Mé��x ∈ [a, b]¤á"

3.000���555 XJ¢êη0uf(a)�f(b)�m§=f(a) < η < f(b)½f(b) < η < f(a)¤á§

@o�3x0 ∈ (a, b)¦�f(x0) = η"

'uþã½n·��ÑA:

� ·��ÑþãA�5��ék�4«m[a, b]�ëY¼ê¤á§m«m½Ã¡«m

�ëY¼êØ�½äkk.5§~X3(0, 1)þÃ.�¼êy = 1
x"3Ö¿K¥§

·���Ñ
3m«mþ?Ø¼êk.5��{"3î�êÆnØ¥§ëY¼ê

�k.5�5��6½Â�8Ü�;5§k.4«mB´;8Ü"

� k.4«mëY¼ê�A�5��y²I�|^¢ê8���5§=/¢ê

X÷��ê¶0ù��*¯¢"~X�Ä0�½n§XJf(x) ∈ C[a, b]§÷

vf(a) > 0Úf(b) < 0§lã�þwf(x)�ã�XJ´/ë00�Ò7L3,��

BLy = 0",\\¢êØäk��5§@of(x)B�y = 0�":k�UØ3

¢ê��S§ù´���ú�"Ïd§ëY¼ê�0�½n�´¢ê��5��

«Ny"

k.4«m�ëY¼ê�A�5�~~3y²K¥¦^§Ù¥0�½nÏ~3�3

5¯K½ö�§)�35�?Ø¦^"·�5we¡n��;.�~Kµ

~~~ 4. y²�§x = tanx�3Ã¡õ�¢)"

©Ûµù´|^0�5?Ø�§)�35�;.¯K§ùa¯K�){´�E�

½�¼ê,�^0�½n?Ø¼ê�":"l¼êã�5w§duy = tanx3z�±

Ï
(
kπ − π

2 , kπ + π
2

)
Ñl−∞r�+∞§Ïdy = tanxA3z�±ÏpþÚy = x�)�

��:§dd�§x = tanxnA�3Ã¡õ�¢)"|^¼ê4���'nØ§�±î

�zþãØã"

Proof. ½Â¼êf(x) = x− tanx§é��k ∈ Zk

lim
x→(kπ−π2 )+0

(x− tanx) = −∞, lim
x→(kπ+π

2 )−0
(x− tanx) = +∞ (16)
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�â¼ê4��ÛÜk.5§�3v
�C:kπ − π
2�:x1 ∈

(
kπ − π

2 , kπ + π
2

)
¦

�f(x1) < 0¶Ón§�3v
�C:kπ+ π
2�:x2 ∈

(
kπ − π

2 , kπ + π
2

)
¦�f(x2) > 0¶

Ó�kx1 < x2"duf(x)´½Â�þ�ëY¼ê§AO/f(x) ∈ C[x1, x2]�f(x1) <

0 < f(x2)§¤±�3ξ ∈ (x1, x2)¦�f(ξ) = 0"Ïdξ´f(x)3«m
(
kπ − π

2 , kπ + π
2

)
�

��":"duéz�k ∈ ZÑ�±é���ù��":§¤±x − tanx = 0�3Ã¡

õ�)"

~~~ 5. 2020cccppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK. �¼êf(x) ∈ C[0, 1]§÷vf(0) = f(1)§¦y

�3α, β ∈ [0, 1]÷vβ − α = 1
2�f(α) = f(β)"

©Ûµ�K´ëY¼ê�'��35¯K§ùa¯KÏ~¦^0�½n)�§¦^

0�½n�'�´�E��ëY�¼êF (x)§¿ÏLF (x)�0�5���I���3

5(J"�K8I(Ø´f
(
α+ 1

2

)
= f(α)éJ��ÏLf�0�5��§·�=�

E#�¼êF (x) = f(x+ 1
2)− f(x)¿¦^F (x)0�5y²(Ø"

Proof. ½Â¼êF (x) = f(x + 1
2) − f(x)´[0, 12 ]þ�ëY¼ê§duf(0) = f(1)·�

kF (0) + F (12) = f(1)− f(0) = 0·�©�ü«�¹µ

1.XJF (0) = F (12) = 0§ddf(0) = f(12) = f(1)§�α = 0Úβ = 1
2ÎÜK8�¦"

