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1.1 ­�È©�½ÂÚO�

­�È©�½Â

�c·�?ØL½È©Ú­È©§Ùn���´/È©«�0!/�È¼ê0Ú

/È©��0§ØÓÈ©�«O�¥y3þãn��§­�È©�´��",��¡§

­�È©��ÌÈ©½Â�nÚ½µ/©0§/È0Ú/�4�0"·�ÆS­�È©

�½Â��lþãÈ©�ÉÓ:Ñu§~XL�po(
naÈ©�È©«�Ú�È¼

ê"

�e5·�lnÚ½0�üa­�È©�½Â§·��±²¡­�L��È©«

�0�§�m­���/´�~aq�"Äk´1�.­�È©§·��Ä��¼

êf(x, y)§­�È©�½Â©�nÚ

1.©©© ò­�L©�eZ�ãLi"

2.ÈÈÈ 3z��ã�:(xi, yi)§¦Úf(xi, yi)∆si§Ù¥∆si´­��ãLi��Ý"

È©«a È©«� �È¼ê

�­È© ²¡«� ü�gCþ��ÏCþ�¼ê

1�.­�È© ²¡½�m­� ü½n�gCþ��ÏCþ�¼ê

1�.­�È© ²¡½�m­� ü½n�gCþü�ÏCþ��þ�¼ê
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3.���444��� Øä\[­�ãy©§¦�z�ã­��Ý∆siÑªCu0§Úª4�½Â�

1�.­�È© ∫
L
f(x, y)ds = lim

λ→0
f(xi, yi)∆si, (1)

Ù¥λ = maxi ∆si´­�ã�Ý��ö"dd1�.­�È©�È©��ds��¡�l

���½­����"

�e5´1�.­¡È©��½Â§�Ä�þ�¼êF(x, y) = (P (x, y), Q(x, y))§

=éu�½gCþ(x, y)§�F(x, y)Ø´��ê
´,�þ(P (x, y), Q(x, y))§dd�þ

�¼ê�±w�ü���¼ê��Ü"·��,�ÄnÚ

1.©©© ò­�LU,«½�©�eZ�ãLi = Âi−1Ai"

2.ÈÈÈ 3z��ã�:(xi, yi)§¦ÚF(xi, yi) · (∆xi,∆yi)§Ù¥ÎÒ·��þSÈ§�

þ(∆xi,∆yi)K�L
ò­�ãLiz­�������þ=(∆xi,∆yi) =
−−−−→
Ai−1Ai§��

ãv
���±w�:(xi, yi)?­�L������þ£Ø´ü ���þ¤"¦Úª

��±��F(xi, yi) · (∆xi,∆yi) = P (xi, yi)∆xi +Q(xi, yi)∆yi§��u�þ¼êFÚ�

��þ�SÈ"

3.���444��� Øä\[­�ãy©§¦�z�ã­��Ý∆siÑªCu0§Úª4�½Â�

1�.­�È©∫
L
F(x, y) · dr =

∫
L
P (x, y)dx+Q(x, y)dy = lim

λ→0
F(xi, yi) · (∆xi,∆yi), (2)

Ù¥λ = maxi ∆si´­�ã�Ý��ö"dd1�.­�È©�È©��dr =

(dx,dy)´�þ���§�¡�l�þ��½­��þ��"

l½Âþw§üa­�È©�«OÌ�Ñ3/È0ù�Ú½§1�.­�È©�¦

Ú´¼ê�f(x, y)¦±��ds§1�.­�È©�¦ÚK´�þ¼ê�F(x, y)SÈl�

þ��dr§¤±ØØ=«È©�ª���È©�Ñ´��¢ê"ü«ØÓ�½Â�ª´

�ØÓ�Ôné�ÑÖ�§1�.­�È©´�
�x­����þ§XJòf(x, y)w

�L3:(x, y)��Ý§©ã\\���È©�
∫
L f(x, y)dsÒ´­�L���þ¶1�.

­�È©´�
�xCå�õ§XJòF(x, y)å3:(x, y)�¥þ��£Ônþ¡ù�

��þ¼ê�å|¤§©ã\\���È©�
∫
LF(x, y) · drÒ´å÷­�L����

õ"

·�5¿�1�.­�È©�½ÂpJ�
­��½�§1�a­�È©KvkJ

9"ù´Ï�§3½Â1�.­�È©�·�©ãO�F(xi, yi) · (∆xi,∆yi)§
XJÀ

J���½��þ�(∆xi,∆yi) =
−−−−→
Ai−1Ai´���"¤±XJÀJ���½�O�1�

.­�È©§�´��ØÓ�§
1�.­�È©��ØÉ½�K�"

1�.­�È©�O�úª

O�­�È©�1�Ú�´�­���Ú´��­�L��§"XJ��L��§
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«aØÓ£X���§½ëê�§¤§1�.­�È©�O�úª�ØÓ"·�I��

âL��§©O?Ø§�Ä1�.­�È©
∫
L f(x, y)dsµ

1.L��§´���§y = y(x)§gCþ�����´a < x < b§­�È©�O�úª

´ ∫
L
f(x, y)ds =

∫ b

a
f(x, y(x))

√
1 + [y′(x)]2dx. (3)

úª��*n)´§�ÄL3x¶þÝK��(a, b)§·�3O�­�È©
∫
L f(x, y)ds�

­���ds��Ý´�u��dx�§¤±�¦±Xê
√

1 + [y′(x)]2"

2.L��§´ëê�§L :

 x = x(t),

y = y(t).
§gCþ�����´α < t < β§­�È©�

O�úª´ ∫
L
f(x, y)ds =

∫ β

a
f(ϕ(t), ψ(t))

√
(x′(t))2 + (y′(t))2dt. (4)

ùp·��Ñ§�
­�X�´´ØU�Ñ���§�U�Ñëê�§�"~Xü

 �´�´§Ù�§x2 + y2 = 1§�¤���§y = ±
√

1− x2ÏCþØ��§¤±ù

�����§´�Ø�"·��U�ÑÙëê�§"d	§�m­��­�È©�²¡

­��­�È©úª�§aq§���«O´�m­��U�Ñëê�§
�ØÑ��

�§§¤±·��U^ëê�§�­�È©úªO��m­��­�È©"

nþ¤ã§O�1�.­�È©�Ú½©�üÚµ�ÑL��§£���§½ëê

�§¤¶O�½È©��"·��e5wü�~K§1��~K´IO�­�È©O�

K¿�Ñ
­���§§1��~KKI�·�©ÛÑ­���§"

~~~ 1. �Ä{�L : x = t− sin t, y = 1− cos t§½Â�t ∈ [0, π]§O�I =
∫
L xds"

©Ûµ�K´IO�­�È©O�¯K§ÙJ:3u½È©�O��9n�¼êE

|"

Proof. ·�éN´��

ds =

√
(1− cos t)2 + sin2 tdx, (5)

dd�Ñ­�È©�z{/ª

I =

∫ 2π

0
(t− sin t)

√
(1− cos t)2 + sin2 tdt. (6)

Ðg�¡�U¬ú�þãÈ©��Ò�J±?n§¢Sþ

(1− cos t)2 + sin2 t = 2(1− cos t) = 4 sin2 t

2
. (7)
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¤±��

I = 2

∫ 2π

0
(t− sin t) sin

t

2
dt£��t = 2u,�^��úª¤

= 8

∫ π

0
(u− sinu cosu) sinudu

= 8

(
sinu− u cosu+

1

3
sin3 u

)∣∣∣∣u=π
u=0

= 8π. (8)

