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1.1 â7�{Kµn)�A^

Ø½ª�Vg£�

â7�{K´�3)û¼¼¼êêê444���ØØØ½½½ªªªO���{"·�k£�Ø½ª�Vg"

·��>��õê4�Ñ´ëY¼ê9ÙoK$��4�§X4�limx→0
x2+1
x+1§�â

ëY5limx→0(x+ 1) = limx→0(x
2 + 1) = 1§2|^4��oK$�5�Ò�±O�4

�limx→0
x2+1
x+1 = 1"

�´k�a4���ØUÏL4�oK$�O�§~X4�limx→1
x2−1
x−1§��

|^ëY¼ê�5�O���limx→0(x − 1) = limx→1(x
2 − 1) = 0§XJ��¦^

4�oK$�4���0
0"é¢ê�$�ó§

0
0vk¿Â§4�limx→1

x2−1
x−1 =

limx→1
1

x+1 = 1
2"�¤±�ØÑ�(��Y´Ï�4��Ø{$�5�§´Ï�4�$

�limx→a
f(x)
g(x) = limx→a f(x)

limx→a g(x)
¤áI�©14�limx→a g(x) 6= 0"ù�ØU¦^oK$�

��O��4�·�¡�ØØØ½½½ªªª§k'Ø½ª4��O�´I�·�üÕ�Ok��{

�"
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·�2±∞∞�~\�éØ½ªVg�n)§ùp∞Ò���Ã¡�þ4�"

�Äx → +∞�§4�lnx§xÚexÑ´Ã¡�þ§w,nöªu+∞��Ý´�g

O\�§^4��ó�x´limx→+∞
ex

x = limx→+∞
x

lnx = +∞±9limx→+∞
x
ex =

limx→+∞
lnx
x = 0"dd��§Ó�´∞∞.�4�§�âÃ¡�þ�ØÓ§4����

��ØÓ"

3�!·�Ì�'5�Ø½ªkXeAaµ

0

0
,
∞
∞

, 0 · ∞ , (+∞)− (+∞) , 1∞ , 00 , (+∞)0. (1)

,8�(.§þãz�aØ½ªÑ�±z��Ä��Ø½ª0
0Ú

∞
∞§~Xµ

1∞ = exp (∞ · ln(1)) = exp (∞ · 0) = exp

(
0

0

)
. (2)

Ïdâ7�{KÌ�´�é0
0Ú

∞
∞ü«Ø½ª"XJ�éþãÙ¦a.Ø½ª¦^â7

�{K§777LLLÄÄÄkkkòòòÙÙÙ¦¦¦aaa...���ØØØ½½½ªªªzzz���0
0ÚÚÚ

∞
∞üüü«««ØØØ½½½ªªª"

â7�{K�Qã�º¦

â7�{K?Ø�´0
0Ú

∞
∞ü«Ø½ª.�¼ê4�§ÙQã�µ

½½½nnn 1.1. �¼êf(x)Úg(x)Ñ3x = a�,����£ùpa�±´∞§����±´

üý�¤§�g′(a) 6= 0§�÷v

1.00... limx→a f(x) = limx→a g(x) = 0"

2.∞∞... limx→a f(x) = limx→a g(x) =∞"

@oXJlimx→a
f ′(x)
g′(x) = l§Ù¥l�±´¢ê½±∞§@o4�limx→a

f(x)
g(x) = l"

'uâ7�{K·�I�A:`²µ

1.â7�{KØU{ü/�¤limx→a
f ′(x)
g′(x) = limx→a

f(x)
g(x)§Ï��k�4�limx→a

f ′(x)
g′(x)�

3½2Â�3£=4��∞¤�§4�limx→a
f(x)
g(x)â�4�limx→a

f ′(x)
g′(x)��"XJ4

�limx→a
f ′(x)
g′(x)´uÑ�§@o4�limx→a

f(x)
g(x)k�U�3�k�UuÑ§·�Ã{l

â7�{K��?Û'u4�limx→a
f(x)
g(x)�&E"[Þ~µ�Ä4�limx→+∞

x+cosx
x+sinx§

^â7�{Kk

lim
x→+∞

(2x+ cosx)′

(2x+ sinx)′
= lim

x→+∞

1− sinx

1 + cosx
. (3)

w, 1−sinx
1+cosx´±2π���¼ê§¤±4�limx→+∞

1−sinx
1+cosxuÑ¶�ùØ¿�X�4

�limx→+∞
x+cosx
x+sinx�uÑ§Ï�

limx→+∞
x+ cosx

x+ sinx
= lim

x→+∞

1 + cosx
x

1 + sinx
x

=
1 + limx→+∞

cosx
x

1 + limx→+∞
sinx
x

=
1 + 0

1 + 0
= 1. (4)

ddlimx→+∞
2x+cosx
2x+sinx = 1"ÏÏÏdddâââ777���{{{KKK���¦¦¦^̂̂¢¢¢���´́́///}}}ÁÁÁ000���LLL§§§§=�


O�4�limx→a
f(x)
g(x)§·�}ÁO�limx→a

f ′(x)
g′(x)§XJ4�limx→a

f ′(x)
g′(x)Âñ§K4
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�limx→a
f(x)
g(x)Âñ���¶e4�limx→a

f ′(x)
g′(x)uÑ§}Á�}"

2.âââ777���{{{KKK������±±±???nnnüüüýýý444���ÚÚÚªªªuuu∞���444���"XJ4�limx→a
f ′(x)
g′(x) =∞§=2

ÂÂñ§·��,�±^â7�{K��limx→a
f(x)
g(x) =∞"

3.âââ777���{{{KKKØØØ···^̂̂uuuSSS���444���"XJ�éS�4�¦^â7�{K§7LòS�4

�Äk��?n�¼ê4�"

â7�{K�¦^�{

â7�{K?n¼ê4���©�n�Ú½µu�4�´Ä�Ø½ª!ò4�=z

�0
0½

∞
∞ü«Ø½ª.4�§^â7�{KO�

0
0½

∞
∞4�"�!ÏLÊ�²;SK§

��[ÙGâ7�{K�Êa²;K.§±9¦^â7�{KL§¥{zO��A��

E|"

~~~ 1. ©©©ªªª...444��� O�4�limx→0
cosx−1

x−ln(1+x)"

Proof. w,4�limx→0
cosx−1

x−ln(1+x)´
0
0Ø½ª§·�ëY¦^â7�{KO�

lim
x→0

cosx− 1

x− ln(1 + x)

â
== lim

x→0

− sinx

1− 1
1+x

= lim
x→0
−(1 + x) sinx

x
=
(
lim
x→0
−1− x

)
·
(
lim
x→0

sinx

x

)
= −1.(5)

vk²��Öö�U3�gâ7���4�limx→0
− sinx
1− 1

1+x

§ù«/Uâ¦â0��{Ø

�(µÏ�4�limx→0
− sinx
1− 1

1+x

ÏLÏ©Ò�±��ü��O�4��È"ÏÏÏddd333���¤¤¤���

gggâââ777������§§§AAAÄÄÄkkk***			444���´́́ÄÄÄ®®®²²²���±±±OOO���§§§222���ÄÄÄ´́́ÄÄÄUUUYYY¦¦¦^̂̂âââ777���"

~~~ 2. ¦¦¦{{{...444��� O�4�limx→0 x
n lnx§Ù¥n´��ê"

Proof. �K´0 · ∞.4�§éuùa¯K§AÄkòÙ=z�0
0½

∞
∞§�{´é¦

ªÙ¥����ê"éu�K5ù§�¤Øª��{kü«µ xn

(lnx)−1½
lnx
x−n"'�

ó§(lnx)−1��êØÐO�§ÏdïÆ�¤1�«©ª�/ª

lim
x→0

xn lnx = lim
x→0

lnx

x−n
â
== lim

x→0

x−1

−nx−n−1
= − 1

n
lim
x→0

xn = 0. (6)

�KO�w�·�§âââ777���{{{KKKÀÀÀJJJØØØªªª���///ªªª���§§§AAA���lll¦¦¦���©©©fff©©©111¦¦¦������{{{üüü