2.XJF (0)ÚF (12)ÑØ´0§Ø�F (0) > 0F (12) < 0§d0�½n�3α ∈ (0, 12)¦

�F (α) = 0§ddf(α+ 1
2) = f(α)§�β = α+ 1

2÷vK�"

~~~ 6. �f(x) ∈ C[1,+∞)§XJ4�limx→+∞ f(x)Âñ§y²f(x)3[1,+∞)þ´k.

¼ê"

©Ûµ3Ã¡«m[1,+∞)��¿Ø�½äkk.5§·�ò/^limx→+∞ f(x)Â

ñ�(Ø�Ñ(J§Ùg´´3Ã¡«m[1,+∞)©lÑ��k.4«m¦^ëY¼ê

�k.5"���J�´§éõÓÆ3¦^4«mëY¼ê�5��§'�ÙG0�½

n#P
k.5Ú4�5�"

Proof. �limx→+∞ f(x) = l§Ù¥l´¢ê"/ÏÂñ�½ÂÚÛÜk.5§�3¢

êX > 1¦�|f(x) − l| < 1é��x > X¤á§ddf(x)3Ã�«m(X,+∞)´k.¼

êµäkþ.l + 1Úe.l − 1¶,��¡§duf(x) ∈ C[1, X]§¤±f(x)3k.4«

m[1, X]´k.¼ê"

dd·�Ò3f(x)3ü�«m[1, X]Ú(X,+∞)Ñk.§«m[1, X]Ú(X,+∞)|

Ü3�å/¤«m[1,+∞)§Ïdf(x)3«m[1,+∞)�þ.Ò´«m[1, X]Ú(X,+∞)þ

.���ö£e.Ón¤§u´f(x)3[1,+∞)þ´k.¼ê"

���J�´§·�3¦^4��½Â��|f(x) − l| < 1§ùpëê1�À��±

U�?¿�¢ê"
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2 *Ðò�

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"

� *ÐSK1µ(JJÝ§)|�X¼êÚiù¼ê�ëY5"

� *ÐSK2µ¥�JÝ§¾�¼ê��EÚn)"

� *ÐSK3µ(JJÝ§Ø N�ÚØÄ:��'5�"

� *ÐSK4µ(JJÝ§Ø N�5��A^"

� *ÐÖ¿K1µ{üJÝ§mä:��OÚ©a"

� *ÐÖ¿K2µ¥�JÝ§ëY¼ê��½ny²K"

� *ÐÖ¿K3µ¥�JÝ§ëY¼ê0�½n?Ø�§��"

� *ÐÖ¿K4µ¥�JÝ§ü:ëY5½Ân)"

2.2 *ÐSK

KKK 1. ¦e�¼ê3(0, 1)þ���mä:¿�äa.

1.)|�X¼êD(x) =

1 , x ∈ Q,

0 , x /∈ Q.
"

2.iù¼êR(x) =


1
q , x = p

q ∈ Q,

0 , x /∈ Q.
"

©Ûµ)|�X¼êÚiù¼ê´p�êÆ¥��¾�¼ê§§���3��r

?
p�êÆ�î�z"þãü�©ÛÑ^�¢ê�È�5"Ù¥iù¼êëY5©Û

'�J§Ø��p�êÆ�§�¦"

Proof. 1.·�òy²D(x)3(0, 1)�?�:ÑØëY"

�r ∈ (0, 1)§éu∀n ∈ N∗§�â¢ê�È�5§�3knêrn ∈
(
r − n−1, r

)
Ú

Ãnêyn ∈
(
r − n−1, r

)
"�âY%�nklimn→∞ rn = limn→∞ yn = r",��¡§

�â½ÂD(rn) = 1�D(yn) = 0§Ïdlimn→∞D(rn) = 1limn→∞D(yn) = 0"�

â8(½n§�4�limx→r−0D(x)Ø�3£Ï�XJ4��3§@oü�S�4
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�limn→∞D(rn)Úlimn→∞D(yn)7LÂñ��Ó��¤"Ónm4�limx→r+0D(x)Ø

�3"Ïd?¿r ∈ (0, 1)�1�amä:"

2.·�òy²R(x)3knê:ØëY§3Ãnê:ëY"·�Äky²limx→r f(x) =

0é��r ∈ (0, 1)¤á§ù�(Øliù¼ê�©ã/ª5w´¿Øw,�"

^ε − δ�ó§é��ε > 0§·�F"é���v
��δ > 0¦�f(x) < εéx ∈

U0
δ (r)¤á"b½ε > 0´(½�§@o�3v
��g,ên ∈ N∗¦�n > 1

ε§�Ä8

ÜA =
{
y = p

q ∈ (0, 1) | q ≤ n
}
§@oA´�����êk��knê8§¿�éu�

�x ∈ (0, 1)/Akf(x) < 1
n < ε§ù´Ï�¤k©1Ø�un�knêÑ38ÜAp"d

uA´k�8§·��

d = min
y∈A,y 6=r

|y − r| > 0, (17)

=�A¥¤kknê¥�rål�Cö�ål"��§·�ò�εéA�δ��δ = d
