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1.1 Ã¡È©Ú×È©�½ÂÚ5�

Ã¡È©�½ÂÚn)

ÃÃÃ¡¡¡ÈÈÈ©©©´�È©«m�Ã¡«m�È©§Ï~�/ª�

I =

∫ +∞

1
f(x)dx. (1)

��~5�½È©ÏLy©«mÚ\È>F/¡È½Â§Ã¡È©�È©«mÃ¡�

�A:§¦�ØU��òÈ©«my©�k���ã"ÏdÃ¡È©´ÏL�~È©�

4�§= ∫ +∞

1
f(x)dx = lim

X→+∞

∫ X

1
f(x)dx. (2)

þã½Â�9���¯KB´mý4�Ø�½�3§ÏdÃ¡È©
∫ +∞
1 f(x)dx¿Ø�

½o´û½Â�"XJ4��3§·�¡Ã¡È©
∫ +∞
1 f(x)dxÂÂÂñññ§ÄK¡Ã¡È©

uuuÑÑÑ"
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ã 1: �ãµÃ¡È©
∫ +∞
1 f(x)dx�AÛ¿Â´f(x)ã�3Ã¡«m��e¡È¶m

ãµ^ê�?ê
∑∞

n=1 f(n)�L�Ý/¡ÈÚCqÃ¡È©
∫ +∞
1 f(x)dx"

ùpÜ©ÓÆ¬k¦¾§È©ÚÂñ!uÑ�cq�¿Ã²wéX"¢Sþ§XJ

·��±òÃ¡È©Úê�?êéXå5µ·�òÈ©«m[1,+∞)y©�Ã¡�f«

m[1, 2), [2, 3) · · ·§3z�«mþ±«m�à:��O�>F/¡È�1 · f(n)§Ïd/

ªþ�±½ÂÃ¡È©��� ∫ +∞

1
f(x)dx ≈

∞∑
n=1

f(n). (3)

Ïd§XJ·�òÃ¡È©lÑ§Ò�±=��ê�?ê§ù�´��o·�^ÂñÚ

uÑ¡�Ã¡È©�4�´Ä�±½Â"�,·��Ñ§ª(3)�Ã¡È©Úê�?ê

�ñÑ5Ú�Ø�½�Ó§ò¦��3�å�´�Ï·�n)Ã¡È©Âñ5�¹Â§

�YÃ¡È©
∫ +∞
1 f(x)dxÂñ5�éõ�O{Ñ�±Úê�?ê

∑∞
n=1 f(n)Âñ5��

O{éA"Ó�·��/¤
'uÃ¡È©��*�AÛn)§=Ã¡«m[1,+∞)þ

¼êf(x)ã/��e¡È£Xã¤«¤"

��§·�5wA�ÂñÚuÑ�Ã¡È©§±lÌ*þn)Ã¡È©ÂñÚuÑ

�¹Âµ

� ~~~fff1.Ã¡È©I =
∫ +∞
1 e−xdx´Âñ�§È©�½Â�

I = lim
X→+∞

∫ X

1
e−xdx = lim

X→+∞

(
e−1 − e−X

)
= e−1. (4)

·��±��§�x→ +∞��È¼êe−x��3ÅìC�§¦�½È©
∫ X
1 e−xdx�

��XÞÌØ�§ÏdÃ¡È©Âñ"

� ~~~fff2.Ã¡È©I =
∫ +∞
1 exdx´uÑ�§Ï�

I = lim
X→+∞

∫ X

1
exdx = lim

X→+∞

(
eX − e

)
= +∞. (5)

�x → +∞��È¼êex��ØäO\§�Ä�Ã¡È©´3Ã��«m½Â�

È©§�x → +∞��È¼ê�¼ê��,é�ÒéJ�y�~È©�4��Â

ñ"
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� ~~~fff3.Ã¡È©I =
∫ +∞
1 cosxdx´uÑ�§Ï�

I = lim
X→+∞

∫ X

1
cosxdx = lim

X→+∞
(sinX − sin 1)4�uÑ. (6)

�x → +∞��È¼êcosx���vkÃ�O�§�´Ù¼ê�3[−1, 1]�E�

�"l½È©�AÛ¿Â5w§½È©
∫ X
1 cosx�±w�x¶±þÚx¶±eõ¬

¡È�\\"�X → +∞�§cosx���A5¦�½È©
∫ X
1 cosx���E�

�§l4�ØÂñ"

lþãA�~f�±w�§�È¼êf(x)3x → +∞�1�¬K�Ã¡È

©
∫ +∞
1 f(x)dx�Âñ§ÂñÃ¡È©I�f(x)3x→ +∞�¼ê�'��§f(x)3x→

+∞¼ê�L�½�E��Ñk�U��Ã¡È©
∫ +∞
1 f(x)dxuÑ"þãÂñÚuÑ

�A��ê�?ê
∑∞

n=1 f(n)Âñ½uÑ�A��~�q"

Ã¡È©�5�

duÃ¡È©�Âñ���´Cþ���~È©¼ê�Âñ§ÏdÃ¡È©���

5�Ñ�±a'�¼ê4��5�µ

� ÃÃÃ¡¡¡ÈÈÈ©©©���\\\~~~ �Äü�Ã¡È©
∫ +∞
1 f(x)dxÚ

∫ +∞
1 g(x)dxÂñ§@oÃ

¡È©
∫ +∞
1 (f(x) ± g(x))dx�Âñ§¿�

∫ +∞
1 (f(x) ± g(x))dx =

∫ +∞
1 f(x)dx ±∫ +∞

1 g(x)dx"ù�5�éA¼ê4��\~{5�"��íØ§XJÃ¡

È©
∫ +∞
1 f(x)dxÚ

∫ +∞
1 g(x)dx��Âñ��uÑ§@oÃ¡È©

∫ +∞
1 (f(x) ±

g(x))dxuÑ"

� ???êêê���êêê¦¦¦ �ÄÃ¡È©
∫ +∞
1 f(x)dxÚc ∈ R§@oÃ¡È©

∫ +∞
1 (cf(x))dx�Â

ñ§¿�
∫ +∞
1 (cf(x))dx = c

∫ +∞
1 f(x)dx"ù�5�éA¼ê4��ê¦5�"