~~~ 2. O�­�È©
∮
L x

2ds§Ù¥L´²¡x+ y + z = 0�n��m�ü ¥���"

©Ûµ�K�J:3u�m­�L��§¿vk���Ñ§I�gCO�ëê�

§§2O�È©"¼�ëê�§��{´ÏLéá���x�y�'Xª§ÏL���

�{n���"

Proof. ù´���m­��1�.­�È©§·�Äk�Ñ­���§"éáü ¥

Ú²¡x+ y + z = 0��

x2 + y2 + xy =
1

2
. (9)

�
�Ñ�m­���§§·�ATÄk^��ëê�Ñx, y�'X"��À�x��

ëê�§�ëê¬Ï�J±�Ñy
O�þ��§·��ÄC/(
1

2
x+ y

)2

+

(√
3

2
x

)2

=
1

2
. (10)

dd·��±òü�²�ª�.ê^�u¼êÚ{u¼êL«µ

1

2
x+ y =

√
2

2
cos θ,

√
3

2
x =

√
2

2
sin θ. (11)

Ïd�Ñx, y'uθ�L�ª§�£x+ y + z = 0��±��z'uθ�L�ªµ
x =

√
6
3 sin θ,

y =
√
2
2 cos θ −

√
6
6 sin θ,

z = −
√
2
2 cos θ −

√
6
6 sin θ.

(12)

ùp5¿gCþθ���AT�H[0, 2π]",�©O¦�k
x′(θ) =

√
6
3 cos θ,

y′(θ) = −
√
2
2 sin θ −

√
6
6 cos θ,

z(θ)′ =
√
2
2 sin θ −

√
6
6 cos θ.

(13)
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,��\­�È©úª

I =

∮
L
x2ds

=

∫ 2π

0

2

3
sin2 θ

√
2

3
cos2 θ + sin2 θ +

1

3
cos2 θdθ =

∫ 2π

0

2

3
sin2 θdθ =

2π

3
. (14)

1�.­�È©�O�úª

·��,��â­�L�§?Ø1�.­�È©�O�úª§���J�´du1

�.­�È©k½��Vg§¤±·��Ñ��§7L´ÎÜK��¦�½��­�È

©�§"�Ä1�.­¡È©
∫
LF(x, y) · drµ

1.L��§´���§y = y(x)§gCþ�����´a < x < b§­�È©�O�úª

´ ∫
L
F(x, y) · dr =

∫ b

a

[
P (x, y(x)) +Q(x, y(x))y′(x)

]
dx. (15)

2.L��§´ëê�§L :

 x = x(t),

y = y(t).
§gCþ�����´α < t < β§­�È©�

O�úª´ ∫
L
F(x, y) · dr =

∫ β

α

[
P (x(t), y(t))x′(t) +Q(x(t), y(t))y′(t)

]
dt. (16)

e¡·�w��1�.­�È©�nÜO�K§I�·�gCé�­�L�ëê�

§µ

~~~ 3. O�­�È©I =
∮
L y

2dx+ z2dy + x2dz§Ù¥L´­¡x2 + y2 = x�n��m�

ü ¥���3z ≥ 0�Ü©§��´lx¶�� K�w�_����"

©Ûµ�K´kJÝ�nÜO�K§3­�/G���!­��§�¼�Ú­�È

©�O�þÑkJÝ"AO�Ñ§=B�K�­�L'uXoZ�I²¡é¡§ùØ¿�

X�±òÈ©©�XoZ²¡üý�üã¦^é¡5O�È©§Ï�1�.­�È©\\

�Ø´¼ê�
´�þ¼êÚ���þ�SÈ§SÈ�é¡5´Ø�*�"

Proof. �
��­�L�ëê�§§·�òü ¥¡ÚÎ¡x2 + y2 = x��§Ñ�¤Î

�I�/ªµ r
2 + z2 = 1,

r = cos θ, .
(17)
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ã 1: ~K3«¿ã"

dd·��±ÏLθL«Ñr = cos θÚz = | sin θ|"XJ·���ÑgCþ(x, y, z)'

uθ�ëê�§§�I�òò(x, y, z)^Î�IgCþ(r, θ, z)L«Ñ5µ
x = r cos θ = cos2 θ,

y = r sin θ = cos θ sin θ,

z = | sin θ|.

(18)

(Ü«¿ã�±��ëêθ=Î�I������θ ∈ [−π
2 ,

π
2 ]"

�
O�­�È©§·�I�éëê�§(18)¦�"
�Ä�z'uθ�L�ª�k

ýé�§·�I�©θ�ÎÒO��êµ
x′(θ) = − sin 2θ,

y′(θ) = cos 2θ,

z′(θ) = cos θ,

θ ∈ [0,
π

2
],


x′(θ) = − sin 2θ,

y′(θ) = cos 2θ,

z′(θ) = − cos θ,

θ ∈ [−π
2
, 0]. (19)

�\úªO�1�.­�È©

I =

∮
L
y2dx+ z2dy + x2dz

=

∫ π
2

0

(
− cos2 θ sin2 θ sin 2θ + sin2 θ cos 2θ + cos5 θ

)
dθ

+

∫ 0

−π
2

(
− cos2 θ sin2 θ sin 2θ + sin2 θ cos 2θ − cos5 θ

)
dθ

= 2

∫ π
2

0
sin2 θ cos 2θdθ = 2

∫ π
2

0

(
sin2 θ − 2 sin4 θ

)
dθ = −π

4
. (20)

AO5¿§ª(20)�1n��Ò´|^
½È©�é¡5"5¿�cos2 θ sin2 θ sin 2θ´
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Û¼ê§¤± ∫ π
2

0
cos2 θ sin2 θ sin 2θdθ +

∫ 0

−π
2

cos2 θ sin2 θ sin 2θdθ = 0. (21)

y3·�£LÞw§L(¢´'uXoZ�I²¡é¡�§�´ù�é¡¿ØU�y

1�.­�È©¤\È�SÈ(y2, z2, x2)·(dx,dy,dz)´���§Ï�'uXoZ�I²¡

é¡��ü�:A1 : (x0, y0, z0)ÚA2 : (x0,−y0, z0)����þ�kx©þdxÚz©þdz´

���§���þ�y©þdy3é¡:�Ó§ÏdSÈ\Ú¥�y2dxÚx2dz3A1:

ÚA2:����§©þz2dy3A1:ÚA2:���Ó"�N3ª(20)1�1½È©�O

�¥§·��±w�xÚz©þ�½È©´�±���§y©þ�KØ1"

üa­�È©�'X

·�3½Â¥Q²`L§1�.­�È©Ú1�.­�È©�«OÌ�Ñ3½Â

¥/È0ù�Ú½§=\È�é�ØÓ",
üa­�È©\Èé�´�±p�=�

�"3y©v
���þ(∆xi,∆yi)�L:(xi, yi)?����þ£5¿Ø´ü ���

þ¤§XJ^�þtL«:(xi, yi)?�ü ���þ§@o

t =
1

∆si
(∆xi,∆yi), (22)

Ù¥∆si =
√

(∆xi)
2 + (∆yi)

2�L�´�­�ãLi��Ý§�´1�.­�È©�­�

���"£Þé1�.­�È©\È�SÈF(xi, yi) · (∆xi,∆yi)�z{

P (xi, yi)∆xi +Q(xi, yi)∆yi = F(xi, yi) · (∆xi,∆yi) = (F(xi, yi) · t) ∆si, (23)

éu�½:(x, y)§ü ���þt�±w�±(x, y)�gCþ��þ¼ê§rS

ÈF(x, y) · tw�gCþ(x, y)��¼ê§·�Ò�±ò1�.­�È©
∫
LF(x, y) · drw

�±¼êF(x, y) · t�È¼ê�1�.­�È©µ∫
L
F(x, y) · dr =

∫
L

(F(x, y) · t) ds. (24)

��1�.­�È©3\ÈL§¥Ä��SÈO�§1�.­�È©´�O�´�

Ðn)�§=\È�È¼ê�¼ê�¦±­����"·��N´©Û1�.­�È©

�é¡5§1�.­�È©�é¡5�±�z�1�.­�È©5©Û§we�~Kµ