���OOOKKK"

~~~ 3. ~~~ªªª...444��� O�4�limx→0

(
x+1
x −

1
ln(1+x)

)
"
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Proof. 4�limx→0

(
x+1
x −

1
ln(1+x)

)
´∞−∞.Ø½ª§ùùùaaa¯̄̄KKKÄÄÄkkkÏÏÏ©©©222¦¦¦^̂̂âââ777

���{{{KKKµ

lim
x→0

(
x+ 1

x
− 1

ln(1 + x)

)
Ï©
== lim

x→0

(x+ 1) ln(1 + x)− x
x ln(1 + x)

â
== lim

x→0

1 + ln(1 + x)− 1
x
x+1 + ln(x+ 1)

= lim
x→0

ln(x+ 1)

ln(x+ 1) + 1− 1
x+1

â
== lim

x→0

(x+ 1)−1

(x+ 1)−1 + (x+ 1)−2
=

1

1 + 1
=

1

2
. (7)

�K²Lngâ7�{Kâ¦�0
0Ø�ªz��oK$��4�§|^�dÃ¡��

{·��±l1�Úm©��{zO�µ

lim
x→0

(x+ 1) ln(1 + x)− x
x ln(1 + x)

= lim
x→0

(x+ 1) ln(1 + x)− x
x2

â
== lim

x→0

ln(1 + x)

2x
=

1

2
. (8)

3E,4�¯K�|©$^�dÃ¡��{§Ï~�±{zâ7�{K�O�"

~~~ 4. ���ªªª...444��� O�4�limx→0+0 x
x"

Proof. 4�limx→0+0 x
x´00.Ø½ª§·�ÄÄÄkkk���éééêêê222¦¦¦^̂̂âââ777���{{{KKK

lim
x→0+0

xx = lim
x→0+0

exp (x lnx) = exp

(
lim

x→0+0
x lnx

)
. (9)

5¿�4�limx→0+0 x lnx´0 · (−∞)�¦ÈØ½ª§·��±ò§z�∞∞�Ø½ª§

,�¦^â7�{Kµ

lim
x→0+0

x lnx = lim
x→0+0

lnx
1
x

â
== lim

x→0+0

1
x

− 1
x2

= lim
x→0+0

−x = 0. (10)