� ÈÈÈ©©©eee���ØØØKKK��� Ã¡È©
∫ +∞
1 f(x)dx�

∫ +∞
A f(x)dxäk�Ó�Âñ5"

d	§¼ê4���ÜOK��±A^3Ã¡È©�Âñ5þ

½½½nnn 1. Ã¡È©
∫ +∞
1 f(x)dx�¿©7�^�´§éu∀ε > 0§�3X0 > 1§X

JX2 > X1 > X0Ò�½k
∣∣∣∫ X2

X1
f(x)dx

∣∣∣ < ε"

d	�küaAÏ�Ã¡È©I�5¿µ

1.333ÃÃÃ¡¡¡«««mmm(−∞,−1]½½½ÂÂÂ���ÃÃÃ¡¡¡ÈÈÈ©©© Ã¡È©I =
∫ −1
−∞ f(x)dx�Âñ5�d�~È

©�Âñ5½Âµ

I = lim
Y→−∞

∫ −1
Y

f(x)dx. (7)
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ã 2: ª(9)�Ñ��~¼ê«¿ã"

Ã¡«m(−∞,−1]þ�Ã¡È©�±^Ú[1,+∞)þÃ¡È©�Ó��{ïÄ§Ïd·

�Ø�üÕ?Ø"

2.VVVýýýÃÃÃ¡¡¡ÈÈÈ©©© 3(−∞,+∞)þ½Â�Ã¡È©
∫ +∞
−∞ f(x)dx½Â�∫ +∞

−∞
f(x)dx =

∫ 1

−∞
f(x)dx+

∫ +∞

1
f(x)dx. (8)

Ã¡È©
∫ +∞
−∞ f(x)dx�Âñ½Â�Ã¡È©

∫ +∞
1 f(x)dxÚÃ¡È©

∫ 1
−∞ f(x)dxþÂ

ñ§ü�Ã¡È©¥k��uÑ½ü�þuÑ�§Ñ½Â�Ã¡È©
∫ +∞
−∞ f(x)dxu

Ñ"£5µÜ©ÓÆ�U½¦¾ü�uÑS��ÚS��±Âñ§�´ùp·�éü�

ØÓ«mþuÑÃ¡È©�Ú´r�½Â�uÑ�"¤

���Ù(�·�g���¯KµQ,ê�?ê
∑∞

n=1 f(n)Âñ�±íÑlimn→∞ f(n) =

0§@oÃ¡È©
∫ +∞
1 f(x)dxÂñUØUíÑlimx→+∞ f(x) = 0Qº�Y´Ä½�"~

X·��±�E[1.+∞)�©ã¼ê

f(x) =


n2
(
x− n+ 1

n2

)
, x ∈

[
n− 1

n2 , n
]
, n ∈ Z, n ≥ 2,

−n2
(
x− n− 1

n2

)
, x ∈

(
n, n+ 1

n2

]
, n ∈ Z, n ≥ 2,

0 ,Ù¦:.

(9)

Xã¤«§f(x)��u3z���:n ≥ 2NCàå��pÝ�1°Ý� 2
n2�ì�§ì�

�¡È� 1
n2§�XnO�ì��pÝØC°Ý~�§¤±Ã¡È©

∫ +∞
1 f(x)dxÂñ§¿

� ∫ +∞

1
f(x)dx =

∞∑
n=1

1

n2
=
π2

6
, (10)

�´limx→+∞ f(x)uÑ"¢Sþ§��òê�?ê
∑∞

n=1 f(n)ÂñíÑlimn→∞ f(n) =

0�(Øí2�Ã¡È©§I�O\f(x)´üN¼ê�^�µ

½½½nnn 2. XJÃ¡È©
∫ +∞
1 f(x)dxÂñ�f(x)3[1,+∞)üN§@olimx→+∞ f(x) =

0"
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ù�½n�y²����Ö¿K"

×È©�½ÂÚ5�

XJf(x)´[a, b]þ�È§=½È©
∫ b
a f(x)dx´�~È©§@of(x)3[a, b]7Lk

."×××ÈÈÈ©©©�E,´k�4«m[a, b]þ�È©§�´Ù�È¼êf(x)Ø2k."ÙÌ�

A:´�È¼êf(x)3à:x = a?vk½Â§¿�f(x)3x → a+ 0�Ã.§ù¦��

È¼êf(x)3�~½È©�À�pØ�È§Ï�iùÚ�\ÈÂ�aNCÃ.5�K�

��
uÑ"d�:x = a�¡�×××:::"×È©�´ÏL�~È©�üý4�½Â�∫ b

a
f(x)dx = lim

X→a+0

∫ b

X
f(x)dx. (11)

'u×È©�n)k�«~��Ø)µ·�þþQ²O�LÈ©
∫ 1
0 x lnxdx§�È

¼êx lnx�,3(0, 1]ëY§�´3:x = 0ØU½Â§d�x = 0´Ø´×:Qº�Y

´Ä½�§Ï��â4�limx→0+0 x lnx = 0§XJ·�ò(0, 1]þ��È¼êx lnxÖ¿

:x = 0?½Â�

f̃(x) =

x lnx , x ∈ (0, 1],

0 , x = 0.
(12)

Ò��
f̃(x)´3[0, 1]ëY�¼ê§Ïd
∫ 1
0 f(x)dx´�~È©"ÄÙ�Ï§´×È

©
∫ b
a f(x)dxØ=�¦3×:x = a?�È¼êØU½Â§��¦x→ a+ 0��È¼êÃ

.§ù¦�·�Ã{ÏLéx = a:Ö¿½Â��ª���~È©"

��~È©ÚÃ¡È©aq§×È©�AÛ¿Â��±w�4«m[a, b]þ�È¼

êf(x)ã���e¡È§�´Ï�×:NC�È¼êÃ.§¤±E¤f(x)ã�/¤��

eã�Øµ4"