~~~ 4. O�­�È©
∮
L

dx+dy
|x|+|y|§Ù¥L´do�:(2, 0)§(−2, 0)§(0, 2)Ú(0,−2)�¤�

��/�>.�_����"

©Ûµ�KÌ�0�­�È©�é¡5�{§1�.­�È©�é¡5Ï~I�z

¤1�.­�È©?Ø'��*"
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Proof. �K�1�.­�È©�È�þ¼ê�F =
(

1
|x|+|y| ,

1
|x|+|y|

)
§ò1�.­�È©

�Ñ1�./ª�� ∮
L

dx+ dy

|x|+ |y|
=

∮
L

(
1

|x|+ |y|
,

1

|x|+ |y|

)
· tds, (25)

Ù¥t´L�ü ���þ"3L�ØÓ>þt��ØÓ§©O�
(
±
√
2
2 ,±

√
2
2

)
"

­�þ'u�:é¡�ü�:§Ùü ���þt²1�����§½=ùü�:

����þ�ü�©þp���ê"
�þ¼ê
(

1
|x|+|y| ,

1
|x|+|y|

)
3'u�:é¡�ü�

:�¼ê��Ó§Ïd'u�:é¡�ü�:SÈ¼ê
(

1
|x|+|y| ,

1
|x|+|y|

)
· t�¼ê�p�

��ê"(ÜÈ©­�'u�:�é¡5§��∮
L

(
1

|x|+ |y|
,

1

|x|+ |y|

)
· tds = 0. (26)

1.2 GreenúªÚ£��¤1�.­�È©�´»Ã'

�!Ì�ïÄ��1�.­�È©�´»Ã'5§Greenúª´ÙÌ�óä"�!

�¤kSN�¤�@���nØ§n)ù@nØØ=�n)Ø%½n§��n)ÙÔn

ÄÅ"�!���~KK)º
ù@nØ�A^"

Greenúª

Greenúª´�«�±ò­�È©Ú�­È©p�=��úª§3O��´£��

,«�>.¤­�È©���k­��^"Greenúª�SN´µ�«�D�>.L´

Åã1w�§ ∮
L+

Pdx+Qdy =

∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dxdy. (27)

'uGreenúª�ÑA:º¦µ

1.Greenúª�¤á�¦¼êPÚQ3«�Dz�:Ñk½Â��3ëY� �ê"ù�

�¦wq²²ÃÛ§�´3�Y�~K¥%ÛõX�²"

2.ùpL+��´.>.��½�"�½�¿Øo�_��Ø��§���÷X«�>

.1?¦�«� u1?���ý�½�§éuõëÏ«��½�Ø�½�>.�_�

���"

3.ùp==�¦D´k.4«�§vküëÏ�¦"Ü©ÓÆN´òGreenúª��Y

´»Ã'5nØ· §Ø@�GreenúªI�DüëÏ"

e¡�~K¦^GreenúªO��´È©µ
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~~~ 5. O�ü�­�È©

I1 =

∮
L1

y

x2 + y2
dx+

−x
x2 + y2

dy, I2 =

∮
L2

y

x2 + y2
dx+

−x
x2 + y2

dy, (28)

L1´ü �þd(1, 0)Ú(0, 1)¤3�l(½�ü/�>.§L2´ü ��>.§þ�Ä

_����"

©ÛµGreenúª��Ä��A^§Ò´3O�K¥¢yµ4­�1�.­�È©

Ú�­È©�=z"¦^Greenúª�§A5¿Ù3«�Dz�:´ÄÑk½Â"éu

«�kÛ:£Ã½Â�:¤�¯K§X�KÈ©I2´ØU¦^Greenúª�"

Proof. �K��È¼ê´�þ¼êF(x, t) = (P (x, y), Q(x, y)) =
(

y
x2+y2

, −x
x2+y2

)
§§÷

v
∂

∂y

(
y

x2 + y2

)
=

∂

∂x

(
−x

x2 + y2

)
=

x2 − y2

(x2 + y2)2
. (29)

�ó�∂Q
∂x = ∂P

∂y§XJUòK8¥�ü�µ4­�È©ÏLGreenúªz¤­È©ò�

�{zO�"

�ÄD1´d(1, 0)Ú(0, 1)¤3�l(½�ü/§@o­�L1´D1���>.§w

,F3D1::k½Â�ëY��§^Greenúª

I1 =

∫∫
D1

[
∂

∂x

(
−x

x2 + y2

)
− ∂

∂y

(
y

x2 + y2

)]
dxdy = 0. (30)

,��¡§�ÄD2´ü �§­�L2´D2���>.",
·�ØU��3D2^Greenú

ª§Ï�D2�)
�:§
¼êF3�:vk½Â"�´(ÜL2þ�:÷vx2 + y2 =

1§·��±�\{z�È¼ê

I2 =

∮
L2

ydx+ (−x)dy =

∫∫
D2

−2dσ = −2π. (31)

ùp1���Ò^
D2þ�Greenúª§Ï��Ø©1��þ¼ê(y,−x)3D2þ??

k½Â�1w"

