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1.1 �þ�ê

�þ�A:´Qk/��0qk/��0§Ïd?Ø�þ�7L?Ø��Ú��ù

ü���"�½�mü:A,B§���ãë�A�B§Ò��
�þ
−−→
AB§Ù¥�þ�

����ãAB��Ý§�þ����gå:A�ª:B���§�·�!Ø�þ
−−→
ABg

,Ò%¹ùü�&E"�´du·�?Ø�´gggddd���þþþ§=��(½
�þ����ÝÝÝÚ

������Ò�±(½���þ§Ø'%�þ�å:§Ïd·���b��þ�å:´n�

�m��:"AO/§"�þ�Ý�"§�´���±´?¿��"XJ�y²ü��

þ�Ó§ÒI�y²Ù�ÝÚ��Ñ��"

3L��þ�§·���kü«L«�{µ

1������LLL«««{{{. XÏLa½
−−→
ABù��ÎÒL��þ"�ùÂ¥�oN��=©i1þ�

L�þ"

2���IIILLL«««{{{. 3�m���IXþ§·�^�I(x, y, z)L«±�:�å:±

:(x, y, z)�ª:��þ"ùp(x, y, z)Q�±L«�IX¥���:§��±L«

���þ"XJ½Â���IXn��I¶�ü �þ

i = (1, 0, 0), j = (0, 1, 0), k = (0, 0, 1), (1)
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(x, y, z) = xi + yj + zk, (2)

¢S�L
é�þ(x, y, z)3n��I¶���������©©©)))"

�þ��±?1$�§�
�þ$���#�þ§�k�
�þ$���ê�"e

¡·�ÏL��L«{Ú�IL«{©O?Ø�þ��«$�

1.OOO������ÝÝÝ. �½�þa§Ù�Ý��|a|´��ê�"3�IL«�¿Âek

|(x, y, z)| =
√
x2 + y2 + z2. (3)

�Ý|a| = 1��þ¡�üüü   ���þþþ"

2.\\\{{{$$$���. �þaÚb�\{�ì²²²111ooo>>>///{{{KKK����#��þ§�þa + b��

Ý¿�´�þaÚb�Ý�{ü\{§�´�ìnnn���ØØØ���ªªª·�k

|a + b| ≤ |a|+ |b|. (4)

3�IL«�¿Âek

(x1, y1, z1) + (x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2). (5)

3.êêê¦¦¦$$$���. �þa¦þ��¢êk§���#�þ���þ��§�ÝKC�|k|�µ

XJk > 0�þka�a������¶XJk < 0�þka�aÉÉÉ���¶XJk = 0�þka�"�þ¶�

��Ñ�´§Ó�Ú����þÚ¡������½²²²111�þ§5½"�þ�?¿�þÑ²

1"3�IL«�¿Âek

k(x, y, z) = (kx, ky, kz). (6)

ÏLê¦$��±é�"�þa�üüü   zzzb = ± 1
|a|a§���üüü���ü z�þ�Ý�1"

4.SSSÈÈÈ$$$���. ü��þaÚb�SÈ����ê�

a · b = |a| · |b| · cos〈a,b〉, (7)

Ù¥�ý�·´SÈÎÒ§ÏdSÈ��:::¦¦¦§mý�·K´ê�¦{§ÆS�þ�ê�

L§I��	«©ØÓ1©�µe·�¹Â¶〈a,b〉�L�þaÚbYYY������§Y���

�%@�[0, π]�m¶3�IL«�¿ÂekÃIO�Y�Ò�±��SÈ

(x1, y1, z1) · (x2, y2, z2) = x1x2 + y1y2 + z1z2, (8)

Ïdk�¬ÏL�IO�SÈ��{5�íY���"����5¿�¯¢´a · a =

|a|2"SÈÚ\´�
�xå��õ�Ôny�"

5.			ÈÈÈ$$$���. ü��þaÚb�SÈ����#�þa× b§Ù�Ý÷v

|a× b| = |a| · |b| · sin〈a,b〉 ≥ 0, (9)
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	È�þ�ü��þaÚbÑR�§�´��þaÚbÑR���þkü�§Ïd	È�

äN��KdmmmÃÃÃ½½½KKKû½"3�IL«�¿Âe��±O�	È

(x1, y1, z1)× (x2, y2, z2) =

∣∣∣∣∣∣ y1 z1

y2 z2

∣∣∣∣∣∣ ,
∣∣∣∣∣∣ z1 x1

z2 x2

∣∣∣∣∣∣ ,
∣∣∣∣∣∣ x1 y1

x2 y2

∣∣∣∣∣∣
 . (10)