dd�K�Y�e0 = 1"

~~~ 5. 1∞���ªªª...444��� O�4�limx→0

(
x+
√
1 + x2

) 1
x
"

Proof. �K´1∞.4�§Q�±¦^1∞4��ne�{§��±¦^���éê��

{§k0��éê��{

lim
x→0

(
x+

√
1 + x2

) 1
x
= lim

x→0
exp

 ln
(
x+
√
1 + x2

)
x

 = exp

 lim
x→0

ln
(
x+
√
1 + x2

)
x

 ,

(11)

ù��{�Ð?´eã�ê¯¢ d
dx ln

(
x+
√
1 + x2

)
= 1√

1+x2
§Ïd

lim
x→0

ln
(
x+
√
1 + x2

)
x

â
== lim

x→0

1
1+x2

1
= 1, (12)

Ïd�K�Y�e1 = e"
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XJ¦^ne��{)�Xeµ

lim
x→0

(
x+

√
1 + x2

) 1
x

= lim
x→0

{[
1 +

(
x+

√
1 + x2 − 1

)] 1

x+
√

1+x2−1

}x+
√

1+x2−1
x

= exp

(
lim
x→0

x+
√
1 + x2 − 1

x

)
, (13)

Ù¥x+
√
1 + x2 − 1´Ã¡�þ§�âlimy→0(1 + y)

1
y = e�

lim
x→0

[
1 +

(
x+

√
1 + x2 − 1

)] 1

x+
√

1+x2−1 = e, (14)

,�âk
þª�í�"|^â7�{KO��êþ�4�£^�ªknz��±)¤

lim
x→0

x+
√
1 + x2 − 1

x

â
== lim

x→0

1 + x√
1+x2

1
=

1 + 0

1
= 1. (15)

Ïd�K�Y�e1 = e"

·��Ñ§ne{Ú�éê{�±�dµÏ�x +
√
1 + x2 − 1´Ã¡�þ§�â�

dÃ¡�C�y ∼ ln(1 + y)k

lim
x→0

ln
(
x+
√
1 + x2

)
x

= lim
x→0

x+
√
1 + x2 − 1

x
, (16)

Ïdª(11)Úª(13)¥��êþ�4�äk�Ó��"���������éééêêêÚÚÚnnneÑÑÑ´́́ÑÑÑ´́́

òòò1∞ØØØ½½½ªªªzzz���ØØØ{{{ØØØ½½½ªªª������{{{§§§������óóó������nnne������{{{������ÊÊÊ···§§§���éééêêê������

{{{���,,,���������´́́kkk���OOO���þþþ'''������"""éu�K5`§duln
(
x+
√
1 + x2

)
¦�'�{

ü§¤±/w�0���éê¿ØJ�"

·��Ñ§3¦^â7�{K¦Ø½ª4��§�,â7�{KÖöÑÙG§�´

òK8p�Ø½ª=z�0
0½

∞
∞Ø½ª�L§´ékE|5�§Ï~�(Üâ7�{K

��dÃ¡��{!�êC/�§I�ÖöÏL�K�È\§þã~K��Ñ�;.�

�{"

1.2 n)�Vúª

�Vúª´�È©¥�k^�óä§�´�´´éJn)�Vg"n)�Vúª§

Ø
�P4Ù½ÂÚO��{§�I�n)ÙÚ\ÄÅÚ8�"·�ùpl8���Ý

0��Vúª�Ø%8Iµ§§§òòòîîî������½½½���¼¼¼êêêf(x)333,,,���ÛÛÛÜÜÜ^̂̂ngggõõõ���ªªªPn(x)555

CCCqqq"

�¼êf(x)´�½�§·�g,ØUÏ"ngõ�ªPn(x)U3?¿��«mC

qf(x)§Ïd·�Ï~r81à�3����(x0 − r, x0 + r)§Ó�b½ngõ�

ªPn(x)�

Pn(x) = A0 +A1(x− x0) +A2(x− x0)2 + · · ·+An(x− x0)n, (17)

5



Ù¥A0, A1, ·, An´�gXê"nØ�Ñ£ùÜ©nØ'�æ�§�±ë��á�)§

ÐÆöïÆ84����/õ�ªCq0g´¤§éf(x)Cq�Ð�õ�ª´äkeã

/ª����VVVõõõ���ªªª

P Tn (x) = f(x0) + (x− x0)f ′(x0) +
f ′′(x0)

2
(x− x0)2 + · · ·+

f (n)(x0)

n!
(x− x0)n, (18)

Ù¥Ak =
f (k)(x0)

k! ék = 0, 1, · · · , n"~X§�Ä�g�Võ�ª�Cq�

f(x) ≈ P T1 (x) = f(x0) + f ′(x0)(x− x0). (19)

�Ä�P T1 (x)äk�©�/ª§�L
f(x)3x0?���:�ª�§"�â�©�n

Ø§�x→ x0k

f(x) = f(x0) + f ′(x0)(x− x0) + o(x− x0). (20)

mý�ªf´f(x)3x0����©§¢Sþ���©´�Vúª3���¹e�/ª§

ÙÌ�Ñ´éf(x)�ÛÜCq"

y3·�5£�����¯Kµ�o��Cq´Ð�Cqº·�Ï"�V

õ�ª�CqØ�en(x) = f(x) − Pn(x)3��(x0 − δ, x0 + δ)v
��"5¿�

�x → x0�en(x)´��Ã¡�þ§·�±±±en(x)ÃÃÃ¡¡¡���þþþ���������������555���xxxCCCqqq���ÐÐÐ

���"duPn(x)´ng�õ�ª§·�g,Ï"en(x)¤�'ngÃ¡�þ(x− x0)n�p�

�Ã¡�þ§=en(x) = o((x − x0)n)"¢Sþ·�Ï"eN (x)¤�'(x − x0)n�p��

Ã¡�þ´�~Ün�§Ï�Pn(x)��´ngõ�ª§·�ÏLN�Pn(x)���Xê

UCØ�¼êe(x)§�´ù��UC�½´��Øpu(x− x0)n��þ"dd·���


f(x)3x = x0���(x0 − δ, x0 + δ)þ�ÛÛÛÜÜÜ���VVVúúúªªª§Ù/ª´���VVVõõõ���ªªª\\\þþþ���

���ppp������þþþµ

f(x) = P Tn (x) + o((x− x0)n)

= f(x0) + (x− x0)f ′(x0) +
f ′′(x0)

2
(x− x0)2 + · · ·+

f (n)(x0)

n!
(x− x0)n + o((x− x0)n),

�x→ x0, (21)

Ù¥¡Ø�¼êe(x) = o((x − x0)n)����VVVúúúªªª������æææììì{{{���"ùp·��ÑA:º

¦µ

1.·���o((x − x0)n)�L��Ã¡�þ§Ã¡�þ´4�"ÛÛÛÜÜÜ���VVVúúúªªª(21)���

LLL���´́́���VVVõõõ���ªªªP Tn (x)333x→ x0���CCCqqq§§§´́́������444���111���"""^4���ó�e5´

lim
x→x0

f(x)− Pn(x)
(x− x0)n

= 0, (22)

ù��4��ó��oÎÒ��d�"�´w,§�Vúª(21)��B/L�
ù�4

�1�"

2.ÛÛÛÜÜÜ���VVVúúúªªª©©©���üüüÜÜÜ©©©µµµ���VVVõõõ���ªªªÚÚÚ���æææììì{{{���"�Võ�ªd¼êf3x0�
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���êû½§�âx0�ØÓ�Võ�ª´ØÓ�¶{��L
�Võ�ª�CqØ

�§�,·��ØÑäNL�ª§�´·��±(½�x→ x0�§´��pun�Ã¡

�þ"ù�w�·�
�Ñ��¼ê3,:x0��Võ�ª�Ú½§ÄkO�f�p�

�ê¿¦ÑéA��Võ�ª§��Ö¿�æì{�"

3.ÛÜ�Vúª(21)�I�f3x0�:�3n��êÒ�±½Â§Ï��Võ�ª�Xê

´��f�p��ê3x0?��k'�§ù�:���YÆS��.�KF{���V

úª«©"

1.3 ÛÜ�Vúª�O�

ÛÜ�Vúª�O��6uO�f����ê§·���O�p��ê¿ØN

´"¤±�!·�0��e�±;�O�p��ê�Ó�§O��½¼ê�Vúª��

{µ

úª{

�
{ü�¼ê�p��ê'�ÐO�§·��éN´�ÑÜ©{ü�¼ê�ê�

N�{��ÛÜ�Vúª£=0:?�ÛÜ�Vúª§�¡êêê���NNN���úúúªªª¤µ

ex = 1 +
x

1!
+

1

2!
x2 + · · ·+ 1

n!
xn + o (xn) (x→ 0), (23)

sinx = x− 1

3!
x3 +

1

5!
x5 − · · ·+ (−1)n

(2n+ 1)!
x2n+1 + o

(
x2n+2

)
(x→ 0), (24)

cosx = 1− 1

2!
x2 +

1

4!
x4 − · · ·+ (−1)n

(2n)!
x2n + o

(
x2n+1

)
(x→ 0), (25)

ln(1 + x) = x− x2

2
+
x3

3
− · · ·+ (−1)n−1x

n

n
+ o (xn) (x→ 0), (26)

(1 + x)α = 1 +
α

1!
x+

α(α− 1)

2!
x2 + · · ·+ α(α− 1) · · · (α− n+ 1)

n!
xn + o (xn) (x→ 0),

(27)

'uù
úªk�
º¦µ

1.þãúªÑ�x�´0?�ÛÜ�Vúª§=x → 0�4�1�"XJ�Äx 6= 0?�

ÛÜ�Vúª§þãúª�Ø¤á�

2.5¿�sinx�ÛÜ�Vúª¥§�Võ�ªÜ©�gê´2n + 1§Ïd{��AT

´o
(
x2n+1

)
§�´·��Ñ�Maclaurin{�%´o

(
x2n+2

)
§ù´Ï�sinxéA��V

õ�ª¥2n + 2gõ�ªXê�0§=2n + 2g�´0x2n+2§¦�{��±J,���

�o
(
x2n+2

)
",��¡§dusinxÚcosx�p��êÚgê�Ûó5k'§�
;�Û

ó5?Ø§·�òsinxÚcosx��Võ�ª��12ng"

3.5¿�(1 + x)α�ÛÜ�Vúª¥§XJα´��ê§@o�Võ�ª��uõ�

ª(1 + x)α��ªÐm�cn + 1�¶3¢SA^¥§·����α�knê§~X

7



�α = 1
2�§¼ê

√
1 + xkXeÛÜ�Vúª

√
1 + x = 1 +

x

2
− x2

8
+ · · ·+ (−1)n−1(2n− 3)!!

(2n)!!
xn + o (xn) . (28)

�α = −1�§¼ê 1
1+xkXeÛÜ�Vúª

1

1 + x
= 1− x+ x2 − · · ·+ (−1)nxn + o (xn) . (29)

Ù¥�Vúª(29)¥�Võ�ªÜ©^�'S�¦Ú�

1− x+ x2 − · · ·+ (−1)nxn =
1− (−x)n

1− (−x)
, (30)

�x�C0�§g,�±@�1−(−x)n
1+x �C 1

1+x"

Q,·�®²
)�
{ü�¼ê��Vúª§�Vúª���´L�4�'X

��ª§¤±·��Ä�
d®²�Vúª�¼êoK$���¼ê"du�Vúª

�oK$��9o{��$�§·�Äko(µ�Äx→ 0§���êm < n§@o\{

$�÷v

xn + o (xm) = o (xm) , o (xn) + o (xm) = o (xm) , (31)

Ù¢�´§xn½o (xn)Ñ´'xm�p��Ã¡�þ§g,��±�¹3Ã¡�

þo (xm)¥¶�m,n´ü���ê§�Ä¦{$�

xn · o (xm) = o
(
xm+n

)
, o (xn) · o (xm) = o

(
xm+n

)
, (32)

Ù¢�´§ü�Ã¡�þ�¦�±���ê�p�Ã¡�þ"'uÃ¡�þ�O�úª

ÃIPÁ§�õ/�n)Ù¢�"

�e5·�0�A�/ÏúªO�ÛÜ�Vúª�~fµ

~~~ 6. ¦¦¦{{{$$$��� O�y = ex sinx�Maclaurin{��ÛÜ�Vúª§Ù¥{�Ð

�o(x4)"

Proof. /Ï�Vúª(23)Ú(24)��

ex sinx

=

(
1 + x+

x2

2
+
x3

6
+
x4

24
+ o(x4)

)
·
(
x− x3

6
+ o(x4)

)
= x+ x2 +

(
1

2
− 1

6

)
x3 +

(
−1

6
+

1

6

)
x4 + o(x4)

= x+ x2 +
x3

3
+ o(x4). (33)

ÐÆö�U¬éXÛÀJexÚsinx�Vúª��êk¤¦¾"¢Sþ§Ï�·

�F"é�ex sinx�{�o(x4)��Vúª§��u��Ñex sinx�og�Võ�
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ª"ex sinx�og�Võ�ª�UdexÚsinx��Vúª¥gêØ�uo���

¦�§Ïd·���IòexÚsinxÐm�{�o(x4)"¢Sþ§=B´exÚsinx�

�Võ�ª¥Ø�uog��§¦å5��U���uo��Ã¡�þ£~Xex�

�x2

2 Úsinx��−x3

6 §¦å5���Ã¡�þáuo(x
4)¤§ù���¦ÈÃIO�§�

�?\ex sinx��Vúª�{�o(x4)p"

~~~ 7. ������$$$��� O�y = 1
1+x2
�Maclaurin{��ÛÜ�Vúª"

Proof. ·��c�ÑL 1
1+x��Vúª(29)§�
�Bn)·�À^gCþtµ

1

1 + t
= 1− t+ t2 − · · ·+ (−1)ntn + o (tn) . (34)

du�Vúª´£££ããã444���111���������ªªª§·��±¦^4���{"3(34)��

�t = x2§w,x→ 0Ó�kt→ 0§Ïd

1

1 + x2
= 1− x2 + x4 − · · ·+ (−1)nx2n + o(x2n). (35)

AO5¿�§ 1
1+x2
��Võ�ª�Ûêg�Xêþ�0§¦^·���±��

1

1 + x2
= 1− x2 + x4 − · · ·+ (−1)nx2n + o(x2n+1). (36)

~~~ 8. ©©©ªªª©©© O�y = x3+2x+1
x2−1 �Maclaurin{��ÛÜ�Vúª"

Proof. ��?nkn©ªÈ©��{§�±òx3+2x+1
x2−1 Äkdb©ªz�ý©ª§,�

©)�Ä�©ª�Ú

x3 + 2x+ 1

x2 − 1
= x+

3x+ 1

x2 − 1
= x+

2

x− 1
+

1

x+ 1
, (37)

Ù¥ 1
x+1��Vúª´·�ÙG�§�Ä

2
x−1 = −2

1+(−x)§¿3�Vúª(29)¥^−xO

�xk
2

x− 1
= −2− 2x− 2x2 − · · · − 2xn + o(xn), (38)

dd

x3 + 2x+ 1

x2 − 1

= x+
2

x− 1
+

1

x+ 1

= x+
(
−2− 2x− 2x2 − · · · − 2xn + o(xn)

)
+
(
1− x+ x2 − · · ·+ (−1)nxn + o (xn)

)
= −1− 2x− x2 − 3x3 − · · · − (2 + (−1)n)xn + o(xn). (39)

·��Ñ§XJ�éE,�¼êA^©{¦)�Vúª§�±/�ÆSkn©ª

È©���½Xê©E|§ò©ª�¤eZ�{ü©ª�Ú"

9



�©{

�e5�0���©{¦�·��±é�2��a¼êO�Ù�Vúª§·���

w~Kµ

~~~ 9. O�y = arctanx�Maclaurin{��ÛÜ�Vúª"

Proof. ·���y′ = 1
1+x2
§�âc¡�~K�±�Ñy′�ÛÜ�Vúªµ

y′ =
1

1 + x2
= 1− x2 + x4 − · · ·+ (−1)nx2n + o(x2n+1). (40)

�e5�Ü©·�©��*n)Úî�QãüÜ©Qãµ

���***nnn))) éTaylorúª(40)��müýÓ�O�È©µ

y =

∫
dx

1 + x2
= x− x3

3
+
x5

5
− · · · (−1)

nx2n+1

2n+ 1
+ o(x2n+2), (41)

ùp·��/Ï
Ã¡�þ�/ªÈ©$�
∫
o(x2n+1)dx = o(x2n+2)"l�*

þ§2n + 1g�¼êÈ©��2n + 2g�¼ê´�*�§þã�{����Vúª

�´���(�§�´þã�{nØkü��Øµ

1.È©
∫
o(x2n+1)dx = o(x2n+2)´ÎÃ�n�/ªO�§·���Ø
)�þo(x2n+1)ä

N�Ø�ª"

2.�Vúª(40)Ø´{ü��ª§´�xx → 0�4�§·�Q²`L4�$�ÚÈ

©$�Ï~ØU�S§Ïd·�ØU�/Xª(41)�§éuy′�VúªÅ�/È©"

=BXd§þã�{Ø=�±���(��Vúª§�kéÐ���¿Â"l�V

õ�ªXê��Ý§·��±rþãín;mÈ©�óî�z"

îîî���QQQããã duy′´y��ê§Ïd¼êy′�n��êÒ´y�n + 1��ê"�

âTaylorõ�ª(40)�L�ª§·��±��y′p��ê&Eµ

(y′)(n)(0)

n!
=
y(n+1)(0)

n!
=

0, n´Ûê,

(−1)
n
2 , n´óê.

(42)

?�Ú

y(n)(0) =

0, n´óê,

(n− 1)!(−1)
n−1
2 , n´Ûê.

(43)

ddy = arctan��Võ�ª�ng�Xê�

y(n)(0)

n!
=

0, n´óê,

(−1)
n−1
2

n , n´Ûê.
(44)

10



dd·��±�Ñy = arctanx��Vúª§Ù¥�kgê�Ûê��µ

y = x− x3

3
+
x5

5
− · · ·+ (−1)nx2n+1

2n+ 1
+ o(x2n+2). (45)

o(e5§�©{?n�´@
y���VúªéE,§�´�¼êy′�±ÏLú

ª{O�?�Vúª��/"·���{�*�/Å�È©0��{§�´î��Xê

�ÏLD4p��ê¼ê�&E§dy′��Vúª�íy��Vúª"

Ø3x = 0?�ÛÜ�Vúª

þãO�ÛÜ�Vúª��{ÑÄuA�~�ê�N�úª5O�§Ïd�U^u

O�x = 0?��Vúª"ù�!·�0�Ø3x = 0�ÛÜ�Vúª§ùa¯K�){

Ï~´ÏL��{=z�O�ê�N�úª5)û"

~~~ 10. �Ñ¼êy = 1
1+x+x2

3x = −1
2?�ÛÜ�Vúª"

Proof. �¦x = −1
2?��Vúª§�d��t = x+ 1

2"?1�êC/

1

1 + x+ x2
=

1

t2 + 3
4

=
4

3

(
1 +

4

3
t2
)−1

, (46)

·�I�O�y = 4
3

(
1 + 4

3 t
2
)−1
3t = 0?�ÛÜ�Vúª§ù´���±ÏLúª{)

û�¯Kµ(
1 +

4

3
t2
)−1

= 1− 4

3
t2 +

(
4

3

)2

t4 + · · ·+ (−1)n
(
4

3

)n
t2n + o(t2n+1). (47)

ddy = 1
1+x+x2

3x = −1
2?ÛÜ�Vúª�

1

1 + x+ x2
=

4

3
−
(
4

3

)2(
x+

1

2

)2

+

(
4

3

)3(
x+

1

2

)4

· · ·+

+(−1)n
(
4

3

)n+1(
x+

1

2

)2n

+ o

((
x+

1

2

)2n+1
)
. (48)

1.4 �Vúª�A^

�!0��Vúª�n�A^"O�p��êÚO�4�´ÛÜ�Vúª���A

^"�
3y²K¦^�Vúª§Ï~I�/Ï�.�KF{���Vúª"
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O�p��ê

�âúª(21)§,¼êf��Võ�ª���Xê´dÙp��ê�f (n)(x0)(½

�"·�dc0�
NõØ�6p��ê��±¦Ñ¼êf�ÛÜ�VúªÚ�

Võ�ª��{"���Ñf��Vúª§·�Ò�íO�p��ê3�½:�¼ê

�f (n)(x0)"

~X3ÆSp��ê�O��§·�Qæ^/zw�Û0��{O�
y =

arctanx����¼ê¼ê�y(n)(0)§´�~æ��",dc��
y = arctanx��

Võ�ª(45)§|^ª(45)·��±O�y = arctanx3x = 0�p��ê

y(n)(0)

n!
=

0, n´óê,

(−1)
n−1
2

n , n´Ûê.
(49)

ddO�Ñ

y(n)(0) =

0, n´óê,

(−1)
n−1
2

(n−1)! , n´Ûê.
(50)

,��¡§/Xy = 1
1+x+x2

����êy(m)
(
−1

2

)
§¦^~5�¦��{éJO

�"XJ|^�Vúª§ù�¯KÒ�~{ü"dª(48)§�m = 2n�
f (m)(− 1

2
)

m! =

(−1)
m
2

(
4
3

)m
2
+1
§Ïdf (m)(−1

2) = (−1)
m
2 m!