1�.­�È©´»Ã'5�^�

·�±~K5�|µ��å:?Ø1�.­�È©�´»Ã'5§­�L1ÚL2�½

Â�~K5�Ó"�D2´ü �x2 + y2 ≤ 1§ü �±þkü�:A(1, 0)ÚB(0, 1)§·

��Än^ë�AÚB��ãµJ1´ü ���l§J2´��§J3´ü ��`l"�
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ÄÚ~K5�Ó��È¼ê§·�?Øn�1�.­�È©��'Xµ

P1 =

∮
J1

y

x2 + y2
dx+

−x
x2 + y2

dy, (32)

P2 =

∮
J2

y

x2 + y2
dx+

−x
x2 + y2

dy, (33)

P3 =

∮
J2

y

x2 + y2
dx+

−x
x2 + y2

dy. (34)

·�Äk�±�äP1 = P2§Ï�­�L1�±w�ò­�J1��½�Ú­�J2�K½�

©�
¤��´§ÏdI1 = P1 − P2 = 0¶,��¡P1 6= P3§Ï�XJr­�L2�±

w�ò­�J1��½�Ú­�J3�K½�©�
¤��´§ÒkI2 = P2 − P3 = −2π 6=

0"ùpg,Òk��¯K§È©P1, P2, P3k�Ó��È¼ê§È©­��äk�Ó�

å:Úª:§��on�È©��Ø��ÓQº

�!�?Ø�Ò´ù�äk�Ó�È¼ê§È©­�äk�Óå:Úª:�1�.

­�È©§¿�Äù
È©���Û��È©´»Ã'"´»Ã'5�?Ø
u�Åå

�õ�©Û"3ÔnÆ¥§k�aå�¡��Åå§ÙA:´�½å:Úª:§å÷?

¿´»lå:Ñu�ª:��õ�´»Ã'"�Åå�;.~f´­å§�·�òÔN

l:A£Ä�:B�§­å��õ==�A,Bü:pÝ�k'§�£Ä´»Ã'"1�

.­�È©�Ôn¿Â´�õ§
·�¤`´»È©Ã'�1�.­�È©§Ù�È¼

êÒéA�Åå"�Åå�,��A:´�±½Â³U§~X­å³U§¿��±ò�

Åå��õ{ü/�¤³U��§
·��ò¬òXÛ|^/³U0O�´»Ã'�1

�.­�È©��{"

·��Ä�1�.­�È©´I =
∫
ÂB Pdx + Qdy§Ù¥­�ÂB�½"Äk·�

î�z/´»Ã'50�½Âµ�D´²¡«�§¼¼¼êêêP,Q333D´́́::::::kkk½½½ÂÂÂ���ëëëYYY���

���§:A,B ∈ D§¡­�È©I =
∫
ÂB Pdx+Qdyäk´́́»»»ÃÃÃ'''555§XJéu«�D¥

?¿ü^ë�AÚB�­�J1, J2§=J1, J2 ⊂ D§Ñk∫
J1

Pdx+Qdy =

∫
J2

Pdx+Qdy. (35)

ùpI�²(§Ø�Ñ«�D·�´Ã{¦^´»Ã'5�"

·�©Û��
n�´»Ã'5^�§§�¥��Ü©é«�D¢SJÑ
�¦§

·��Þn�¿©7�^�µ

¿¿¿©©©777���^̂̂���1 ­�È©I =
∫
ÂB Pdx + Qdy3Däk´»Ã'5��=�éD¥?¿

{üÅã1w­�C£=C ⊂ D¤Ñk∮
C+

Pdx+Qdy = 0, (36)

¿¿¿©©©777���^̂̂���2 XJ�	�¦D´üëÏ§@o­�È©I =
∫
ÂB Pdx + Qdy3Däk

´»Ã'5��=�∂P
∂y (x, y) = ∂Q

∂x (x, y)3Dþ¤á"

10



ã 2: ~K6«¿ã

¿¿¿©©©777���^̂̂���3 XJ�	�¦D´üëÏ§@o­�È©I =
∫
ÂB Pdx + Qdy3Däk

´»Ã'5��=��3,��¼êu(x, y)¦�Xe��©¤ádu = Pdx+Qdy"

·�5¿�¿©7�^�2Ú3é«�DO�
üëÏ^�§¿©7�^�1Kvk

I¦",
�·¨��´»Ã'5^���â´^�2§Ï�§�I��yPÚQ� �

êÒU(½´»Ã'5´Ä�3",��¡§^�1ò´»Ã'5=�?Ø>.��´

È©§
GreenúªUò�´È©=z�'u∂Q
∂x −

∂P
∂y�­È©§ù�´^�2�í��

{"^�36�J±n)§·�3e�!­:ò�¼ê"

·�£Þ5w~K5§·�÷^~K5)�¥�½Â§^D1�Ld(1, 0)Ú(0, 1)¤3

�l(½�ü/§^D2�Lü �"D1´��üëÏ«�§�P (x, y) = y
x2+y2

ÚQ(x, y) =

−x
x2+y2

3D1::k½Â§éu´»J1ÚJ2(½�­�È©§´»Ã'5w�·�P1 =

P2¶,��¡§¼êPÚQ3�:vk½Â§¤±·�ØU��3D2þ?Ø´

»Ã'5
I����:§��D′2 = D2/{(0, 0)}§D′2Ø´üëÏ«�§¤±=

B∂Q
∂x = ∂P

∂y3D
′
2¤á§­�È©3D

′
2�Øäk´»Ã'5§ÏdP1 6= P3"