�dcaq§·��,�Ñ�
×È©5N¬×È©�ÂñÚuÑµ

� ~~~fff1.×È©I =
∫ 1
0

1√
x
dx±x = 0�×:§È©´Âñ�§Ù�½Â�

I = lim
X→0+0

∫ 1

X

1√
x

dx = lim
X→0+0

(
2− 2

√
X
)

= 2. (13)

�È¼ê 1√
x
�,3x→ 0 + 0�ªuÃ¡§�´duªuÃ¡��Ý¿Ø´é¯§

�~È©
∫ 1
X

1√
x
dx��¿vk�XX → 0 + 0ªuÃ¡§¦�Ã.¼ê 1√

x
ã�

��e¡ÈéA�×È©k�"

� ~~~fff2.×È©I =
∫ 1
0

1√
x
dx±x = 0�×:§È©´uÑ�§Ï�

I = lim
X→0+0

∫ 1

X

1

x
dx = lim

X→0+0
(− lnX) = +∞. (14)
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�È¼ê 1
x3x → 0 + 0�ªuÃ¡§�ªuÃ¡��Ý¿Âñ×È©��È¼

ê 1√
x
�¯§�~È©

∫ 1
X

1
xdx���XX → 0 + 0ªuÃ¡§ÏdÃ.¼ê 1

xã

���e¡È�ª\È�Ã¡"

� ~~~fff3.×È©I =
∫ 1
0

1
x2

cos
(
1
x

)
dx±x = 0�×:§È©´uÑ�§Ï�

I = lim
X→0+0

∫ 1

X

1

x2
cos

(
1

x

)
dx = lim

X→0+0

(
− sin 1 + sin

(
1

X

))
uÑ. (15)

�È¼ê 1
x2

cos
(
1
x

)
3x→ 0 + 0�ªuÃ¡§�¼ê��E�K��§¦��~È

©�
∫ 1
X

1
x2

cos
(
1
x

)
dx��XX → 0 + 0�E��§Ïd×È©uÑ"

Ïd·��Ñ(Ø§XJ±x = a�×:�×È©
∫ b
a f(x)dxÂñ§I�f(x)3x →

a+ 0�ªuÃ¡��Ý'�ú¶XJ±x = a�×:�×È©
∫ b
a f(x)dxuÑ§Ì��U

��Ï´f(x)3x → a + 0�ªuÃ¡��ÝL¯§½öf(x)3x → a + 0�±�E�K

����ªªuÃ¡"

×È©¿vké�*�ê�?ê)º"×È©�$�5�Ú�ÜOKÑ�±a'Ã

¡È©§ùp�Ñ"

d	�kAaAÏ�×È©I�5¿µ

1.äääkkküüü���×××:::���×××ÈÈÈ©©© XJf(x)3>.:x = a, bÑ´×:§Vý×:�×È©∫ b

a
f(x)dx =

∫ c

a
f(x)dx+

∫ b

c
f(x)dx, (16)

=�uü�üý×:×È©�Ú§Ù¥:c ∈ (a, b)?�"XJü�üý×:×È

©
∫ c
a f(x)dxÚ

∫ b
c f(x)dxÑÂñ§·�¡×È©

∫ b
a f(x)dxÂñ¶XJü�üý×:×È

©
∫ c
a f(x)dxÚ

∫ b
c f(x)dx��k��uÑ§·�¡×È©

∫ b
a f(x)dxuÑ"

2.×××:::333«««mmmSSSÜÜÜ���×××ÈÈÈ©©© �c ∈ [a, b]§XJf(x)3:x = c�×:§×È©½Â�∫ b

a
f(x)dx =

∫ c

a
f(x)dx+

∫ b

c
f(x)dx, (17)

=�uü�üý×:×È©�Ú"XJü�üý×:×È©
∫ c
a f(x)dxÚ

∫ b
c f(x)dxÑÂ

ñ§·�¡×È©
∫ b
a f(x)dxÂñ¶XJü�üý×:×È©

∫ c
a f(x)dxÚ

∫ b
c f(x)dx��

k��uÑ§·�¡×È©
∫ b
a f(x)dxuÑ"

3.ÃÃÃ¡¡¡×××ÈÈÈ©©© XJf(x)3x = a�×:§@oÃ¡×È©½Â�∫ +∞

a
f(x)dx =

∫ c

a
f(x)dx+

∫ +∞

c
f(x)dx, (18)

=�u×È©ÚÃ¡È©�Ú§Ù¥:x ∈ (a,+∞)?�"XJþã�ü�2ÂÈ

©
∫ c
a f(x)dxÚ

∫ +∞
c f(x)dxÑÂñ§·�¡Ã¡×È©

∫ +∞
a f(x)dxÂñ¶XJü�2Â

È©
∫ c
a f(x)dxÚ

∫ +∞
c f(x)dx��k��uÑ§·�¡Ã¡×È©

∫ +∞
a f(x)dxuÑ"
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1.2 Ã¡È©Âñ5��O{

Ã¡È©Ú×È©�Âñ5�O�{�~aq§Ïd·�Ì�?ØÃ¡È©��O

{"Ã¡È©
∫ +∞
1 f(x)dx�Nõ�O{�ê�?ê

∑∞
n=1 f(n)��O{kXéA'X§

AõuÏL'�é'n)"