(
4
3

)m
2
+1
¶�m = 2n+ 1�k

f (m)(− 1
2
)

m! = 0§

Ïdf (m)(−1
2) = 0"

��öS§Öö�±g1O�þã¤k¦ÛÜ�VúªSK¥éA�p��¼ê¼

ê�y(n)(x0)"

O�4�

�Vúª��±^uO�0
0.Ø½ª4�§du3x = 0?�ê�N�úª´·�Ù

G�§·���éx → 0�4��Ä¦^�Vúª"��/§·�b�0
0.4�äkX

e/ª

I = lim
x→0

P (x)

Q(x)
, (51)

Ù¥P (x)ÚQ(x)Ñ´Ã¡�þ"¦^�VúªO�4�(51)���§´́́òòòP (x)ÚÚÚQ(x)ÑÑÑ

���¤¤¤x = 0???���ÛÛÛÜÜÜ���VVVúúúªªª���///ªªª§AO5¿·��I�Ñ
�Võ�ª�$g�"

�§ò�p���Ñ�3{�pµ

P (x) = anx
n + o (xn) , Q(x) = bmx

m + o (xm) , x→ 0, (52)

12



Ù¥nÚmÑ´��ê§©O�L
Ã¡�þP (x)ÚQ(x)��§�ó�

lim
x→0

P (x)

xn
= lim

x→0

anx
n + o (xn)

xn
= lim

x→0
(an + o(1)) = an, (53)

lim
x→0

Q(x)

xm
= lim

x→0

bmx
n + o (xm)

xm
= lim

x→0
(bm + o(1)) = bm, (54)

=P (x)´ÚxnÓ��Ã¡�þ§Q(x)´ÚxmÓ��Ã¡�þ"�·��Ñ(52)�/

ª�§·�Ò�±ÏL�Vúª�&EO�4�Iµ

1.XJm = n§`²P (x)ÚQ(x)´Ó��Ã¡�þ§Ïd

I = lim
x→0

P (x)

Q(x)
= lim

x→0

anx
n + o (xn)

bmxm + o (xm)
= lim

x→0

an + o(1)

bm + o(1)
=
an
bm
. (55)

2.XJm < n§`²`²P (x)´'Q(x)´p��Ã¡�þ§¤±I = 0"

3.XJm > n§`²`²P (x)´'Q(x)´$��Ã¡�þ§¤±I =∞"

·��Ñ§444������VVVúúúªªª{{{������´́́'''���ppp���ÃÃÃ¡¡¡���þþþ���ÐÐÐmmmªªªXXXêêê§·��Ñ¦

^�VúªO�¼ê4����Ú½µ

1.ò�¦4�=z�x→ 0?�0
04�§/Xª(51)"

2.©O�ÑP (x)ÚQ(x)�ê�N�úª§��3�Võ�ª�$g�"�§/

Xª(52)"5¿du·��I��Võ�ª��$g�"�§¤±�±��Ñ

éP (x)ÚQ(x)�Ü©�VÐm"

3.�âP (x)ÚQ(x)�ê�N�úªO�4�"

·��Ñ§du�Vúª´�½�±O��§¤±�Vúª�±)ûA�¤k/X

ª(51)�4�"�´7L`²§du�ÑP (x)ÚQ(x)�ê�N�úª�L§~~�~E

,Ä�§Ïdéug�O�UåØ
g&�ÖöïÆ>&¦^�Vúª{�4�"

·�±eã~K�~µ

~~~ 11. O�4�limx→0

(
1
x −

1
ex−1

)
"

Proof. ÄkÏ©��0
0.Ø½ª

lim
x→0

(
1

x
− 1

ex − 1

)
= lim

x→0

ex − x− 1

x (ex − 1)
. (56)

©O�Ñ©fÚ©1�ê�N�úª

ex − x− 1 =

(
1 + x+

x2

2
+ o

(
x2
))
− (x+ 1) =

x2

2
+ o

(
x2
)
. (57)

x (ex − 1) = x

(
x+

x2

2
+ o

(
x2
))

= x2 +
x3

2
+ o

(
x3
)
= x2 + o

(
x2
)
. (58)

·��Ñ§�ª(58)ù�§åÐéexÐm
Lõgê�ê�N�úª§Ù¢¿Ø¬K�

O�"·��I�3�Ñx (ex − 1)���3�g�Võ�ªÚ{�o
(
x2
)
=�§ng�

Võ�ªx3

2 l?{�=�"

13



�âþã©Û§©fex − x− 1Ú©1x (ex − 1)Ñ´��Ã¡�þ§¤±

lim
x→0

ex − x− 1

x (ex − 1)
= lim

x→0

x2

2 + o
(
x2
)

x2 + o (x2)
= lim

x→0

1
2 + o(1)

1 + o(1)
=

1

2
. (59)

e¡�~KO�þ��§�(Ü
�dÃ¡���{{zO�"ïÆÖöÏLe¡

�~KÙG�Vúª{�4��O�6§§cÙ´ésinxÚesinx§Ðmõ�g��Vú

ª´��c[ïÄ�µ

~~~ 12. ^�VúªO�4�limx→0
sin(ex−1)−(esin x−1)

sin4(3x)
"

Proof. ^�dÃ¡�'Xsin(3x) ∼ 3x§z{4�

lim
x→0

sin (ex − 1)−
(
esinx − 1

)
sin4(3x)

=
1

81
lim
x→0

sin (ex − 1)−
(
esinx − 1

)
x4

. (60)

�e5·�O�0
04�

sin(ex−1)−(esin x−1)
x4

§·��Ié©fsin (ex − 1)−
(
esinx − 1

)
��

VÐm"�Ä�©fx4´o�Ã¡�þ§·����ù©f�ü�sin (ex − 1)Úesinx −

1ÑÐm�ogâ�±§ù�´·��¤±3Ðm�©ªÀJo
(
x4
)
��{���Ïµd

usinx´Ã¡�þ§·�k

esinx − 1

= sinx+
sin2 x

2
+

sin3 x

6
+

sin4 x

24
+ o(sin4 x)£5¿�o(x4) = o(sin4 x)¤

=

(
x− x3

6
+ o(x4)

)
+

(
x− x3

6 + o(x2)
)2

2
+

(
x+ o(x2)

)3
6

+

(
x+ o(x2)

)4
24

+ o(x4)

=

(
x− x3

6

)
+

(
x2

2
− x4

6

)
+
x3

6
+
x4

24
+ o(x4)

= x+
x2

2
− x4

8
+ o(x4). (61)

,��¡ex − 1�´Ã¡�þ

sin (ex − 1)

= (ex − 1)− 1

6
(ex − 1)3 + o

(
(ex − 1)4

)
£5¿�o(x4) = o

(
(ex − 1)4

)
¤

=

(
x+

x2

2
+
x3

6
+
x4

24
+ o(x4)

)
− 1

6

(
x+

x2

2
+ o(x2)

)3

+ o(x4)

=

(
x+

x2

2
+
x3

6
+
x4

24

)
−
(
x3

6
+
x4

4

)
+ o(x4)

= x+
x2

2
− 5x4

24
+ o(x4). (62)
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dd�Ñ©f�og�Vúª

sin (ex − 1)−
(
esinx − 1

)
=

(
x+

x2

2
− 5x4

24
+ o(x4)

)
−
(
x+

x2

2
− x4

8
+ o(x4)

)
= −x

4

12
+ o(x4), (63)

¤±

lim
x→0

sin (ex − 1)−
(
esinx − 1

)
x4

= lim
x→0

−x4

12 + o(x4)

x4
= − 1

12
(64)

�ª�K�Y�− 1
972"

�.�KF{���Vúª�Cq�O

·�£��Vúª�/Ð%0§=^�Võ�ªP Tn (x)£½Âuª(18)¤Cq�½

¼êf"duÛÜ�Vúª=U3x = x0�����p±4�/ª�ÑCq

en(x) = f(x)− P Tn (x) = o ((x− x0)n) , x→ 0. (65)

�´ÛÜ�Vúªkeãü�":

1.�ØÑØ�¼êen(x)�äNL�ª"