´»Ã'5nØw�·�ü«O�­�È©�#�{µU�´»{Ú�¼ê{"e

¡�~K0�U�´»{µ

~~~ 6. O�­�È©
∫
L

(
2xy3 − y2 cosx

)
dx +

(
1− 2y sinx+ 3x2y2

)
dy§Ù¥L´�Ô

�2x = πy2g�:�(π2 , 1)�Ü©"

©Ûµ��ù«�~��È©Ñ�U´È©´»Ã'§=÷v∂Q
∂x = ∂P

∂y"duL�

´»´E,��Ô�§·��±ÀJ�{ü�´»O�­�È©±ü$O�þ"

Proof. Äk�È¼êF(x, y) = (2xy3 − y2, 1 − 2y sinx + 3x2y2)3R2Ñ�±�½Â§¿

�
∂

∂y

(
2xy3 − y2 cosx

)
=

∂

∂x

(
1− 2y sinx+ 3x2y2

)
= 6xy2 − 2y cosx. (37)

11



duR2w,´üëÏ«�§¤±
∫
F · dr3R2äk´»Ã'5"Xã2§·��±rÈ©

­�L = ÔBU���{ü�ü^��´»µ��
−→
OAÚ

−−→
AB§¿3ü^��þ©OO�

È©µ

I =

∫
−→
OA

(
2xy3 − y2 cosx

)
dx+

(
1− 2y sinx+ 3x2y2

)
dy

+

∫
−→
AB

(
2xy3 − y2 cosx

)
dx+

(
1− 2y sinx+ 3x2y2

)
dy

=

∫ π
2

0

(
2xy3 − y2 cosx

)∣∣
y=0

dx+

∫ 1

0

(
1− 2y sinx+ 3x2y2

)∣∣
x=π

2
dy

=

∫ 1

0

(
1− 2y +

3π2

4
y2
)

dy =
π2

4
. (38)

ùp�Ñ§XJ��­�È©
∫
L P (x, y)dx + Q(x, y)dyÈ©­�L�,^�I¶²

1§1�.­�È©�±��z{�½È©"~X·��Äë�:(a1, b)Ú:(a2, b)�

��L§Ù¥a2 > a1§du������þ²1ux¶§=���þ3y���©þ

�0§ü ���þ�(1, 0)§Ïd1�.­�È©dyÜ©�©þ´0§î��Ñ5Ò´∫
L
P (x, y)dx+Q(x, y)dy =

∫
L

(P,Q) · (1, 0)ds =

∫ a2

a1

P (x, b)dx. (39)

duÈ©­�´��I¶²1����1�.­�È©O�{ü§¤±æ^��´»{

�§·���ÀJ�¤��I¶²1���O�"

�¼ê�Vg

�¼ê�Vg5guÔn¥�Åå�³U§,
Øn)³U�Vg�Ø¬K��¼

ê�n)"·��ÑÏé�¼ê´��©$��_$�§·�Äk£Á��©�Vgµ

XJ����¼êu(x, y)3:(x0, y0)���½Â§��3ëêA,B¦�

u (x0 + ∆x, y0 + ∆y)− u (x0, y0) = A∆x+B∆y + o(ρ), ρ→ 0, (40)

Ù¥ρ =
√

(∆x)2 + (∆y)2§K¡u(x, y)3:(x0, y0)������½�3������©©©£�¡/�©/

ª0¤§P�du = Adx + Bdy"����¼ê �ê�½��Cþ
ïÄ,��Cþ

�Czª³§��©��/�x��¼ê3:(x0, y0)NCCzª³"Ïd��´'�

 ��r�(Ø§¿�·�keZu(x, y)3(x0, y0)��§@ou3(x0, y0)�ü� �ê

�½�3§¿���©/ª¥ëê÷v

du =
∂u

∂x
(x0, y0) dx+

∂u

∂y
(x0, y0) dy. (41)

y3�L5§XJ·��Ñ�©/ªP (x, y)dx + Q(x, y)dy§·��Ïé��¼

êu¦�du = Pdx + Qdy§¼êu(x, y)¡��©/ªP (x, y)dx + Q(x, y)dy����¼¼¼êêê"

12



ÏdÏé�¼ê�L§§Ò´Ïé��¼êuÓ�÷v∂u
∂x = PÚ∂u

∂y = Q",
�¼ê¿

ØÏ~¿Ø�3§dc´»Ã'5�©Ûw�·��©/ªPdx+Qdy�3�¼ê�¿

©7�^�´3��üëÏ«�Dþk∂Q
∂x = ∂P

∂y"XJ(@
�¼ê�3§�±ÏL*

	{½©�È©{O��©/ª��¼ê"·�e¡0�©�È©{µ

±~K6�~§�Ä�©/ª
(
2xy3 − y2 cosx

)
dx+

(
1− 2y sinx+ 3x2y2

)
dy§·�

dc�©Û��§�½k�¼ê"�
��§��¼ê§=é�u÷v

∂u

∂x
= 2xy3 − y2 cosx,

∂u

∂y
= 1− 2y sinx+ 3x2y2. (42)

·�Äké�2xy3 − y2 cosx?1±x�gCþy~ê�Ø½È©

u(x, y) =

∫ (
2xy3 − y2 cosx

)
dx = y3x2 − y2 sinx+ C(y), (43)

¼êu(x, y)¥�~êC(y)´�6y��½¼ê"XJ·��F"∂yu(x, y) = 1−2y sinx+

3x2y2¤áÒU�yu´�¼ê§=

3y2x2 − 2y sinx+ C ′(y) = 1− 2y sinx+ 3x2y2. (44)

�dC ′(y) = 1=C(y) = y + C0Ù¥C0´~ê"nþ�¼ê´

d
(
y3x2 − y2 sinx+ y + C0

)
=
(
2xy3 − y2 cosx

)
dx+

(
1− 2y sinx+ 3x2y2

)
dy. (45)

�D´��üëÏ«�§­�ÂB ⊂ D"XJ��1�.­�È©
∫∫
ÂB

Pdx +

Qdy��©/ªPdx + Qdy3Dþ�3�¼êu = Pdx + Qdy£�du∂Q
∂x = ∂P

∂y¤§@

o ∫
ÂB

Pdx+Qdy = u(B)− u(A). (46)

duª(46)�/ª�Úî4ÙZ]úª�C§ù�´u��¼ê¶i��5"

e¡·�w��¦^�¼êO�´»Ã'�1�.­�È©�K8µ

~~~ 7. O�­�È©
∫
L
xdx+ydy
x2+y2

§Ù¥L´±(1, 0)�å:§±(6, 8)�ª:���"

©Ûµ�K0��¼ê{§N50�
�¼ê��'Vg"��(½
�¼ê§Ò

U¯�O�­�È©��"

Proof. �È¼êF =
(

x
x2+y2

, y
x2+y2

)
3�:±	k½Â§�÷v

∂

∂y

(
x

x2 + y2

)
=

∂

∂x

(
y

x2 + y2

)
= − 2xy

(x2 + y2)2
. (47)

·��ÄÝ/«�D = [1, 6]× [0, 8]§Dw,üëÏ§dd­�È©3Dþäk´»Ã'

5"Ó��±3Dþé��¼êµ

xdx+ ydy

x2 + y2
=

1

2
ln(x2 + y2). (48)
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ã 3: «�D3ÚD4�«¿ã"

Ïd

I =

∫
L

xdx+ ydy

x2 + y2
=

1

2
ln(x2 + y2)

∣∣∣(x,y)=(6,8)
(x,y)=(1,0) = ln 10. (49)

3�!�(�§·�}Ál�¼ê�À�­�~K5§dd\�é�¼êVg�n

)"£Án�­�È©(32)-(33)§¦���P1 = P2 = P3 − 2π"��g,�¯K´Q

,n�È©äk�Ó�å©:§XJ�©/ª y
x2+y2

dx + −x
x2+y2

dy�3�¼ê§@on

�È©��nA�Ó"Ü©ÓÆònd8Ñu��:�ü �D2/{(0, 0)}du«��

üëÏ§��È©Øäk´»Ã'5§ÏdØU¦^�¼ê{O�È©"¢KØ,§

Xã3,�Ä���%?���ü�÷/«�D3ÚD4§ùü�ã/þÎÜüëÏ^�§

Ïd­�È©3�g«�k´»Ã'5¿��3�¼ê"5¿��lJ1 ⊂ D3§
`

lJ3 ⊂ D4§�Ò´`·��±3�g«�p¦^�¼ê��{O�­�È©P1ÚP3§

Ïd���­�È©�wqAT�Ó"