�OÃ¡È©Âñ5�Ä���{´��O�{§=ÏLO��~È©

�
∫ X
1 f(x)dx�¼ê4�Âñ5���OÃ¡È©Âñ5"

~~~ 1. �ëêp > 0§�äÃ¡È©
∫ +∞
2

dx
x(lnx)p�Âñ5"

©Ûµ�K��È¼êwqE,§�´�~È©
∫ X
2 f(x)dx�±��O�Ñ5"

Proof. ��O��~È©

∫ X

2

dx

x(lnx)p
=


(lnX)1−p

1−p − (ln 2)1−p

1−p , p > 1,

ln lnX − ln ln 2 , p = 1,

1
p−1(ln 2)p−1 − 1

p−1(lnX)p−1 , 0 < p < 1.

(19)

�4�X → +∞§�ÑÃ¡È©
∫ +∞
2

dx
x(lnx)pép ≥ 1uÑ§é0 < p < 1Âñ"

�õ�¹e�~È©
∫ X
1 f(x)dx��ÑØ�O�§Ïd·�I�eãAaØO��

~È©���±�OÃ¡È©Âñ5��{"

Ã¡È©�'��O{

��O{�é�K¼êÃ¡È©
∫ +∞
1 f(x)dx§=�È¼êf(x) ≥ 0éx ∈ [1,+∞)¤

á"duÃ¡È©�Âñ5�È©e�Ã'§Ïd�I�f(x) ≥ 0é,�x ∈ [a,+∞)¤

áÒ��±À��K¼êÃ¡È©,�¦^'��O{"

�f(x)´�K¼ê�§éA�ê�?ê
∑∞

n=1 f(n)´��?ê"��?ê�AÚ�

5�´§ê�?ê
∑∞

n=1 f(n)Âñ�duÜ©ÚS�k.§·�éN´òù�(Øí2

�Ã¡È©þ�µ

½½½nnn 3. ��È¼êf(x) ≥ 0éx ∈ [1,+∞)¤á§@oÃ¡È©
∫ +∞
1 f(x)dxÂñ�¿©

7�^�´'uX ∈ (1,+∞)��~È©¼êI(X) =
∫ X
1 f(x)dx´k.¼ê"

ù��(Øw�·�§éu�È¼ê�K�Ã¡È©ó§Âñ�uÑ�«ON

y3�È¼êf(x)¼ê����§¼ê�'���¼ê�U�)
∫ X
1 f(x)dxÃ.§Ï

��Ã¡È©
∫ +∞
1 f(x)dxuÑ¶¼ê�'��Ï~�±�y

∫ X
1 f(x)dxk.§¦�Ã¡

È©
∫ +∞
1 f(x)dxÂñ"¿��KÃ¡È©

∫ +∞
1 f(x)dxXJuÑ7,È©��+∞§�
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�u��3Ã¡È©n�~f¥�~~~fff1.Ú~~~fff2.��¹§Ø�3~~~fff3.��uÑ��

¹"

þãÏL¼ê�����ÑÂñ5��{='��O{"�ê�?ê�'��O{

aq§Ã¡È©�'��O{�©�Ø�ª.Ú4�.ü«µ

½½½nnn 4. ØØØ���ªªª.... ��È¼êf(x) ≥ 0Úg(x) ≥ 0éx ∈ [1,+∞)¤á§XJ�3ë

êC > 0¦�f(x) ≤ Cg(x)é��x ∈ [1,+∞)¤á§@o

1.XJ
∫ +∞
1 g(x)dxÂñ§@o

∫ +∞
1 f(x)dxÂñ"

2.XJ
∫ +∞
1 f(x)dxuÑ§@o

∫ +∞
1 g(x)dxuÑ"

½½½nnn 5. 444���.... ��È¼êf(x) ≥ 0Úg(x) ≥ 0éx ∈ [1,+∞)¤á§XJ4

�limx→+∞
g(x)
f(x) = c§@o

1.XJc´�¢ê§@o
∫ +∞
1 f(x)dxÚ

∫ +∞
1 g(x)dxäk�Ó�ñÑ5"

2.XJc = 0§@o
∫ +∞
1 f(x)dxÂñ%¹

∫ +∞
1 g(x)dxÂñ§

∫ +∞
1 g(x)dxuÑ%¹

∫ +∞
1 f(x)dxu

Ñ"

3.XJc = +∞§@o
∫ +∞
1 f(x)dxuÑ%¹

∫ +∞
1 g(x)dxuSS§

∫ +∞
1 g(x)dxÂñ%

¹
∫ +∞
1 f(x)dxÂñ"

�ê�?ê�'��O{aq§Ã¡È©�'��O{I�·�ÄkÀJÜ·�'

�¼ê§�â'�¼êÃ¡È©�ñÑ5�ÑK8Ã¡È©�ñÑ5"'�~^�'�

¼ê´ ∫ +∞

1

1

xp
dx =

+∞(uÑ) , p ≥ 1,

1
p−1(Âñ) , 0 < p < 1.

(20)

ù��È¼ê�/ ��uê�?ê¥�p?ê"d	§~1¥�Ã¡È©
∫ +∞
2

dx
x(lnx)p�

~~��'�¼êÑy"

~~~ 2. �ëêp > 0§�äÃ¡È©
∫ +∞
1 x

(
1− cos 1

x

)p
dx�Âñ5"

©Ûµ�K��È¼ê�K�2ÂÈ©§�x→ +∞��È¼êx
(
1− cos 1

x

)p
´Ã

¡�þ§æ^�dÃ¡���{ÀJÜ·��È¼ê�OÃ¡È©Âñ5"

Proof. du

x

(
1− cos

1

x

)p
= 2px

(
sin

1

2x

)2p

(21)

�â�dÃ¡��{

lim
x→+∞

x
(
1− cos 1

x

)p
1

x2p−1

=
1

2p
, (22)

d'��O{�§�p > 1�Ã¡È©Âñ§�0 < p ≤ 1�Ã¡È©uÑ"
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ã 3: ¼ê sinx
x �«¿ã"È©

∫ +∞
0

sinx
x dx\È¡È�§y¶±e\ÈK¡È§y¶±þ

\È�¡È¶È©
∫ +∞
0

| sinx|
x dxK3z�¬Ñ\È�¡È"

���J�´§ê�?ê�D’Alembert�O{ÚCauchy�O{Ã{í2�Ã¡È

©§Ï�ùü��O{|^
S��lÑ5í�§éuëY½Â�¼êØ·^"

ýéÂñÚ^�Âñ

XJê�?ê
∑∞

n=1 f(n)Ø´��?ê§�´ýé�?ê
∑∞

n=1 |f(n)|Âñ§·�

¡�ê�?ê
∑∞

n=1 f(n)ýéÂñ§ýéÂñ%¹
ê�?êÂñ"éuÃ¡È

©
∫ +∞
1 f(x)dx§ýýýéééÂÂÂñññ½Â�ýé�È©

∫ +∞
1 |f(x)|dxÂñ§¿�2ÂÈ©ýéÂ

ñÓ��±íÑÂñ"XJýé�È©
∫ +∞
1 |f(x)|dxuÑ

∫ +∞
1 f(x)dxÂñ§¡�^̂̂

���ÂÂÂñññ"