����5¿�¯¢´a× a = 0"	È�Ú\´�
�x^Ïþ�Ôny�"

�þ� �'X´ïÄ)ÛAÛ�Ä:§·�X'5�þ�ü« �'Xµ²²²111

ÚRRR���"XJü��þa = (x1, y1, z1)Úb = (x2, y2, z2)²1§=�þ����§@o�

3λ¦�

b = λa, λ =
x2
x1

=
y2
y1

=
z2
z1
, (11)

,�«y²�þ²1��{´ÏL	È§²1��þ	Èa × b = 0"AO/§"�

þ�?¿�þÑ²1¶XJü��þa = (x1, y1, z1)Úb = (x2, y2, z2)R�§@oS

Èa · b = 0§=x1x2 + y!y2 + z1z2 = 0"AO/§"�þ�?¿�þÑR�"

�þ�$�äkNõ$�{K§Ì��)(ÜÆ!��ÆÚ©�Æ"�õê��Æ

Ú©�ÆÑ¤á§�SÈ	È�'�(ÜÆ��ÑØ¤á§	È���Æ�Ø¤á"

ÏL��L«{Ú�IL«{éN´y²ù
½Æ"·�Ò´�:Ì�`²µ

1.SÈ/	ÈÚê¦�(ÜÆ¤áµk(a · b) = (ka) · bÚk(a× b) = (ka)× b¶�´SÈ

	È�(ÜÆÑØ¤áµX�þa · (b · c)��þ(a · b) · c��Ø��¶ê�a · (b× c)Ú

ê�(a× b) · c��Ø��¶�þa× (b× c)Ú�þ(a× b)× c��Ø��"

2.SÈäk��Æµa ·b = b ·a¶	ÈØäk��Æäk���������ÆÆÆµa×b = −b×a"

)ûÚ�þ�êk'�K8§Ø
�ÙG¦^�I��{O��þ$�Ú�ä�þ

 �'X±	§�ATÆ¬¦^��L«{�µe�a�þ$��½Æ"·�5we¡

ü�~Kµ

~~~ 1. y²�þð�ª(a− b)× (a + b) = 2(a× b)"

Proof. �â©�Æ

(a− b)× (a + b) = a× a− b× a + a× b− b× b

= −b× a + a× b

= 2(a× b). (12)

Ù¥1���Ò|^
a× a = b× b = 0§1n��Ò|^
	È����Æ"

~~~ 2. ®�a = (1,−2, 1),b = (3, 0, 1), c = (2, 1, 2)§¦(a× b) · cÚa× (b× c)

Proof. �â	È�I$�

a× b = (−2, 2, 6), (13)
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(a× b) · c = −4 + 2 + 12 = 10. (14)

,��¡�â	È�I$�

b× c = (−1,−4, 3), (15)

dd

a× (b× c) = (1,−2, 1)× (−1,−4, 3) = (−2,−4,−6). (16)

1.2 ²¡��§

)ÛAÛ�¢�§´ÏL�þ�êE|�ÑAÛã/3���IX��§§,�=

zAÛ¯K��ê¯K§/Ï�È©�E|)û¯K"�m²¡�§~^�/ªko

«µ{ª�§!���§!n:ª�§Ú�åª�§"Ù¥{ª�§¦^���2�§

�´)K�ïÆz{����§"O�²¡�§�Ø%´O�{�þ"

{ª�§

Äk0�{�þ�Vg"éu�½²¡§·�o�±é����²¡R��

�þn§¡��{{{���þþþ"XJØ\`²§�ùÂJ��{�þ´ü �þ§=÷

v|n| = 1�{�þ§Ïd��²¡äk�����ü�{�þ§�L²¡�üý"

{ª�§ÏL{�þ�x²¡"�½²¡þ�:P : (x0, y0, z0)§@oéu?¿�

:A : (x, y, z)§�þ
−→
PA��²¡þ��þR�u{�þ§=n ·

−→
PA = 0é²¡þz�

�A¤á"�n = (A,B,C)§�¤�I/ªµ

A(x− x0) +B(y − y0) + C(z − z0) = 0. (17)

XþB´²¡þ�:A : (x, y, z)¤÷v�{ª�§"