,
¢S(J´P1 6= P3"�
�\n)§·��Ä�©/ª��¼ê§�±��

∂

∂x

(
arctan

(
x

y

))
=

y

x2 + y2
,

∂

∂y

(
arctan

(
x

y

))
=

−x
x2 + y2

. (50)

Ü©ÓÆ�U�U��,�@�¼êu(x, y) = arctan
(
x
y

)
´�©/ª y

x2+y2
dx +

−x
x2+y2

dy��¼ê",
2g*	¼êarctan
(
x
y

)
§·�uyAÏ�¯¢µ¼êu(x, y)3x¶

��¶�¼ê��π
2£5µarctan(+∞) = π

2¤§31����¼ê�´��§
31

����¼ê�´E�£5µ1���x > 0, y < 0¤§Ïd¼êu(x, y)3x¶?¢S

¿ØëY§�7,Ø�U���¼ê"£Þw«�D3ÚD4§«�D3vkª�x¶§¤

±¼êu(x, y)(¢´�©/ª y
x2+y2

dx + −x
x2+y2

dy��¼ê¶«�D4ª�
x¶§
¼

êu(x, y)3x¶NCØ´�©/ª y
x2+y2

dx + −x
x2+y2

dy��¼ê�Ïd·��±��ÏL

�¼ê{O�P1µ

P1 = u(0, 1)− u(1, 0) = −π
2
. (51)
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�´ØU¦^�¼ê{O�P3"XJ��ED4þ��¼êI���
?nµ�Ä©ã

¼ê

ū(x, y) =


arctan

(
x
y

)
+ π, 1���9x¶K�¶,

arctan
(
x
y

)
, 1n��1o��,

arctan
(
x
y

)
− π, x¶��¶.

(52)

=3x¶NCJ,�ý�¼ê��E©ã�¼ê§,�

P3 = ū(0, 1)− ū(1, 0) = (0 + π)−
(π

2
− π

)
=

3π

2
. (53)

���¼êv²L�gx¶§·�7Lò�ý�¼ê��,±�y�¼ê�1w5"�

Y�§êÆÔn�{¥�Ì��n?Ø��´aq�g�"éu·��é«´§¦^�

¼ê{�§�½�(½�E��¼ê´Ä3«�þ??äk1w5"

Greenúª�í2�ÑÝ½n

3d�c·�k0���{u�Vg"��þa´²¡�?¿�þ§·�

^cos (a, x)Úcos (a, y)�a'uü��I¶�Y��{�§¡�þa�������{{{uuu"d

u{u¼ê´ó¼ê§Ïd£ãY��{u´ÃI?Øk��"'u��{u�Ä��

5�´

a = |a| · (cos (a, x) , cos (a, y)), (54)

�ó�§·���±ò��{u�þ(cos (a, x) , cos (a, y))w��þa3éA���ü 

{�þ"3Ü©�¹e§¦^��{uL��½�þéA�ü �þ´�~�B�"