2 >

0§ddU0
δ (r) ∩A = ∅§Ïdé��x ∈ U0

δ (r)kf(x) < ε§·K�y"

/Ïlimx→r f(x) = 0é��r ∈ (0, 1)¤á§·�w,k��knê:Ñ´��mä

:§��Ãnê:Ñ´ëY:"

KKK 2. £�e�¯K

1.´Ä�3��3�N¢ê½Â�¼ê§Ùk�=k��ëY:§Ù{�:Ñ´mä

:º

2.´Ä�3��3�N¢ê½Â�¼ê§§3z��:ÑØëY§�k�=k�:�4

�´�3�§Ù{�:4��Ø�3º

©Ûµ�KÐ«
ü��~AÏ�¼ê§Ù�E�{´Äu¾��)|�X¼ê"

du)|�X¼ê3?Û��:ÑØëY�´1�amä:§¤±·�éN´3)|�

X¼ê�Ä:þ�E3�õê:ÑØëY�4�Ø�3�¼ê"

Proof. 1.�3§�E¼êf(x) = xD(x)§Ù¥D(x)´)|�X¼ê"duD(x)��

�0½1§dd�±y²limx→0 xD(x) = 0 = f(0)§¤±x = 0´f(x)��ëY:"éu

Ù¦:r 6= 0§·�Ñ�±��y)|�X¼ê�üý4�limx→r+0D(x)Úlimx→r−0D(x)�

�{Ø�3��{§y²f(x)�üý4��Ø�3§dd��f(x)3x = 0±	�z�

�ÑØëY§´1�amä:"

2.�3§·�?U1¥¼ê�

g(x) =

xD(x) , x 6= 0,

1 , x = 0.
(18)

=31¥¼êÄ:þò0?¼ê�d0U�
1"Xd���¼ê3x 6= 0�,Ñ´1�a

mä:§3x = 0?4��3§�´´��mä:"
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KKK 3. �¼êf(x)´3R½Â�¼ê§��3k ∈ (0, 1)¦�

|f(x)− f(y)| ≤ k|x− y|, ∀x, y ∈ R, (19)

y²e�(Ø

1.f(x)´Rþ�ëY¼ê"

2.¼êkx− f(x)´üN4O�"

3.�3c ∈ R¦�c = f(c)"

©ÛµêÆþ·�¡÷vª(19)�¼ê�ØØØ   NNN���§�*5w3f�N�e

�f(x)Úf(y)�ålC��C
§Ïd�8��½Â��/Ø 0
"�KÌ�o(


Ø N�äk�na5�µëY5§üN5ÚØÄ:��35§ù
){3)K¥�~

¢^"Ù¥ØØØÄÄÄ:::�÷vc = f(c)�:§3f�N�e�Ú��Ó�c"

Proof. 1.·��y²f(x)3x = aëY§Ù¥x = a´?¿¢ê§=I�y²

lim
x→a

f(x) = f(a), ∀a ∈ R. (20)

éu�½a§·�|^ª(19)�

0 ≤ |f(x)− f(a)| ≤ |x− a|. (21)

3þãØ�ª�x → a¿¦^Y%�n�limx→a |f(x) − f(a)| = 0§ù�limx→a f(x) =

f(a)�d§ddf(x)3?�:ëY"

2.3ª(19)�x < y¿Ðmýé�

k(x− y) ≤ f(x)− f(y) ≤ k(y − x). (22)

ò�ýØ�Ò£�

kx− f(x) ≤ ky − f(y), ∀x < y. (23)

dd¼êkx− f(x)´üN4O�"

3Ø�ª(22)�Ä:þ�±UYz{�

f(x)− k(y − x) ≤ f(y) ≤ f(x) + k(y − x). (24)

·��½xüyw�gCþ§@og1(y) = f(x) + k(y − x)Úg2(y) = f(x)− k(y − x)©

O�L²L:(x, f(x))��Ç�kÚ−k���§Ïd¼êf(x)3:(x, f(x))NC�üz

��Ç�kÚ−k�ü^����4§Ø N����B´f�CzÇÉ���"

3.�
é�ØÄ:§·�ïÄ¼êg(x) = x − f(x)�5�"Äk|^¼êkx −

f(x)�üN5§?�y > xk

g(y) = y−f(y) = (1−k)y+ky−f(y) > (1−k)y+kx−f(x) = (1−k)(y−x)+g(x), (25)
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£��

g(y)− g(x) > (1− k)(y − x), (26)

ddg(x)Ø=´î�üN4O¼ê§ÙO�Ç��´1− k"

?�p ∈ R§XJg(p) = 0K·K���y¶g(p) 6= 0�§Ø��g(p) < 0§·��

I�é���¼ê����:"|^g�O�ÇØ�u1− k�(Ø§�

q = p+
−2g(p)
1− k

> p, (27)