2.du�Vúª=3x→ x04�¿Âe¤á§ØU3��«mp�Ñ�ª�(Ø"

�.�KF{���Vúª�{)û
þãü�¯K§�´g,·�I�éf�

1w5JÑ�p��¦µXJf34«m[a, b]äkn + 1��¼ê§?�x0 ∈ (a, b)¿

�Ñf(x)3x = x0?�ng�Võ�ªP Tn (x)Xª(18)§@oØ�¼êen(x) = f(x) −

P Tn (x)�L�ª�

en(x) = f(x)− P Tn (x) =
f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1, (66)

Ù¥ξ´�6x�ëê§Ù�0ux�x0�m"ª(66)mý�¡�...���KKKFFF{{{���§3x =

x0�.�KF{���Vúª/X

f(x0)+(x−x0)f ′(x0)+
f ′′(x0)

2
(x−x0)2+ · · ·+

f (n)(x0)

n!
(x−x0)n+

f (n+1)(ξ)

(n+ 1)!
(x−x0)n+1,

(67)

=ò��ÛÜ�Vúª��æì{�O��.�KF{�"

·��Ñ§XJf�n+ 1��êk.§.�KF{�k

f (n+1)(ξ)

(n+ 1)!
(x− x0)n+1 = o ((x− x0)n) , x→ x0, (68)

d��.�KF{���Vúª´'��æì{���Vúª�r�(Ø"¢Sþ§Û

Ü�Vúª�I�f3x = x0�:n���Ò�±í§.�KF{���VúªK�
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¦épµI�f3��«m[a, b]Ñäkn+ 1��¼ê"ù�´�ÑØ�¼êäNL�ª

�7,�d"

�.�KF{���Vúª���A^´CqO�"·�F"^�Võ�ªCq�

u¼êsinx3m«m(−π
4 ,

π
4 )þ�:�¼ê�§¿F"�Võ�ª��¼ê���u¼

ê��åý�����"·��Äsinx3x0 = 0?��.�KF{���Vúªµ

sinx = x− x3

3!
+ · · ·+ (−1)n−1 x2n−1

(2n− 1)!
+ (−1)n cos ξ

(2n+ 1)!
x2n+1, (69)

Ù¥ξ´0ux�x0�m�ëê"XJ^�Võ�ª�¼ê�P T2n(x)�Osinx§¦��m

�Ø�´ ∣∣sinx− P T2n(x)∣∣ = ∣∣∣∣ cos ξ

(2n+ 1)!
x2n+1

∣∣∣∣ ≤ 1

(2n+ 1)!
, (70)

Ù¥A^
| cos ξ| ≤ 1Úx ∈ (−π
4 ,

π
4 )"Ïd§���nv
�§Ò�±¦�P

T
2n(x)�Ð

/Cqsinx§P T2n(x)´õ�ª§Ù�·ÜO�ÅO�§ù�´O�ÅO�n�¼ê

¼ê���{"~X§��þ�n = 11§=22g�Võ�ªP T22(x)ésinx�Cq�±�

�10−11þ?"éu)K5`§ÏLp��ê�4��±k��O.�KF{���

�"