�e5·�5w��~Kµ

~~~ 8. 2021SSSGGGÏÏÏ¥¥¥���ÁÁÁKKK. �u(x, y)Úv(x, y)3k.4«�Dþ�3ëY �

ê§D�>.L´©ã1w�­�§¿�u(x, y)Úv(x, y)3D�>.�3ëY��

� �ê§n´>.Lþ�	��{�þ§¦yµ
∮
L [u cos (n, x) + v cos (n, y)] ds =∫∫

D

(
∂u
∂x + ∂v

∂y

)
dxdy"

Proof. 3Greenúª¥-P = −vÚQ = u��∫∫
D

(
∂u

∂x
+
∂v

∂y

)
dxdy =

∮
L+

−vdx+ udy =

∮
L

(−v, u) · tds, (55)

ùp^t�LL+���ü ���þ§1���ªA^
1�.­�È©Ú1�.­�

È©�pz"

K�¥�9��þ´L+���	{�þn§·���{�þR�u���þ§·�

I�
)nÚt�'X"�â��{u�{§	{�þ�ü �þ�(cos (−→n , x) , cos (−→n , y))"
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�â	ý�½Â§L+������þ��uò	{�þ_��^=90Ý§ÏdÏL{

�þ���{u�Ñü ���þ�/ª

t =
(

cos
(

(n, x) +
π

2

)
, cos

(
(n, y) +

π

2

))
= (− cos (n, y) , cos (n, x)), (56)

Ïd ∫∫
D

(
∂u

∂x
+
∂v

∂y

)
dxdy =

∮
L

(−v, u) · (− cos (n, y) , cos (n, x))ds

=

∮
L

[u cos (n, x) + v cos (n, y)] ds. (57)

�nL«ü 	{�þ§~8�(J�¤SÈ�/ª´∮
L+

(u, v) · nds =

∫∫
D

(
∂u

∂x
+
∂v

∂y

)
dxdy. (58)

ù�(J�Greenúª�d§·��±�â/ª�I�5¦^Ü·�/ª",��¡§

ª(58)�mý�¡��þ¼êF = (u, v)�ÑÑÑÝÝÝ§P�

∇ · F =
∂u

∂x
+
∂v

∂y
. (59)

ÏdÔn©zk�¡Greenúª�ÑÑÑÝÝÝ½½½nnn",
lêÆ�Ý5w§Greenúª��´

©ÜÈ©$��í2µ½È©�±ò��È©=z�>.�&E§�­È©Kò��=

z�>.�­�È©"�
êÆ©z��¡Greenúª�©ÜÈ©"

2 ²;SK

�!SKØ
IO�O�K	§K8«aéõ"�)é¡{§�É{§Greenúª

�A^�{Ñ´��'5��:"

2.1 ~K

KKK 1. O�­�È©I =
∮
L |y|ds§Ù¥L´VÝ�(x2 + y2)2 = x2 − y2"

©Ûµ�K�VÝ�´·�éÙG�§I�ÄkòVÝ�� 4�I�§r =

cos 2θ"�â4�IL�ª

x = r cos θ,

y = r sin θ,
·��±�ÑVÝ��±4�θ�gCþ�

ëê�§"

Proof. ·�O�­��4�I�§r2 = cos 2θ§3dc·�Ò��VÝ�3o����

Ü©´é¡�§�È¼ê|y|�'uü��I¶é¡§Ïd·��±��Ä1�.­�È
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ã 4: öSK1ÚöSK2�VÝ�«¿ã«¿ã

©3VÝ�1����Ü©"VÝ�31����Ü©�4�÷vθ ∈ [0, π4 ]§@o·�

�±?�Ú�Ñ­��ëê�§x =
√

cos 2θ cos θ,

y =
√

cos 2θ sin θ.
(60)

´ëê�§"�e5¦�x
′ = −

√
cos 2θ sin θ − sin 2θ√

cos 2θ
cos θ,

y′ =
√

cos 2θ cos θ − sin 2θ√
cos 2θ

sin θ.
(61)

,�O�²�Ú

ds =

√
cos 2θ +

sin2 2θ

cos 2θ
dθ =

√
1

cos 2θ
dθ. (62)

,��\­�È©úª

I = 4

∫ π
4

0

√
cos 2θ sin θ

√
1

cos 2θ
dθ = 4

∫ π
4

0
sin θdθ = 4− 2

√
2. (63)

3�
�á¥§��Ñ
­�4�I�§�¹el����O�úª"�Ä4�I

�§r = r(θ)§ÙéA�ëê�§x(θ) = r(θ) cos θÚy(θ) = r(θ) sin θ)§dd

ds =

√[
d

dθ
(r(θ) cos θ)

]2
+

[
d

dθ
(r(θ) sin θ)

]2
dθ =

√
(r(θ))2 + (r′(θ))2dθ. (64)

KKK 2. O�­�È©I =
∮
L+

xy(ydx−xdy)
x2+y2

§Ù¥L�VÝ�r2 = cos 2ϕ�m�|"

�Kµ��~K4§�Ké¡5�\J±u÷"XJØ¦^é¡5§�K�O�þ

´�	ã��"
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Proof. VÝ�´·��~ÙG�ã/§VÝ��m�|'ux¶é¡"�
¦^é¡

5§·�ÄkòK8�1�.­�È©�¤1�.­�È©

I =

∮
L

(
xy2

x2 + y2
,
−x2y
x2 + y2

)
· tds. (65)

Ù¥t = (t1, t2)´L_�����ü ���þ"½ÂSÈ¼ê

f(x, y) =

(
xy2

x2 + y2
,
−x2y
x2 + y2

)
· t = xy2t1x

2 + y2 − −x
2yt2

x2 + y2
. (66)

·�¢S�Ä�Ò´'u¼êf(x, y)�1�.­�È©§ØLI�5¿t1, t2��

6(x, y)"

y3�Ä'ux¶é¡�ü�:A(x0, y0)ÚB(x0,−y0)§Ù¥A´ u1����"

:A?����þt(A)´���e��§:B?����þt(B)´��me��§ü�

���þ�1�©þ��§1�©þ�Ó§=

t1(A) = −t1(B), t2(A) = t2(B). (67)

�\¼êf(x, y)�L�ª

xy2t1
x2 + y2

∣∣∣∣
(x,y)=A

= − xy2t1
x2 + y2

∣∣∣∣
(x,y)=B

,
−x2yt2
x2 + y2

∣∣∣∣
(x,y)=A

= − −x
2yt2

x2 + y2

∣∣∣∣
(x,y)=B

. (68)

¤±f(x, y)�¼ê�3'ux¶é¡�ü�:A(x0, y0)ÚB(x0,−y0)´���§dd

I =

∫
L
f(x, y)ds = 0. (69)

KKK 3. O�­�È©I =
∫
L
xdy−ydx
4x2+y2

§Ù¥L´�±(x− 1)2 + y2 = 2�_����"

©Ûµ�K´²;�{///���ÉÉÉ{{{000�0�§/�É{0´)û¦^GreenúªO�

�´­�È©�«�kÃ½Â:�²;�{"

Proof. ��È¼êF = (P,Q) =
(

x
4x2+y2

, −y
4x2+y2

)
§Äk·�uy

∂Q

∂x
=
∂P

∂y
= − 4x2 − y2

(4x2 + y2)2
. (70)

^DL«��±(x − 1)2 + y2 = 2SÜ"�~K5�È©I2aq§�È¼êF3�:

vk½Â§·�ØU��3�Dþ¦^Greenúª"�´·��E�:NCé����

£/É0¤C§3Dþ�KÉ±��È¼ê3õëÏ«�D/C�±¦^Greenúª§d

d·�Ò�±ò	�>.L�­�È©=��É�>.þ�È©",
ÉC/G�ÀJ

´kùÄ�µ·�ÀJ��ý�Cε = {4x2 + y2 ≤ ε}§Ù¥ε > 0é�"«�D/Cε��
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ã 5: öSK3«¿ã

½�>.´üã§�)�ã´�Í(x− 1)2 + y2 = 2U_��r§,�à4x2 + y2 = εU

^��r§¤±

0 =

∮
∂(C/Cε)+

Pdx+Qdy =

∫
(x−1)2+y2=1	

Pdx+Qdy +

∫
4x2+y2=ε�

Pdx+Qdy, (71)

Ïd ∫
(x−1)2+y2=1	

Pdx+Qdy =

∫
4x2+y2=ε	

Pdx+Qdy. (72)

�e5O�

I =

∫
4x2+y2=ε	

Pdx+Qdy

= ε−1
∫
4x2+y2=ε	

−ydx+ xdy = ε−1
∫∫

4x2+y2≤ε
2dxdy =

2πε

2ε
= π. (73)

5¿4x2 + y2 ≤ ε´±
√
ε
2 Ú
√
ε��¶���ý�§¡È´πε

2 "

o(�e/�É{0§·��
|^Greenúª·�3vk½Â��:NC���

É§��#�ã/Ø�¹vk½Â�:"3#«�?1Greenúª§����É�>.