{ª�§w�·����&Eþµ(((½½½������²²²¡¡¡������§§§§§§���III���(((½½½ÙÙÙ{{{���þþþ

ÚÚÚ²²²¡¡¡þþþ���:::���III���±±±"""(½²¡�:�IéN´§Ïd(½²¡�'�´�ÑÙ{

�þ�I"{�þ´²¡5����ó<"

���§

Ðm{ª�§(17)§-D = − (Ax0 +By0 + Cz0)§@o�Ñ²¡����§

Ax+By + Cz +D = 0. (18)
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�A�§éu(18)�²¡���§§Xê|¤��þ(A,B,C)Ò´²¡�ü z���

{�þ"

���§/ªþ�,��§�´'å{ª�§�I�{�þÚ²¡�:ü�&E§

O�²¡���§I�¦)o���êA,B,C,D§�,ùo���ê3¦Ø��~ê

¿Âe�L�Ó�²¡"Ïd��O�²¡���§´Øy��§·����Ø¦^�

��§)K"�´3)KL§¥§��I�·�ò�Y=z����§�/ª"

n:ª�§

duØ���n:(½��²¡§\\é�²¡þØ��n�:(xi, yi, zi)§Ù

¥i = 1, 2, 3§Ò�±��/nÑ0���¹þãn�:�²¡µ∣∣∣∣∣∣∣∣
x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣∣∣ = 0, (19)

w,ò(x, y, z)�\(xi, yi, zi)�1�ª�0"n:ª�§��Ø3SK¥¦^§Ø�KZ

²(
²¡þn�:"

�åª�§

�åª´n:ª�§�A~"���ååå´�²¡�n��I¶�:��I§Ïd�

±´Kê"bX²¡3n��I¶�å©O�A,B,C§@o:(A, 0, 0)§:(0, B, 0)Ú

:(0, 0, C)Ñ3²¡þ§ÏdnÑ²¡�§

x

A
+
y

B
+
z

C
= 1. (20)

�åª�§ké�Û�5"XXXJJJ²²²¡¡¡333,,,������III¶¶¶���ååå���0§§§@@@ooo���åååªªª���§§§������"""

Ø�KZ²(
²¡�å&E§ÄK�åª�§��Ø3SK¥¦^"

²¡�§�O�Àù

~~~ 3. ¦L:(3, 2,−5)�x¶�²¡�§"

Proof. 3x¶þ�ü:(0, 0, 0)Ú(1, 0, 0)§(Ü:(3, 2,−5)^n:ª�§∣∣∣∣∣∣∣∣
x y z

1 0 0

3 2 −5

∣∣∣∣∣∣∣∣ = 0, (21)

�â1�ªÐm

5y + 2z = 0. (22)
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~~~ 4. ���²¡3���I¶���åþ���²L(5,−7, 4)§¦Ù��ª�§

Proof. �n��I¶��åÑ´A§©�¹?Øµ

1.XJA 6= 0§@o�â�åª�±�Ñ²¡�§

x

A
+
y

A
+
z

A
= 1. (23)

�\:(5,−7, 4)�A = 2§dd²¡x+y+z
2 = 1÷v^�"

2.XJA = 0§d��§ØU�¤�åª/ª"du²¡3n��I¶��åÑ´0§@

o²¡�½L�:(0, 0, 0)§¤±²¡äk/ª

Ax+By + Cz = 0. (24)

�\:(5,−7, 4)¬uyXêA,B,CÀ�Ø��§��÷v5A−7B+AC = 0�A,B,CØ

Ó�0=�"

1.3 ����§

�m���§~^�/ªkn«µü¡ª£���§¤!IO�§Úëê�§§Ù

¥IO�§Úëê�§´�~¦^�§)KL§¥ïÆz{�IO�§½ëê�§"O

����§�Ø%´O����þ"

ü¡ª�§

ü�Ø²1�²¡��Ñ�^��§Ïd�±��ÏL�Ñü�²¡��§5L«

Ù���§§=ü¡ªµ  A1x+B1y + C1z +D1 = 0,

A2x+B2y + C2z +D2 = 0.
(25)

ü¡ª´éØKI?��{§ïÆØ�¦^"

IO�§

·�Äk½Â������þ"XJ�þe���²1§Ò¡�������������þþþ"

XJØ\`²§�ùÂJ�����þ´ü �þ§w,��äkü�ü ���þ§

�L
���ü�½�"���(((½½½���^̂̂������§§§���III���(((½½½������þþþ���������:::§§§333(((½½½ÙÙÙ

���������þþþ555LLL«««���������òòò���������===���"""Édéu·��Ñ���IO�§"����
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þe = (a, b, c)§�½��þ�:P0 : (x0, y0, z0)"éu��þ,�:P : (x, y, z)Ñk�

þ
−−→
PP0��þe²1"�â�þ²1��O�{·�k

x− x0
a

=
y − y0
b

=
z − z0
c

. (26)

AO5¿§du���þ�,�©þ#N´0§¤±3�Ñ��IO�§�´#N0Ñy

3©1�§�´duù��P{'�OÛ§¤±·��õ��ÿ¬¦^ëê�§L��

�"

ëê�§

3ª(26)�

t =
x− x0
a

=
y − y0
b

=
z − z0
c
∈ (−∞,+∞). (27)

��ëê�§ 
x− x0 = ta,

y − y0 = tb,

z − z0 = tc,

(−∞ < t < +∞) (28)

I�5¿§ïÄ���ëê�§7L�Ñëêt�½Â�´�N¢ê"XJëê½Â�

Ø´�N¢ê§���AÛé�l��C¤
�ã½��"

ü¡ª�§�IO�§�=z

òü¡ª�§=z�IO�§½ëê�§´�~²;�SK§ùa¯K���´l

ü¡ª�§¥J�Ñ���þ�&E§ùp�±Ny���þ3ïÄ����¿Â"