·�Þü�~f5wÃ¡È©ýéÂñÚ^�Âñ�AÛ¿Â§ùü�Ã¡È©Â

ñ5��O��Y~4"

� ~~~fff1. Ã¡È©
∫ +∞
1

sinx
x2

dx´ýéÂñ�§=È©
∫ +∞
1

sinx
x2

dxÚ
∫ +∞
1

| sinx|
x2

dxþ

Âñ"
∫ +∞
1

| sinx|
x2

dx��uòã¥ ux¶þe���¡ÈÑ\å5§
∫ +∞
1

sinx
x2

dx�

�ux¶þe���¡ÈUì �þe-�"w,§XJ
∫ +∞
1

| sinx|
x2

dx�L�¡È

oÚÂñ§@oþe-��¡ÈÚ
∫ +∞
1

sinx
x2

dxÂñ"ù`²ýéÂñ%¹^�Â

ñ"

� ~~~fff2. Ã¡È©
∫ +∞
1

sinx
x dx´^�Âñ�§=È©

∫ +∞
1

sinx
x dxÂñ

∫ +∞
1

| sinx|
x dxu

Ñ"aqn)Ã¡È©�AÛ¿Â§
∫ +∞
1

| sinx|
x dx�L�¡ÈoÚ�,\È�Ã

¡§�´þe-��¡ÈÚ
∫ +∞
1

sinx
x dx%�±Âñ§ùNy
^�Âñ�d�"

l)K�Ýó§duýéÂñ%¹Âñ§3�OÃ¡È©Âñ5�§Ak�Oý

éÂñ5§XJÈ©ØýéÂñ§2�	È©´Ä^�Âñ"

~~~ 3. �äÃ¡È©
∫ +∞
1

cosx sin( 1
x)

x dx�Âñ5"
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©Ûµ·�AÄk©Ûýé�È©
∫ +∞
1

∣∣∣∣ cosx sin( 1
x)

x

∣∣∣∣dxÂñ5"3æ^'��O
{�§ducosx3xé����K��§sin

(
1
x

)
3xé���Ã¡�þ§·�ÀJ

écosx�� "

Proof. ©Ûýé�È©
∫ +∞
1

∣∣∣∣ cosx sin( 1
x)

x

∣∣∣∣dxÂñ5§�� ∣∣∣∣∣cosx sin
(
1
x

)
x

∣∣∣∣∣ ≤ 1

x
sin

(
1

x

)
. (23)

·���k
∫ +∞
1

1
x sin

(
1
x

)
ÂñÒk

∫ +∞
1

∣∣∣∣ cosx sin( 1
x)

x

∣∣∣∣ dxÂñ"|^�dÃ¡�^�
lim

x→+∞

1
x sin

(
1
x

)
1
x2

= 1. (24)

d
∫ +∞
1

dx
x2
Âñ�

∫ +∞
1

1
x sin

(
1
x

)
Âñ§¤±Ã¡È©

∫ +∞
1

cosx sin( 1
x)

x dxýéÂñ"

ùpI�AO5¿�´§dux → +∞� 1
x´Ã¡�þ§¤±

1
x�sin

(
1
x

)
´�dÃ

¡�þ"�x→ +∞�§sinxÚcosx�E��§¤±Ø´Ã¡�þ"3©ÛL§¥§

�Õ�'5�È¼ê�/ª¦^�dÃ¡��{�Ñ
x→ +∞�^�"

Ã¡È©�Dirichlet-Abel�O{

XJ�È¼êØ´�K¼ê§·�Ï~¦^Dirichlet-Abel�O{�äÃ¡È

©�Âñ5"�ê�?êaq§·�I�òÃ¡È©��
∫ +∞
1 a(x)b(x)dx§�â©

a(x)Úb(x)�gäk�5��±�ÑÃ¡È©
∫ +∞
1 a(x)b(x)dx�Âñ5"·�o(3

L�p"

�dcaq§·��ÑÃ¡È©�Dirichlet-Abel�O{�A:º¦

� �éÃ¡È©
∫ +∞
1 f(x)dx¦^Dirichlet-Abel�O{§AÄkò�È¼ê3½Â�

þ©�¦Èf(x) = a(x)b(x)"

� Dirichlet�O{��Abel�O{§éb(x)��¦�$�éa(x)��¦�p"

� éuDirichlet�O{§·�Ï~ÀJa(x) = sin(px)£ëêp 6= 0¤½a(x) =

cos(px)£ëêp > 0¤¦��~È©¼êI(X) =
∫ X
1 b(x)dxk.¶éuAbel�

O{§·�Ï~ÀJb(x) = 1
xp½b(x) = 1

x(lnx)p£ëêþ�p > 1¤½´Ù¦K8¥

�½�ÂñÃ¡È©��È¼êb(x)§¦�Ã¡È©
∫ +∞
1 b(x)dxÂñ"

e¡·�5w���~²;�~K§§´��~K�í2µ

10



Dirichlet�O{ Abel�O{

a(x)�5� a(x)üN�limx→+∞ a(x) = 0 a(x)üN��k.

b(x)�5� �~È©I(X) =
∫ X
1 b(x)dx'uXk. Ã¡È©

∫ +∞
1 b(x)dxÂñ

(Ø
∫ +∞
1 a(x)b(x)dxÂñ

∫ +∞
1 a(x)b(x)dxÂñ

~~~ 4. ëêp, q > 0§?ØÃ¡È©
∫ +∞
1

sin px
xq dx�Âñ5ÚýéÂñ5"

©Ûµ�K�Âñ5Ü©��¦^Dirichlet�O{=�y²¶ýéÂñ5ÚØý

éÂñÜ©KI�|^'��O{ÚAÏ�E|"�K��{�ê�?êÜ©�~

K
∑∞

n=1
sin pn
nq Âñ5�O����§ïÆé'ÆS"