�.�KF{���Vúª�,��Ì�A^´3y²K¥ïÄ¼êf�Ùp��

ê�m�5�£��y²KÑk�¦^�.�KF{���VúªØ´ÛÜ�Vú

ª¤§·�5we¡�¯Kµ

~~~ 13. �¼êf(x)3R����§XJ¼êf(x)Úf ′′(x)3RÑk.§@o¼êf ′(x)�

k."

Proof. ·�Äk��3�¢êM0,M2´fÚf ′′�.

|f(x)| < M0, |f ′′(x)| < M2. (71)

?�x ∈ R§·��Ñf(x+ 1)Úf(x− 1)3x?�.�KF{�����Vúªµ

f(x+ 1) = f(x) + f ′(x) +
1

2
f ′′(ξ1), (72)

f(x− 1) = f(x)− f ′(x) + 1

2
f ′′(ξ2). (73)

Ù¥ξ1 ∈ (0, x)±9ξ2 ∈ (x, 1)"òüª�~§�±^fÚf ′′LÑf ′µ

f ′(x) =
f(x+ 1)− f(x− 1)

2
− f ′′(ξ1)− f ′′(ξ2)

4
. (74)

dn�Ø�ª

|f ′(x)| ≤ |f(x+ 1)|+ |f(x− 1)|
2

+
|f ′′(ξ1)|+ |f ′′(ξ2)|

4

≤ M0 +
M2

2
. (75)

duþã�O�±é?¿x ∈ R?1§¤±f ′k."
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2 SK

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"

� *ÐSK1µ¥�JÝ§â7�{K�(¹A^"

� *ÐSK2µ¥�JÝ§�Vúª�4��(¹A^"

� *ÐSK3µ¥�JÝ§AÏ�ÛÜ�VúªO��{"

� *ÐSK4µ¥�JÝ§â7�{K3y²K�¦^§k´�:"

� *ÐSK5µ(JJÝ§â7�{K3y²K�¦^"

� *ÐSK6µ¥�JÝ§.�KF{���Vúª3y²K�¦^"

� *ÐSK7µ¥�JÝ§.�KF{���Vúª3y²K�¦^"

� *ÐÖ¿K1µ¥�JÝ§4��(¹O�

� *ÐÖ¿K2µ{üJÝ§|^úªO�ÛÜ�Vúª¿¦p��ê"

� *ÐÖ¿K3µ(JJÝ§�Võ�ª��Z%C½n"

� *ÐÖ¿K4µ(JJÝ§¼ê5�nÜK"

2.2 *ÐSK

KKK 1. ^â7�{KO�e�4�µ

1.limn→∞ n
(
e−

(
1 + 1

n

)n)
"

2.limx→0

(
1

ln(x+
√
1+x2)

− 1
ln(1+x)

)
"

3. limx→+∞

(∫ x
0 et

2
dt
) 1

x2

©Ûµùn�¯K©O´∞ · 0,∞−∞,∞0�Ø½ª§£ã
â7�{K3n�Ø

Ó|µ�A^[!Ú5¿¯�µ1�¯`²§XIéS�4�¦^â7�{K§7L=

z�¼ê4�¶1�¯KNy
ln
(
x+
√
1 + x2

)
�ê{z��5§Ny
3�E¦

^â7�{K¥{zO�þ�ÃõE|¶1n¯K�Ä
¹C�È©�Ø½ª¦^â7

�{K�E|"þãz��K8§3¦^â7�{K�c§Ñ7L¦�UÏLz{~�

O�þ"
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Proof. 1.�â¼ê4��S�4�'X�8(½n§�x = 1
nk

lim
n→∞

n

(
e−

(
1 +

1

n

)n)
= lim

x→0+0

e− (1 + x)
1
x

x
. (76)

4�limx→0+0
e−(1+x)

1
x

x ´0
0Ø½ª§·�^â7�{K

lim
x→0+0

e− (1 + x)
1
x

x
= lim

x→0+0

−(1 + x)
1
x ·

x
1+x
−ln(1+x)
x2

1
= −e lim

x→0+0

1

x2

(
x

1 + x
− ln(1 + x)

)
,

(77)

1���Ò¦^4�limx→0+0(1+x)
1
x = e"�X?n0

0.Ø½ªlimx→0+0

x
1+x
−ln(1+x)
x2

§

Ü©ÓÆ�Ï©�Ø�©ª§ù���{´Ø²��§Ï�XJÓ©ò��/

X(x+ 1) ln(1 + x)��§Ù�ê'��éln(1 + x)¦��E,"·���^ügâ7�

{KO�

lim
x→0+0

x
1+x − ln(1 + x)

x2
= lim

x→0+0

1
(1+x)2

− 1
1+x

2x
= lim

x→0+0

1

2

(
− 2

(1 + x)3
+

1

(1 + x)2

)
= −1

2
.

(78)

dd�K�Y� e
2"

2.4�limx→0

(
1

ln(x+
√
1+x2)

− 1
ln(1+x)

)
´∞−∞.Ø½ª§�±��Ï©O�

lim
x→0

 1

ln
(
x+
√
1 + x2

) − 1

ln(1 + x)

 = lim
x→0

ln(1 + x)− ln
(
x+
√
1 + x2

)
ln
(
x+
√
1 + x2

)
ln(1 + x)

. (79)

�,4�limx→0
ln(1+x)−ln(x+

√
1+x2)

ln(x+
√
1+x2) ln(1+x)

´0
0.Ø½ª§�´��¦^â7�{K�O�

þ´ØU«É�"·�Äk¦^�dÃ¡��E|kx ∼ ln(1 + x)",��¡5¿

� d
dx ln

(
x+
√
1 + x2

)
= 1√

1+x2
§dd(Ü�dÃ¡�Úâ7�{K

lim
x→0

ln(1 + x)− ln
(
x+
√
1 + x2

)
ln
(
x+
√
1 + x2

)
ln(1 + x)

= lim
x→0

ln(1 + x)− ln
(
x+
√
1 + x2

)
x ln

(
x+
√
1 + x2

) £�dÃ¡�¤

= lim
x→0

1
1+x −

1√
1+x2

ln
(
x+
√
1 + x2

)
+ x√

1+x2

£â7�{K¤

= lim
x→0

− 1
(1+x)2

+ x

(1+x2)
3
2

1√
1+x2

+ 1

(1+x2)
3
2

£â7�{K�éê��Ü��¤

= lim
x→0

−1 + 0

1 + 1
= −1

2
. (80)

éu�K�)KE|§·�o(8I´ÏL�E¦^â7�{K´J±?n�é

ê�ln
(
x+
√
1 + x2

)
��§du��ééê�È�ln

(
x+
√
1 + x2

)
ln(1+ x)¦��~
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E,§dd·�Äk?1
�Ú�dÃ¡���",��¡§�4�O�?1�1n

1�§·�¿vkn,é�©ªlimx→0

1
1+x
− 1√

1+x2

ln(x+
√
1+x2)+ x√

1+x2

?1Ï©§Ï�üÕ�3�

�ln
(
x+
√
1 + x2

)
��êé{ü§�´XJ¦þ
O��¦�Ò¬éE,"ùpÜ©

Ùö�ÓÆ�U�±¦^Xe��dÃ¡�

ln
(
x+

√
1 + x2

)
= ln

[
1 +

(
x+

√
1 + x2 − 1

)]
∼ x+

√
1 + x2 − 1. (81)

dd��

lim
x→0

ln(1 + x)− ln
(
x+
√
1 + x2

)
ln
(
x+
√
1 + x2

)
ln(1 + x)

= lim
x→0

ln(1 + x)− ln
(
x+
√
1 + x2

)
x
(
x+
√
1 + x2 − 1

) . (82)

��ª(80)éª(82)?1ügâ7�{K��±O�Ñ4�§�´O�þ�'�Ñ��

{��
"

3.�K�∞0.Ø½ª§¦^�éê��{,�¦^â7�{K§¦^â7�{K

�8I´ÏL¦�?nKC�È©�Ü©µ

lim
x→+∞

(∫ x

0
et

2
dt

) 1
x2

= lim
x→+∞

exp

 ln
(∫ x

0 et
2
dt
)

x2

 = exp

 lim
x→+∞

ln
(∫ x

0 et
2
dt
)

x2


= exp

 lim
x→+∞

ex
2
(∫ x

0 et
2
dt
)−1

2x

£¦^�gâ7�{K¤
= exp

(
lim

x→+∞

ex
2
(2x)−1∫ x

0 et2dt

)
£C�È©¦�{ü§ÏdòC�È©üÕ�3©1¤

= exp

(
lim

x→+∞

ex
2 (

2− 1
x2

)
2ex2

)
£¦^�gâ7�{K¤

= e. (83)

ùpXrN1n��Ò�z{§¢Sþ·��Ñ
�êC/

lim
x→+∞

ex
2

2x
∫ x
0 et2dt

= lim
x→+∞

ex
2
(2x)−1∫ x

0 et2dt
. (84)

�'é�ª��¦^â7�{K§mªòC�È©
∫ x
0 et

2
dtüÕ�3©1§²L�gâ

7�{K$�Ò�±��È©Ò¶��ó§é�ª¦^�gâ7�{K¿ØU��È

©Ò"¦^â7�{K�§7Lg&g�é�o��ªf¦^â7�{K§�±{z$

�"
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KKK 2. ^�VúªO�e�4�

1.limx→+∞ x
7
4 ( 4
√
x+ 1 + 4

√
x− 1− 2 4

√
x)"

2.2021cccppp���êêêÆÆÆBÏÏÏ"""���ÁÁÁKKK. limx→0
(tanx)4√

1−x sin x
2
−
√
cosx
"

Proof. 1.·�Äk��y = 1
x��

lim
x→+∞

x
7
4 ( 4
√
x+ 1 + 4

√
x− 1− 2 4

√
x) = lim

y→0+0
y−

7
4

(
4

√
1

y
+ 1 + 4

√
1

y
− 1− 2 4

√
1

y

)
= lim

y→0+0

4
√
y + 1 + 4

√
1− y − 2

y2
. (85)

�Ñ©f�ÛÜ�Vúª§{�o(y2)µ

4
√
y + 1 = 1 +

y

4
− 3y2

32
+ o(y2), (86)

±9

4
√
1− y = 1− y

4
− 3y2

32
+ o(y2). (87)

dd

lim
y→0+0

4
√
y + 1 + 4

√
1− y − 2

y2
= lim

y→0+0

− 3
16y

2 + o(y2)

y2
= − 3

16
. (88)

2.|^�dÃ¡�'Xx ∼ tanxk

lim
x→0

(tanx)4√
1− x sinx

2 −
√
cosx

= lim
x→0

x4√
1− x sinx

2 −
√
cosx