~~~ 5. òdü¡ª�§l :

x− 3z + 5 = 0,

y − 2z + 8 = 0,
(½���z�IOª�§"

Proof. �òü¡ªz�IOª§ÒI�é���þ���:Ú��l����þe"·

�5¿���l��²¡x − 3z + 5 = 0Ú²¡y − 2z + 8���§���þe7,�²

¡x− 3z + 5 = 0Ú²¡y − 2z + 8�{�þÑR�§=e�{�þ(1, 0,−3)Ú(0, 1,−2)R

�§Ïd�±ÏLO�{�þ(1, 0,−3)Ú(0, 1,−2)�	ÈO����þe

e = (1, 0,−3)× (0, 1,−2) = (3, 2, 1). (29)

,��¡§·�w,�±�lþ��:(−5,−8, 0)§dd��l���IOª�§

x+ 5

3
=
y + 8

2
= z. (30)
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1.4  �'X

ù�!·�?Ø��Ú²¡� �'X§�O�{Ì�´ÏL²¡�{�þÚ��

����þ§l�þ�ê��¡©Û²¡Ú��� �'X"

�����

²¡�²¡� �'Xkü«µÜ!²1!��§Ù¥²¡R�´���AÏ�

¹"Ù¥Ü��/´N´�O�§·���±òÜw�²1�AÏ�¹"·�Ì�

?ØÏL{�þ�O²¡�²1Ú����{µ

1.²²²111½½½ÜÜÜ ü�²¡²1½Ü�¿©7�^�´{{{���þþþ²²²111"

2.RRR��� ü�²¡R��¿©7�^�´{{{���þþþRRR���"

3.������ ü�²¡���¿©7�^�´{{{���þþþØØØ²²²111"

XJ�Ñü�²¡���ª�§Σ1 : A1x + B1y + C1z + D1 = 0ÚΣ2 : A2x +

B2y + C2z + D2 = 0§�â�c�©ÛØJ�Ñ§��{�þn1 = (A1, B1, C1)Ún2 =

(A2, B2, C2)§dd�±��ÏL��ª�Xê�OΣ1ÚΣ2� �'X£ØïÆ���

þãÏLXê�O²¡ �'X��{§ÏL{�þ�O��� �'X�\��¤µ

1.²²²111 Σ1ÚΣ2²1�¿©7�^�´Xê(A1, B1, C1)Ú(A2, B2, C2)¤'~½n1×n2 =

0"

2.RRR��� Σ1ÚΣ2²1�¿©7�^�´Xê÷vA1A2+B1B2+C1C2 = 0½n1 ·n2 = 0"

���²¡

���²¡� �'Xkn«µ²1!��!�¹§Ù¥R�´����«A~"