Proof. �
y²�^�5§·�k�ÄÃ¡È©
∫ +∞
1

sin px
xq dx�Âñ5"^Dirichlet�

O{§�a(x) = 1
xqÂñu0�üN4~§b(x) = sin px��~È©È©I(X) =∫ X

1 sin pxdx = cos pX−cos p
p k.§¤±é��p, q > 0þkÃ¡È©

∫ +∞
1

sin px
xq dxÂñ"

2�ÄýéÂñ5§=2ÂÈ©
∫ +∞
1

| sin px|
xq dx�Âñ5"·�5¿��È¼

ê | sin px|xq 3x→ +∞�þ?Ì�d©1 1
xqû½§·�ßÿÂñ5�©.�´q = 1"

�q > 1�§·�^'��O{y²Âñ5

| sin px|
xq

≤ 1

xq
. (25)

d
∫ +∞
1

1
xq dxÂñíÑ

∫ +∞
1

| sin px|
xq dxÂñ"

�q ≤ 1�§Ã¡È©
∫ +∞
1

| sin px|
xq dxuÑ�y²'�æ�"·�Äké�È¼ê?

1� 
| sin px|
xq

≥ sin2 px

xq
=

1

2xq
− cos 2px

2xq
. (26)

�âDirichlet�O{�±y²
∫ +∞
1

cos 2px
2xq dxÂñ§Ã¡È©

∫ +∞
1

dx
xquÑ§¤±Ã¡

È©
∫ +∞
1

sin2 px
xq dxuÑ",��¡§�È¼ê sin2 px

xq Ú
| sin px|
xq Ñ�K§�â'��O{

�¡È©
∫ +∞
1

| sin px|
xq dxuÑ"

nþ§q > 1�Ã¡È©
∫ +∞
1

sin px
xq dxýéÂñ§q ≤ 1�Ã¡È©

∫ +∞
1

sin px
xq dx^�

Âñ"

�p = q = 1¿òÈ©«mU�[0,+∞)§~4�Ã¡È©¡�DirichletÈ©µ

I =

∫ +∞

0

sinx

x
dx. (27)

5¿��È¼ê sinx
x �,3x = 0vk½Â§�´dulimx→0+0

sinx
x = 1§¤±x = 0Ø

´DirichletÈ©×:"3~4�©Û¥§·���DirichletÈ©^�Âñ�(Ø",�
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�¡§�,�È¼ê sinx
x ��¼êØ´{ü¼ê§Ïd·�Ã{ÏLNewton-Leibnizú

ªO�DirichletÈ©��§�´·�%�±ÏL�Y�¹ëCþÈ©��{î�y

²DiricletÈ©���I = π
2"DirichletÈ©�O�´e�Ù�:"

×È©Âñ5��O{

×È©��±aq/íÑ'��O{ÚDirichlet-Abel�O{"3é×È©¦^'

��O{�§~^�'�¼ê´±0�×:��È¼êµ

∫ +∞

1

1

xp
dx =


1
p−1(Âñ) , 0 < p ≤ 1,

+∞(uÑ) , p > 1.
(28)