dd

g(q) > g(p) + (1− k) · −2g(p)
1− k

= −g(p) > 0. (28)

dd·�é�
g(p) < 0 < g(q)§|^g3[p, q]�ëY5§�3c ∈ [p, q]¦�g(c) = 0§

=c = f(c)"

KKK 4. 2020cccppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK. �¼êf(x)½Â��[a, b]§��8f([a, b]) ⊂

[a, b]§¿�÷v|f(p) − f(q)| ≤ |p − q|é��p, q ∈ [a, b]¤á"?�x0 ∈ [a, b]§4í½

ÂS�xn+1 =
1
2 (xn + f(xn))§@oS�{xn}´Âñ�"

©Ûµ�K´Ø N����C«(Ø§�y²4íS�{xn}Âñ§·��g´K

´}Áy²{xn}üN§¿¦^üNÂñ�n"�
y²üNÂñ�n§·�Äk�y

²fëY!x− f(x)üNÚØÄ:�3ùn�'uØ N��²;(Ø"

Proof. ·�©Oy²e¡A�(Ø"½Â9Ï¼êg(x) = x− f(x)"

1.f(x)´ëY¼ê§y²�{Úþ�K1�¯���Ó"¤±g(x) ∈ C[a, b]"

2.�3ØÄ:c ∈ [a, b]¦�c = f(c)§½=g(c) = 0"��uRþ(Ø§ùpØÄ

:�35�y²'�{ü"du�8f([a, b]) ⊂ [a, b]§¤±f(a) ≥ af(b) ≤ b§¤

±g(a) < 0g(b) > 0"�â0�½n§�3c ∈ [a, b]¦�g(c) = 0§ddc = f(c)"

3.g(x)´üN4O�¼ê"éua ≤ p < q ≤ b§�âK�k

p− q ≤ f(q)− f(p) ≤ q − p, (29)

¤±

g(p) ≥ g(q), ∀q > p, (30)

ù`²g(x)´��üN4O�¼ê"

4.��·�©ÛK8�S�{xn}�üN5"bXå©:x0´¼êg(x)�":§

=x0 = f(x0)§�â4íªS�{xn}´~ê�§Ïd·���Äx0Ø´¼êg(x)":�

�/"d�dug´��üN4O�¼ê§¿�äk":c§·��±òx0���©�ü
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«�¹µ

���¹¹¹1. x0 < c�g(x0) < 0§½=x0 < f(x0)"

���¹¹¹2. x0 > c�g(x0) > 0§½=x0 > f(x0)"

ùü«�¹�y²�{¢S´���§·���Ä���¹¹¹1"duf(x0) > x0§·�

w,kx1 =
f(x0)+x0

2 > x0"·��e5y²x1 ≤ c"duc = f(c)§�âK8�¦k

x0 − c ≤ c− f(x0) ≤ c− x0. (31)

@o£��

c ≥ f(x0) + x0
2

= x1. (32)

��`²
x1 ≤ c§@o7,kg(x1) < 0½g(x1) = 0"XJg(x1) = 0§@o�,�

�{xn}´~ê�¶XJg(x1) < 0§@of(x1) ≤ x1§ÒU?�Ú2íÑx2 > x1"XJ

ù��ín¤á§·�7,�±íä§�x0 < y�§S�{xn}�z��Ñ´4O�§

=x0 ≤ x1 ≤ x2 · · · ≤ y§ÏdS�{xn}üN4O§KÂñ"

2.3 *ÐÖ¿K

ÖÖÖ 1. ½Âü�¼ê

f(x) =


1 , x > 0,

0 , x = 0,

−1 , x < 0

g(x) = x− [x]. (33)

�éÑf(x), g(x), f(g(x)), g(f(x))¤kmä:¿�äa."

ÖÖÖ 2. �f(x) ∈ C(a, b)¿�limx→a+0 f(x)Úlimx→b−0 f(x)Âñ§y²f(x)3(a, b)�k

.¼ê"

ÖÖÖ 3. �P (x) = xn + an−1x
n−1 + · · ·+ a1x+ a0´õ�ª¼ê§y²e�·Kµ

1.XJn´Ûê§@oP (x)�3¢":"

2.XJn´óê�a0 < 0§@oP (x)���3ü�¢":"

ÖÖÖ 4. �¼êf(x)3��Ur(a)½Â§é��0 < δ < a§½Âf(x)3Uδ(a)��Ì

ω(a, δ) = max
x∈Uδ(a)

f(x)− min
x∈Uδ(a)

f(x). (34)

y²f(x)3x = aëY�¿©7�^�´limδ→0+0 ω(a, δ) = 0"
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