ÏL{�þÚ���þ�O���²¡ �'X��{Xe

1.²²²111 ���¹�²¡�¿©7�^�´������������������þþþRRR���uuu²²²¡¡¡���{{{���þþþ§¿�

��Ú²¡vk�:"

2.���¹¹¹ ���¹�²¡�¿©7�^�´������������������þþþRRR���uuu²²²¡¡¡���{{{���þþþ§¿�

��Ú²¡k�:"

3.RRR��� ���¹�²¡�¿©7�^�´������������������þþþ²²²111uuu²²²¡¡¡���{{{���þþþ"

4.������ ���¹�²¡�¿©7�^�´������������������þþþØØØRRR���uuu²²²¡¡¡���{{{���þþþ"

�����

������ �'Xko«µÜ!²1!��!É¡"ÙÙÙ¥¥¥������RRR���¿¿¿ØØØ`̀̀

²²²���������½½½������§§§ÉÉÉ¡¡¡������������±±±RRR���§§§ùùù´́́������555¿¿¿���"""üÕl���þÑu�Ø

U���O���mo«'X§�I�[�?Øµ

1.²²²111½½½ÜÜÜ ü^��²1½Ü�¿©7�^�´���þ²1"
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2.RRR��� ü^��R��¿©7�^�´���þR�"

3.������ �Oü^��´Ä����{´éáëê�§¦)§XJ�±)Ñ�:�I`

²����"

4.ÉÉÉ¡¡¡ �Oü^��´ÄÉ¡��{´ÏLüØ{§=ü^������þØ²1

£`²Ø²1¤§Ó���vk�:£`²Ø��¤"

��/²¡ �'X�'~KÀù

ùa~K��ÏLïÄ²¡{�þ½�����þ� �'X§5(½²¡Ú��

� �'X"

~~~ 6. ¦L:(2, 0,−3)�R�u²¡2x− 2y + 4z + 7 = 0Ú2x+ y − 2z + 5 = 0 = 0�²

¡���ª�§"

Proof. �¤¦²¡�Σ"du·�®�¤¦²¡Σþ�:(2, 0,−3)§·���O�²

¡Σ�{�þ§��n"duΣ�²¡2x−2y+4z+7 = 0Ú2x+y−2z+5 = 0 = 0R�§

@on�²¡2x−2y+4z+7 = 0Ú2x+y−2z+5 = 0 = 0�{�þ(2,−2, 4)Ú(2, 1,−2)þ

R�§dd

n = (2,−2, 4)× (2, 1,−2) = (0, 12, 6). (31)

Ïd��Σ��§

12y + 6(z + 3) = 0. (32)

z{���ª

2y + z + 3 = 0. (33)

~~~ 7. �ä��l1 : x−1
−1 = y

2 = z+1
1 Ú��l2 :


x = −2

y = t+ 1

z = −2t+ 2

� �'X"

Proof. ���m� �'X�)Ü!²1!��!É¡o«§·��g�O"Äk

�Äl1, l2´Ä²1½Ü"l1Úl2����þ©O�e1 = (−1, 2, 1)Úe2 = (0, 1,−2)§ü

��þw,Ø²1§¤±l1�l2Ø²1½Ü"�X�Äl1, l2´Ä��§òl2�ëê�

§�\l1éá

3 =
t+ 1

2
= 3− 2t. (34)

ddtÃ)§¤±l1, l2Ø��"�âüØ{§�l1, l2É¡"
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ål�O�

·�~~?Ø�ål�):����ål!:�²¡�ålÚ²1²¡�m�å

l"Ù¥���m�ål�k½Â§�´Ù¥É¡��ål�½Â�O��Ñ
�§�

�"·�ò©O?Øcnaål�O��{"

Äk:(x0, y0, z0)�²¡Ax+By + Cz +D = 0�ål´

d =
|Ax0 +By0 + Cz0 +D|√

A2 +B2 + C2
. (35)

þãúªáup¥SN��Æ§y²Ñ"

,�²1²¡Ax+By + Cz +D1 = 0ÚAx+By + Cz +D2 = 0�ål´

d =
|D1 −D2|√
A2 +B2 + C2

, (36)

§�¢S¿Â´��²¡þ?¿�:�,��²¡�ål§w,²1²¡�?�:�

,��²¡�ålÑ�Ó"Ø²1�²¡Ã{½Âål"

��´:���ål�O�§Ù¢�´:����R��ål":M0 :