þ���1�.­�È©"�
O�É>.�­�È©§···������±±±���ÉÉÉ���>>>...������'''

���ÐÐÐ���///GGG§ù�´·�dcÀJ�ý�/G�É��Ï"¤±/�É{0��Ú½

´

1.3Ã½Â:NC���ÎÜ�È¼êA:�É

2.ÏLGreenúªò	��­�È©=z�É�>.

3.ÏLz{O�É>.�­�È©"

KKK 4. �½��¼êf(x, y)§.Ê.d�f�^3fþ����#�¼ê∆f(x, y)§Ù½

Â�

∆f(x, y) =
∂2f

∂x2
(x, y) +

∂2f

∂y2
(x, y). (74)
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�u(x, y)Úv(x, y)3k.4«�Dþ�3ëY �ê§D�>.L´©ã1w�­�§

¿�u(x, y)Úv(x, y)3D�>.�3ëY��� �ê§n´>.Lþ�	��{�þ§

¦yµ

1.
∮
L
∂u
∂nds =

∫∫
D ∆udxdy"

2.
∫∫
D(u∆v − v∆u)dxdy =

∮
L

(
u ∂v∂n − v

∂u
∂n

)
ds"

©Ûµ�K´|^Greenúª½ÙíØª(58)y²È©ð�ª�K8§Ù'�

´�Ä3Greenúª
∮
L+ Pdx + Qdy =

∫∫
D

(
∂Q
∂x −

∂P
∂y

)
dxdy½ÙíØª(58)¥§ò¼

êP,QD±Û«¼ê§±éAK8�y²�(Ø"

Proof. 1.·�^��{u(cos(n, x), cos(n, y)L«	{�þn�ü �þ§�â���ê

�½Âk
∂u

∂n
=
∂u

∂x
cos(n, x) +

∂v

∂x
cos(n, x). (75)

du{�þ��3§ù�/ª��CGreenúª�íØ(58)�~aq§·�3ª(58)¥

^ �ê∂u
∂xÚ

∂u
∂y�\∮

L

(
∂u

∂x
cos(n, x) +

∂v

∂x
cos(n, x)

)
ds =

∫∫
D

(
∂

∂x

(
∂u

∂x

)
+

∂

∂y

(
∂u

∂y

))
dxdy

=

∫∫
D

∆udxdy. (76)

2.·��Îl���ê�Ñu

u
∂v

∂n
= u

∂v

∂x
cos(n, x) + u

∂v

∂y
cos(n, y). (77)

,�3ª(58)�\u ∂v∂xÚu
∂v
∂y��∮

L

(
u
∂v

∂x
cos(n, x) + u

∂v

∂y
cos(n, y)

)
ds =

∫∫
D

(
∂

∂x

(
u
∂v

∂x

)
+

∂

∂y

(
u
∂v

∂y

))
dxdy

=

∫∫
D

(
u∆v +

∂u

∂x

∂u

∂y
+
∂v

∂x

∂v

∂y

)
dxdy.(78)

Ón�� ∮
L
v
∂u

∂n
ds =

∮
L

(
v
∂u

∂x
cos(n, x) + v

∂u

∂y
cos(n, x)

)
ds

=

∫∫
D

(
v∆u+

∂u

∂x

∂u

∂y
+
∂v

∂x

∂v

∂y

)
dxdy. (79)

òüª�~=���I��(Ø"

KKK 5. O�­�È©
∮
L

ey

x2+y2
[(x sinx + y cosx)dx + (y sinx − x cosx)dy]§Ù¥L´ý

�x2

2 + y2 = 1�_����"
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©Ûµ�K´GreenúªA^K¥�²;JK§Ø
I��É{�g�	§�I�

(Ü­È©¥�½n"

Proof. ·�Äk(½�È¼ê

F(x, y) = (P (x, y), Q(x, y)) =

(
ey(x sinx+ y cosx)

x2 + y2
,
ey(y sinx− x cosx)

x2 + y2

)
. (80)

·�g,F"�È¼êäk∂P
∂y = ∂Q

∂x5�§¿pÅ¦^´»Ã'5½�É{"¢Sþ·

�k
∂P

∂y
=
∂Q

∂x
=

ey (x sinx+ y cosx)

x2 + y2
− 2xyey sinx

(x2 + y2)2
+

ey cosx
(
x2 − y2

)
(x2 + y2)2

. (81)

�â�É{�g�§·�éN´ò��3ý�x2

2 + y2 = 1=z���x2 + y2 = r2þ§

¿ddz{�È¼ê�©1§äNÚ½´µ½Â��Cr = {(x, y) : x2 + y2 ≤ r2}§�

Ä�%«�C1/Cε§�È¼êF3C1/Crk½Â§Greenúª��F3��C1/Cε�ü^

��>.þ�1�.­�È©�Ú´0"ý�x2

2 + y2 = 1��½�´_����§�

�x2 + y2 = r2��½�´^����§Ïd

0 =

∮
∂(C1/Cr)+

Pdx+Qdy =

∮
x2

2
+y2=1	

Pdx+Qdy+

∮
x2+y2=r2�

Pdx+Qdy = 0, (82)

?�Ú��

I =

∮
x2

2
+y2=1	

Pdx+Qdy =

∮
x2+y2=r2	

Pdx+Qdy. (83)

����þ�­�È©�§·�z{�È¼ê�Ø©1§,�3��Cr^Greenúªµ

I =

∮
x2+y2=r2	

Pdx+Qdy

=
1

r2

∫
x2+y2=r2	

ey[(x sinx+ y cosx)dx+ (y sinx− x cosx)dy]

=
1

r2

∫∫
x2+y2≤r2

(−2ey cosx)dxdy. (84)

,
�\O�Ò¬uy�­È©
∫∫
x2+y2≤r2(−2ey cosx)dxdy.´Ã{O��§ÃØ

´��z\gÈ©�´¦^4�I��Ñ¬���È¼êLuE,"�
�Oþã�­

È©§·�3��Cr¦^�­È©¥�½nµ�3�6r�:(a, b) ∈ Cr¦�∫∫
x2+y2≤r2

(−2ey cosx)dxdy = −2πr2ea cos b, (85)

du����»r´?��§�Äε→ 0k

lim
r→0+0

1

r2

∫∫
x2+y2≤r2

(−2ey cosx)dxdy = lim
r→0+0

(−2πea cos b) . (86)

·�5¿��r → 0 + 0§:(a, b)�X�»� �7,�C�%§ddea cos b → 1§¤

±

lim
r→0+0

1

r2

∫∫
x2+y2≤r2

(−2ey cosx)dxdy = lim
r→0+0

(−2πea cos b) = −2π. (87)
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·��c�©Ûw�·��­È© 1
r2

∫∫
x2+y2≤r2(−2ey cosx)dxdy��´Ø�6

�»r�§�ê���K¤¦�È©I��"(Ü 1
r2

∫∫
x2+y2≤r2(−2ey cosx)dxdy3r →

0 + 0��4�§·�Ò�±��I = −2π"

2.2 °ÀÖ¿K

ÖÖÖ 1. 2021SSSGGGÏÏÏ¥¥¥���ÁÁÁKKK. �L�ý�x2

16 + y2

9 = 1�_����§O�­�È

©I =
∮
L
xdy−ydx
x2+y2

"

ÖÖÖ 2. O�­�È©I =
∫
L

(x+y)dx+(x−y)dy
3(x2+y2)

§Ù¥L´­�x
2
3 + y

2
3 = 1�3x¶±þÜ©

�_����"

ÖÖÖ 3. O�­�È©
∫∫
L

(
x3y2 + x2y3

)
ds§Ù¥L´ü �"£J«µ}Áò1�.­

�È©z¤1�.­�È©§,�|^Greenúª¤

ÖÖÖ 4. )�e�¯K

1.�­�C�l��L§¦yµ∣∣∣∣∫
C
P (x, y)dx+Q(x, y)dy

∣∣∣∣ 6ML, (88)

Ù¥M = max(x,y)∈C
√
P 2(x, y) +Q2(x, y)"

2.|^þ�¯(Ø§y²limR→0

∮
x2+y2=R2

ydx−xdy
(x2+xy+y2)2

= 0"

ÖÖÖ 5. �²¡Ý/«�D = [0, π]× [0, π]§PL´D���>.§¦y

1.
∮
L xesin ydy − ye− sinxdx =

∮
L xe− sin ydy − yesinxdx"

2.
∮
L xesin ydy − ye− sinxdx > 2π2"£J«µ(Ü­È©é¡5¤

ÖÖÖ 6. �D´k.²¡«�§Ù>.L©ã1w§½:P0(x0, y0)Ø3Lþ"�P (x, y)´Lþ

�Ä:§�þnL«P?­�L�	ýü {�þ§�þr´±P0�å:§±P�ª

:��þ§½Â±:P�I�gCþ�¼êf(x, y) = cos(r,n)
|r| §O�­�È©I =∮

L f(x, y)ds"£J«µ=z�1�.­�È©§,�©P0´Ä3DSÜ¦^�É{¤
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