du�È¼êþ±x = 0�×:§�·��Ä×:�x = 0�×È©�§~~¦^���

�{ò×:é�x = 0?"e¡�~K·�ò0�ù��{µ

~~~ 5. �ëêp, q > 0§?Ø×È©
∫ π

2
0

dx
sinp x cosq x�Âñ5"

©Ûµ�Kk0Úπ
2ü�×:§��È¼ê��K¼ê"·�ATéü�×:©

O^'��O{?Ø×È©
∫ π

4
0

dx
sinp x cosq xÚ×È©

∫ π
2
π
4

dx
sinp x cosq x�Âñ5"3?Ø×È

©
∫ π

2
π
4

dx
sinp x cosq x�Âñ5�§du×:Ø´0§¤±�±æ^����{kò×:z

�0"

Proof. Äk�Ä×:0�×È©
∫ π

4
0

dx
sinp x cosq x"�x→ 0 + 0�cosx→ 1§¿ØK��È

¼ê�þ?§·�ésinxÜ©^�dÃ¡���µ

lim
x→0+0

1
sinp x cosq x

1
xp

= 1, (29)

Ïdp < 1�×È©
∫ π

4
0

dx
sinp x cosq xÂñ§p ≥ 1�×È©

∫ π
4
0

dx
sinp x cosq xuÑ"

�X�Ä×:π
2�×È©

∫ π
2
π
4

dx
sinp x cosq x§�
ò×:=z�0·����y = π

2 −x�

� ∫ π
2

π
4

dx

sinp x cosq x
=

∫ π
4

0

dy

sinp
(
π
2 − y

)
cosq

(
π
2 − y

) =

∫ π
4

0

dy

sinq y cosp y
. (30)

Ïdq < 1�×È©
∫ π

2
π
4

dx
sinp x cosq xÂñ§q ≥ 1�×È©

∫ π
2
π
4

dx
sinp x cosq xuÑ"

nþ§p, q < 1�2ÂÈ©Âñ§Ù{�¹uÑ"

1.3 2ÂÈ©��O�

éu2ÂÈ©ó§Ø
�äÙÂñ5§·���
)XÛO�2ÂÈ©��"�

)DirichletÈ©
∫∞
0

sinx
x dx3S�Nõ2ÂÈ©§�È¼ê��¼ê�,Ø´Ð�¼ê
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ÏNewton-Leibnizúª��§·�%�±¦^�
�áu2ÂÈ©�AÏO��{O

�Ù�"·�3�!¥òo(ù
/áu2ÂÈ©0�AÏ�{§ù
�{ò´¹ëC

þÈ©ÚFp�?êÜ©�ïÄ:"

Ã¡È©���{Ú©ÜÈ©{

3d�c§·�kò½È©�~^�O�óäµ��{Ú©ÜÈ©{í2�Ã¡È

©þ"3×È©�í2�´aq�ùp�Ñ"�!þ�ÄÃ¡È©
∫ +∞
1 f(x)dx"

·�kl�Ä��Newton-Leibnizúª5w"XJf(x)äk�¼êF (x)£5µ�¼

êØ�½´Ð�¼ê�´�½�3¤§@o�â½Â∫ +∞

1
f(x)dx = lim

X→+∞

∫ X

1
f(x)dx = lim

X→+∞
(F (X)− F (1)) = F (+∞)− F (1). (31)

ùpF (+∞)�L4�limX→+∞ F (X)§��u�¼êF3+∞:�/¼ê�0"Ïdé

u�{ü�Ã¡È©§·��±ÏLí2�Newton-Leibnizúª5O�Ù�"

ù«^4�O�/Ã¡�:0¼ê���{§�±í2�Ã¡È©���{Ú©Ü

È©¥§·�e¡©O?Øµ

IéuÃ¡È©·��,�±í2��{"·�b�ϕ(t)3[α, β)½Â���§÷v

a = ϕ(α) 6 ϕ(t) 6 lim
t→β−0

ϕ(t) = +∞, (32)

�tdαCz�β´¼ê�ϕ(t)©ª3[a,+∞)Cz£~^��¹´ϕ(t)üN§d�ù�^

�¤á¤"d���úª¤á∫ +∞

a
f(x)dx =

∫ β

α
f(ϕ(t))ϕ′(t)dt. (33)

�±w�§���~È©���{§Ã¡È©���{���«OÒ´§3ïá«

m[α, β]�«m[a,+∞)�éA�§«m�>.βéA�Ã¡�:ϕ(β) = +∞"3úª�

^�Ú/ªþ§Ã¡È©Ú�~È©OÃ��"

IéuÃ¡È©·��,�±í2©ÜÈ©{§·�b�¼êu(x)Úv(x)3[a,+∞)�

�§k©ÜÈ©úª∫ +∞

a
u(x)v′(x)dx = u(x)v(x)|+∞a −

∫ +∞

a
u′(x)v(x)dx, (34)

Ù¥u(x)v(x)3Ã¡?¼ê�d4�½Â

u(+∞)v(+∞) , lim
x→+∞

u(x)v(x), (35)

XJd4�Ø�3§KØU¦^þã©ÜÈ©úª"���~È©���{§Ã¡È©

�©ÜÈ©{���«O´^u(x)v(x)�4�O�Ã¡�:�¼ê�"
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��{�����^§´�±ò×È©=z�Ã¡È©"�Ä±0�×:�×È

©
∫ b
0 f(x)dx§A^��y = 1

x�∫ b

0
f(x)dx =

∫ +∞

b−1

1

y2
f

(
1

y

)
dy. (36)

Ïd×È©ÚÃ¡È©��´�Ó�"

��{Ú©ÜÈ©{��3¦�·��±�LO��¼ê�E,Ú½§¯�O�Ã

¡È©��"·�©Owü�~Kµ

~~~ 6. �ëêp > 0§O�e�Ã¡È©��
∫ +∞
0

dx
(1+x2)(1+xp)

"

©Ûµ�K´�~²;�Ã¡È©O�K§�Ä��©'Xd(arctanx) = dx
1+x2
§

^��y = arctanx�±òÃ¡È©=z��~È©§,�|^é¡5¦)"

Proof. (Üªfp 1
1+x2
�§���y = arctanx��∫ +∞

0

dx

(1 + x2) (1 + xp)
=

∫ π
2

0

dy

1 + tanp y
. (37)

�����~È©"·��±^é¡��{§éÈ©UY��z = π
2 − y��∫ π

2

0

dy

1 + tanp y
=

∫ π
2

0

dz

1 + tanp
(
π
2 − z

)
=

∫ π
2

0

tanp z

1 + tanp z
dz =

π

2
−
∫ π

2

0

dz

1 + tanp z
. (38)