(x0, y0, z0)���l : x−x1
a = y−y1

b = z−z1
c �ålúª´

d =
∣∣∣e×−−−−→M0M1

∣∣∣ , (37)

Ù¥�þe´l�ü ���þ§M1�lþ?¿�:"ù�úª�¿Â´§b½

:M0�l�Rv´P§@od�u��PM0��Ý§�∠PM1M0 = θ§@od = |M0M1| sin θ§

5¿�PM1´��lþ��ã§¤±

d = |M0M1| sin θ = |
−−−−→
M0M1| ·

∣∣∣e×−−−−→M0M1

∣∣∣∣∣∣−−−−→M0M1

∣∣∣ · |e| =
∣∣∣e×−−−−→M0M1

∣∣∣ . (38)

·��Ñ§þãúª��±^uO�²1���m�ål§²1��ål�½Â´��

�þ?¿�:�,�^���ål"

~~~ 8. ¦(2, 1, 3)�²¡2x− 2y + z − 3 = 0�ål"

Proof. ��¦^úªO�

d =
|4− 2 + 3− 3|√

4 + 4 + 1
=

2

3
. (39)

~~~ 9. ¦:(3, 4, 5)���x = y−4
−3 = z−3

−2 �ål"
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Proof. �
¦^úª§·�Äk����x = y−4
−3 = z−3

−2 ����þ�e = (1,−3,−2)§

�ü z�

e =
1√
14

(1,−3,−2). (40)

d	?���þ�:M1 : (0, 4, 3)§dM0 : (3, 4, 5)��þ

−−−−→
M0M1 = (−3, 0,−2). (41)

¤±O�	È

e×
−−−−→
M0M1 =

1√
14

(6, 8,−9). (42)

�\úª

d =
∣∣∣e×−−−−→M0M1

∣∣∣ =

√
189√
14

=
3
√

6

2
. (43)