. (89)

ù�Úz{�~k7�§Ï�tanx�ê�N�úªéJO�"©f�z{·��Ñ�

�O�Ú�ªC/ü«�ªµ

������OOO��� ·�I�é©f�ü�ÑÐmog�Vúª§Äk√
1− x sinx

2
=

[
1 +

(
−x sinx

2

)] 1
2

= 1− x sinx

4
− x2 sin2 x

32
+ o

(
x2 sin2 x

)
£5¿x ∼ sinx¤

= 1− x

4

(
x− x3

6
+ o(x4)

)
− x2

32

(
x+ o(x2)

)2
+ o(x4)

= 1− x2

4
+
x4

96
+ o(x4), (90)

,��¡§
√
cosxØU��Ðm§·���

√
1 + (cosx− 1)§Ù¥cosx − 1´Ã¡�

þµ

√
cosx = [1 + (cosx− 1)]

1
2

= 1− cosx− 1

2
+

(cosx− 1)2

8
+ o

(
(cosx− 1)2

)
£5¿ cosx− 1 ∼ −x

2

2
¤

= 1 +
1

2

(
−x

2

2
+
x4

24
+ o(x4)

)
− 1

8

(
−x

2

2
+ o(x2)

)2

+ o(x4)

= 1− x2

4
− x4

96
+ o(x4). (91)
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�\4�

lim
x→0

x4√
1− x sinx

2 −
√
cosx

= lim
x→0

x4

x4

48 + o(x4)
= 48. (92)

���ªªªkkknnnzzz ·��C/�±��{z�Vúª�O�

lim
x→0

x4√
1− x sinx

2 −
√
cosx

= lim
x→0

x4
(√

1− x sinx
2 +

√
cosx

)
1− x sinx

2 − cosx

= lim
x→0

2x4

1− x sinx
2 − cosx

. (93)

5¿�

1− x sinx

2
− cosx = −x

2

(
x− x3

6
+ o(x4)

)
+
x2

2
− x4

24
+ o(x4) =

x4

24
+ o(x4). (94)

�\�±���Ó��Y

lim
x→0

2x4

1− x sinx
2 − cosx

= lim
x→0

2x4

x4

24 + o(x4)
= 48. (95)

KKK 3. �Ñ¼êy = 1
1+x+x2

§�Ñy3x = 0?�ÛÜ�Vúª§¿ddO�p��

êy(m)(0)§Ù¥m ∈ N∗"

©Ûµ·��c®²�Ñ
y = 1
1+x+x2

3x = −1
2��Vúª§O�y = 1

1+x+x2
3x =

0��VúªI��ä��å�C/"

Proof. Äk�Äx = 0?��Vúª§?1�êC/

1

1 + x+ x2
=

1− x
1− x3

, (96)

(Ü 1
1−x��Vúª§�±�Ñ

1
1−x3��Vúª

1

1− x3
= 1 + x3 + x6 + · · ·+ x3n + o(x3n+2), (97)

dd

(1− x) · 1

1− x3
= (1− x)

(
1 + x3 + x6 + · · ·+ x3n + o(x3n+2)

)
= 1− x+ x3 − x4 + · · ·+ x3n − x3n+1 + o(x3n+2). (98)

�â�Vúª�Xê�±O�p��êµ�m = 3n�kf (m)(0)
m! = 1§Ïdf (m)(0) =

m!¶�m = 3n+ 1�kf (m)(0)
m! = −1§Ïdf (m)(0) = −m!¶�m = 3n+ 2�kf (m)(0)

m! =

0§Ïdf (m)(0) = 0"
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KKK 4. �¼êf(x)3x = a?����§¦yµ

lim
h→0

f(a+ h) + f(a− h)− 2f(a)

h2
= f ′′(a) (99)

©Ûµdu�K�4��´��Ø½ª§·���±}Á¦^â7�{K"�´I

��	'5�K�´�){"

Proof. ��^â7�{K

lim
h→0

f(a+ h) + f(a− h)− 2f(a)

h2

= lim
h→0

f ′(a+ h)− f ′(a− h)
2h

£¦^�gâ7�{K¤

=
1

2

(
lim
h→0

f ′(a+ h)− f ′(a)
h

+ lim
h→0

f ′(a+ h)− f ′(a)
h

)
£nÑ���ê½Â�/ª¤

= f ′′(a). (100)

��5¿�´§�K·���Ñ
f(x)3:x = a�:�����5§x = a��

�Sf����êØ�½�3"dd3©Û4�limh→0
f ′(a+h)−f ′(a−h)

2h �§ØUé4�

�©ff ′(a+h)−f ′(a−h)�ØU^.�KF¥�½nf ′(a+h)−f ′(a−h) = 2hf ′′(ξ)§

Ï�f ′3«m(a− h, a+ h)���^�¿vk�Ñ"

KKK 5. �¼êf(x)´(0,+∞)�k.��¼ê§��3a > 0¦�limx→∞(af(x)−f ′(x))�

3§¦ylimx→+∞ f(x)�3"

©Ûµâ7�{K3y²K¥�Ì��^§´ïáf�'�4��f ′�'�4��

m�'X"�
¦^K8¥^�limx→∞(af(x)− f ′(x))�3§·��E9Ï¼ê"

Proof. �E9Ï¼êF (x) = e−axf(x)ÚG(x) = e−ax§du¼êfk.§�x →

+∞�F (x)ÚG(x)Ñ´Ã¡�þ"�·�k4�

lim
x→+∞

F ′(x)

G′(x)
= lim

x→+∞

−e−ax(af(x)− f ′(x))
−ae−ax

=
1

a
lim
x→∞

(af(x)− f ′(x)). (101)

du4�limx→+∞
F ′(x)
G′(x)Âñ§^â7�{Kk

lim
x→∞

f(x) = lim
x→∞

F (x)

G(x)
= lim

x→+∞

F ′(x)

G′(x)
, (102)

�´Âñ�4�"

KKK 6. �f(x)3[0, 1]����§÷vf(0) = f(1)§XJ|f ′′(x)| ≤ 23[0, 1]¤á§@

o|f ′(x)| ≤ 13[0, 1]¤á"
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©Ûµ�K´IO�¦^.�KF{���Vúª)�y²K"ÏL�Vú

ª·��±ïáf, f ′, f ′′�'X"du·��
)f30, 1ü:�&E§·�3?¿

:x ∈ (0, 1)�Ñf(0)Úf(1)��.�KF{��Vúª"

Proof. �x ∈ (0, 1)§3x?�Ñf(0)Úf(1)��.�KF{��Vúª

f(0) = f(x) + f ′(x)(0− x) + 1

2
f ′′ (ξ1) (0− x)2, (103)

f(1) = f(x) + f ′(x)(1− x) + 1

2
f ′′ (ξ2) (1− x)2, (104)

Ù¥ξ1 ∈ (0, x)±9ξ2 ∈ (x, 1)"duf(0) = f(1)§·�òþãü�ªf�~

f ′(x) =
1

2

[
f ′′ (ξ1)x

2 − f ′′ (ξ2) (1− x)2
]
, (105)

�â^�§f ′′3?�:�¼ê��ýé�ÑØ�u2§¤±

|f ′(x)| ≤ x2

2
|f ′′(ξ1)|+

(1− x)2

2
|f ′′(ξ2)|

≤ x2 + (1− x)2 ≤ 1. (106)

KKK 7. �¼êf(x)3a,������ëY§�â.�KF¥�½n

f(a+ h)− f(a) = hf ′(a+ hθ(h)), (107)

Ù¥θ(h) ∈ (0, 1)´�6h�ëê"¦ylimh→0 θ(h) =
1
2"

©Ûµ=l.�KF¥�½n§·����θ(h)�3§¿Ø��θ(h)��±9'

uθ(h)�Ù¦&E"XJ·�ò^�df����£.�KF¥�½n�^�¤\r�

����£�.�KF{���Vúª�^�¤§ò�±��'uθ(h)�4�&E"

Proof. ·��Ñ:a?�Lagrange{���g�Vúª

f(a+ h) = f(a) + hf ′(a) +
h2

2
f ′′(a+ ξ(h)), (108)

Ù¥ξ(h) ∈ (0, 1)´�6h�ëê"�\ª(107)¿��h�

f ′(a+ θ(h)h)− f ′(a) = h

2
f ′′(a+ ξ(h)). (109)

�â���ê�½Â

lim
h→0

f ′(a+ θ(h)h)− f ′(a)
hθ(h)

= f ′′(a). (110)

�\ª(109)�

lim
h→0

f ′′(a+ ξ(h))

2θ(h)
= f ′′(a). (111)
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du���ëY§Ó�a < a+ ξ(h)h < a+ h§¦^

lim
h→0

f ′′(a+ ξ(h)) = f ′′(a). (112)

(Üª(111)�

lim
h→0

θ(h) =
1

2
. (113)

2.3 *ÐÖ¿K

ÖÖÖ 1. O�e�4�

1.limx→0

(
tanx
x

) 1
x2"

2.limn→∞
(1+ 1

n)
n2

en "

3.limx→0
cos(sinx)−cosx

x4
"

ÖÖÖ 2. �Ñeã¼ê�ê�N�úª§,�O�y(n)(0)µ

1.2021cccppp���êêêÆÆÆBÏÏÏ"""���ÁÁÁKKK. y = 1−2x+5x2

(1−2x)(1+x2)"

2.y = ln
(
x+
√
1 + x2

)
"

ÖÖÖ 3. �¼êf3��(x0 − r, x0 + r)k½Â§3x = x0?n���§P Tn (x)´f(x)3x =

x0?�ng�Võ�ª"?�,��ngõ�ªPn(x)§y²�3�6Pn(x)À��

êδ ∈ (0, r)§¦�|f(x)− Pn(x)| ≤ |f(x)− Pn(x)|é��x ∈ (x0 − δ, x0 + δ)¤á"

ÖÖÖ 4. �¼êf(x)3[a,+∞)��§��3k�4�limx→∞ f(x)§£�e�¯K

1.Þ�~`²limx→∞ f
′(x) = 0Ø�½o¤á"

2.ef(x)����§�f ′′(x)3[a,+∞)k.§¦yµlimx→∞ f
′(x) = 0"
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