*Ö¿SNµ²¡å�Vg

�ü�Ø²1�²¡A1x+B1y+C1z+D1 = 0ÚA2x+B2y+C2z+D2 = 0��u

��L§@o?¿��LL����§�±�¤Xe��§ λ(A1x+B1y + C1z +D1) +

µ(A2x+B2y +C2z +D2) = 0§Ù¥λÚµ´Ø��0ü�~ê"�âØÓ�λÚµ(½�

²¡x�¡�²¡å"ù�(Øk�U3)K¥u�¿�Ø���^"

~~~ 10. ¦ÏL��l1 :

x− 2z − 4 = 0,

3y − z + 8 = 0,
����l2 :

x− y − 4 = 0,

−y + z + 6 = 0,
²1�²

¡Σ�§"

Proof. �Kw,kΣ�{�þn���l1����þe1±9��l2����þe2ÑR�§

��kÏL	È�{O�Ñe1Úe2§2dn = e1 × e2Ò�±O�{�þn"

·�ùpO��«ÏL²¡åO���{µduΣ²L²¡x − 2z − 4 = 0Ú3y −

z + 8 = 0���l1§¤±b�Σ��§�

λ(x− 2z − 4) + µ(3y − z + 8) = 0 (44)

z{�

λx+ 3µy − (2λ+ µ)z + (8µ− 4λ) = 0. (45)

��{�þn = (λ, 3µ,−2λ− µ)",��¡§ÏLl2�ü¡ª�§�Ñ���þe2÷v

e2 = (1,−1, 0)× (0,−1, 1) = (−1,−1,−1), (46)

�âK��nÚe2R�§¤±

λ+ 3µ− 2λ− µ = 0, (47)
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ddλ = 2µ§���ÑΣ���ª�§

2x+ 3y − 5z + 12 = 0. (48)

1.5 �m�Ú¡

�m�

ÏL�§��ªïÄ�´é�B�§���§kéõa§·���¦^ëê�

§5ïÄ

L :


x = x(t),

y = y(t),

z = z(t),

(α 6 t 6 β) (49)

·��Ñ§ïÄ�7L(²ëêt�½Â�"k�·�¬��òn�©þ�¤�þ�

¼ê�/ªr(t) = (x(t), y(t), z(t))§,�^r(t)(α 6 t 6 β)��L��^�m�§ù

��uòr = r(t)w¤
ò¢êtéA��þr(t)�¼ê"3�Ù¥�¦Ýº�´����

���þþþÚ{{{²²²¡¡¡�O�§ù
O�´eþÆS�¡È©�Ä:"éuëê�§(49)(½

��m�§��þ´��÷½��������þ§�e = (x′(t), y′(t), z′(t))"{

²¡K´L�½:(x(t0), y(t0), z(t0))�±��þe = (x′(t0), y
′(t0), z

′(t0))�{�þ�²

¡"XJ��¤r = r(t)�/ª§�½:t = t0���þ{��r′(t0)"

��·��Ñ§²¡����m�§��±¦^ëê�§ïÄµ

L :

 x = x(t),

y = y(t),
(α 6 t 6 β) . (50)

Ù��þ�²¡�þe = (x′(t), y′(t))"du²¡´�é{ü�§·��kü«L��

��ªµ���§Ú4�I�§"���§´�

y = y(x), a < x < b. (51)

���§�UL�d¼ê(½��§´kÛ�5�§Ù�±w�±x�gCþ�

�"4�I�§´�4�I²¡þ��§

r = r(θ), a < θ < b. (52)

�´4�I�§O���þ´'�æ��§·���Äkò4�I�§=z�ëê�§ x = r(θ) cos θ,

y = r(θ) sin θ,
(a 6 θ 6 b) , (53)

,�2O���þ"
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~~~ 11. �r = r(t)´�^1w�§÷v|r(t)| = Cé½Â�¥�tÑ¤á§Ù¥C´�

"~ê"¦yµr(t) · r′(t) = 0é��t¤á"

Proof. �Ñr = r(t)�©þ/ª

r(t) = (x(t), y(t), z(t)), (54)

@o

|r(t)| =
√

(x(t))2 + (y(t))2 + (z(t))2 ≡ C, (55)

¤±¦��é��tk

x(t)x′(t) + y(t)y′(t) + z(t)z′(t)√
(x(t))2 + (y(t))2 + (z(t))2

= 0. (56)

duC´�"~ê§¤±é��tk

r(t) · r′(t) = x(t)x′(t) + y(t)y′(t) + z(t)z′(t) = 0 (57)

¡

�m¡k���§£�)Û¼ê�§¤Úëê�§ü«

1.¡����§z = g(x, y)§Ù¥gCþ����(x, y) ∈ D§D´²¡«�"AÛþ

w§«�D´�m¡z = g(x, y)3XoY²¡�ÝK"±ØÓ�gCþ��±�ÑÙ¦

�¡���§x = h(y, z)½y = l(x, z)§¦�éu¡�ïÄÑé�"k�¡�

���§�ØÑ5§·��±òz'ux, y�'X�¤Û¼êS(x, y, z) = 0"

3.¡�ëê�§


x = x(u, v),

y = y(u, v),

z = z(u, v),

Ù¥gCþ����(u, v) ∈ D′§Ù¥D′´UoV²

¡���«�"/ªþ§���§��±w�AÏ�ëê�§"

3e�Ù¥·��±�Ñ¡��²¡Ú{�þ�½Â§ùpkØ�?Ø"·�Ï

Le¡�~K{ü?Øe¡�§�©Ûµ

~~~ 12. ¦��l : x
1 = y−1

0 = z
1'uz¶^=�����¡S��§"

Proof. �½lþ�:(x0, y0, z0)§¤¢7z¶^=��´�¤k÷vx
2 + y2 = x20 + y20,

z = z0,
(58)
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�:(x, y, z)Ñ3l^=���L§¥�²L"�Xz03(−∞,+∞)Cz§äkØÓz�I

©þ�Sþ�:��9"�â����§

x0 = z0 = z, y0 = 1, (59)

¤±Sþ�:(x, y, z)÷v�§

x2 + y2 = z2 + 1. (60)

2 SK8a

�!�:´�þ�$�!��Ú²¡�§O�� �'X"~�SK�)

1.�þ�I$�§cÙ´	ÈÚSÈ�O�"

2.�þ��$�§Ì�´¦^	ÈÚSÈ��«O�{K"

3.�âK8^�O�²¡!���§§ùaK8A84²¡Ú���{�þÚ���þ

©Û"

4.©Û²¡Ú��� �'X§ùaK8¥��kJÝ�´ü^��� �'X§Ù¥

�Oü^��´Ä��½É¡I�éá�§O�"

5.ål�O�§�):�ål!:¡ål!¡¡ålÚ²1��m�ål"

6.��§�O�"

�Ù3�Á¥Ì��x©K§Ø�*ÐÖ¿Ü©"
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