dd ∫ +∞

0

dx

(1 + x2) (1 + xp)
=

∫ π
2

0

dy

1 + tanp y
=
π

4
. (39)

~~~ 7. O�Ã¡È©
∫ +∞
1

arctanx
x3

dx"

©Ûµ3ÆS½È©�·�J�L§¹arctanx��n�¼ê��È©´�~·Ü

^©ÜÈ©{¦)z{�"

Proof. 3©ÜÈ©L�ª(34)�u(x) = arctanxÚv(x) = − 1
2x2
^©ÜÈ©{∫ +∞

1

arctanx

x3
dx = − arctanx

2x2

∣∣∣∣+∞
1

+

∫ +∞

1

1

2x2(1 + x2)
dx. (40)

5¿�4�limx→+∞
arctanx
x2

= 0kd

− arctanx

2x2

∣∣∣∣+∞
1

=
π

8
. (41)
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,��¡ ∫ +∞

1

1

2x2(1 + x2)
dx =

∫ +∞

1

dx

2x2
−
∫ +∞

1

dx

2(1 + x2)

=
1

2

(
−1

x
− arctanx

)∣∣∣∣+∞
1

=
1

2
− π

8
. (42)

dd ∫ +∞

1

arctanx

x3
dx =

π

8
+

(
1

2
− π

8

)
=

1

2
. (43)

2ÂÈ©��O�g´

E,2ÂÈ©�O�´é���K§�½3p�êÆ��S§����{kA

«µ

� ���������¼¼¼êêêOOO���{{{. ��¦Ñ�È¼ê��¼ê§|^2ÂÈ©�Newton-

LiebnizúªO�"

� ������{{{. |^��{ò2ÂÈ©=z��~È©½Ù¦N´O��2ÂÈ©§,

�æ^�~È©�O��{½Ù¦�{O�"Xdc�~K6Ò´da�{"

� ©©©ÜÜÜÈÈÈ©©©{{{. |^©ÜÈ©{z{2ÂÈ©O�"Xdc�~K7Ò´da�{"

� AAAÏÏÏÈÈÈ©©©{{{. ���ü�AÏÈ©´GaussÈ©
∫∞
0 e−x

2
dx =

√
π
2 ÚDirichletÈ

©
∫∞
0

sinx
x dx = π

2§ÏL��{Ú©ÜÈ©{ò2ÂÈ©=z�AÏÈ©|^®�

(JO�"�¡�~K8Ò´da�{"

� ¹¹¹ëëëCCCþþþÈÈÈ©©©{{{. ÏLò2ÂÈ©��È¼êL��¹ëCþÈ©½¹ëCþÃ

¡È©�/ª§�±^¹ëCþÈ©�D4È©5�O�2ÂÈ©��"e�Ù

¹ëCþÈ©Ü©¬:?Ød�{"

� B¼¼¼êêêÚÚÚΓ¼¼¼êêê���{{{. |^B¼êÚΓ¼ê�5�O�È©"e�Ù¹ëCþÈ©

Ü©¬:?Ød�{"

GaussÈ©�5�

ù�!·�lî�/Ã¡È©�Ý5£8GaussÈ©"GaussÈ©´�Ã¡È©∫ +∞

0
e−x

2
dx =

√
π

2
, (44)

Ù¥éN´�y�ýÃ¡È©´Âñ�"�âé¡5�k∫ +∞

−∞
e−x

2
dx =

√
π. (45)
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�DirichletÈ©aq§GaussÈ©�È¼êe−x
2
��¼êØ´Ð�¼ê§·�´ÏL

È©��{O�GaussÈ©���µ(∫ +∞

0
e−x

2
dx

)2

=

(∫ +∞

0
e−x

2
dx

)(∫ +∞

0
e−y

2
dy

)
=

∫∫
[0,+∞)×[0,+∞)

e−x
2−y2dxdy

=

∫ π
2

0

(∫ +∞

0
re−r

2
dr

)
dθ =

π

4
. (46)

·�Ø
�ÝºGaussÈ©��§�I�ÝºÏL��{Ú©ÜÈ©{òÈ©=z

�GaussÈ©O���{"¢Sþ§�È¼ê�e��êþ��gõ�ª�2ÂÈ©Ñ

�±ÏL��{=z�GaussÈ©"�ëêa´�¢ê§bÚc´¢ê§·��±O�È

©
∫∞
−∞ e−ax

2+bx+cdx��µ£5µXJa < 02ÂÈ©ØÂñ§¤±7Lb�a > 0¤∫ +∞

−∞
e−ax

2+bx+cdx =

∫ +∞

−∞
exp

[
−a
(
x− b

2a

)2

+

(
c+

b2

4a

)]
dx

= ec+
b2

4a

∫ +∞

−∞
exp

[
−a
(
x− b

2a

)2
]

dx

= ec+
b2

4a

∫ +∞

−∞

exp
(
t2
)

√
a

dt£��t =
√
ax+

b

2
√
a
¤

=

√
π

a
ec+

b2

4a . (47)

þãÃ¡È©���{z/ª´∫ +∞

−∞
e−a(x−µ)

2
dx =

√
π

a
.£��t =

√
a(x− µ)¤ (48)

3VÇÆ¥§äkXe�Ý¼ê��ÅCþ�¡�ÑÑÑlll������©©©ÙÙÙ£�¡Gauss©

Ù¤µ

p(x) =
1√

2πσ2
exp

(
−(x− µ)2

2σ2

)
. (49)

�âª(48)k
∫ +∞
−∞ p(x)dx = 1§ù`²þã½Â���©Ù�Ý¼ê´ÎÜ8�z^�

�"��©Ù´g,.�ÊH�3�äk�X{�Å5�VÇ©Ù§~X©fÃ5K$

ÄWeinerL§£�¡ÙK$Ä¤�±w��X���©Ù��müC�(J"3�Y�

~K¥·�¬O���©Ù�êÆÏ"´

EX =

∫ ∞
−∞

xp(x)dx = µ, (50)

±9��

var(X) =

∫ ∞
−∞

(x− µ)2p(x)dx = σ2. (51)

�ó�§�½êÆÏ"µÚ��σ2Ò�±(½����©Ù�Ý¼ê"
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~~~ 8. �ëêµ, σ > 0§¼êp(x)Xª(49)½Â§O�e�È©µ

1.I1 =
∫∞
−∞(x− µ)2p(x)dx"

2.I2 =
∫∞
−∞ xp(x)dx"

3.I3 =
∫∞
−∞ |x− µ|p(x)dx

©Ûµ�K�GaussÈ©�'�O�K§ÏL��{Ú©ÜÈ©òK8¥�È©=

z�GaussÈ©O�"

Proof. 1.�Ä�p(x)�êª�E,5§·�ÄkÏL��y = x−µ√
2σ2
z{¯Kµ

I1 =
1√
2πσ

∫ +∞

−∞
(x− µ)2e−

(x−µ)2

2σ2 dx =
2σ2√
π

∫ +∞

−∞
y2e−y

2
dy, (52)

�
òÈ©
∫ +∞
−∞ y2e−y

2
dy=z�GaussÈ©§·���Ø½È©¥Xe�©ÜÈ©g´∫

x2e−x
2
dx = −

∫
x

2
d
(

e−x
2
)

= −xe−x
2

2
+

1

2

∫
e−x

2
dx. (53)

A^uÃ¡È©��∫ +∞

−∞
y2e−y

2
dy = − ye−y

2

2

∣∣∣∣∣
y=+∞

y=−∞

+
1

2

∫ +∞

−∞
e−y

2
dy =

√
π

2
, (54)

Ù¥4�limy→∞ ye−y
2

= 0"ÏdÃ¡È©

I1 =
2σ2√
π

∫ +∞

−∞
y2e−y

2
dy = σ2. (55)

2.·��,ÏL��y = x−µ√
2σ2
z{Ã¡È©µ

I2 =
1√
2πσ

∫ +∞

−∞
xe−

(x−µ)2

2σ2 dx

=
1√
π

∫ +∞

−∞

(√
2σ2y + µ

)
e−y

2
dy

=

√
2σ√
π

∫ +∞

−∞
ye−y

2
dy +

µ√
π

∫ +∞

−∞
e−y

2
dy. (56)

�âé¡5
∫ +∞
−∞ ye−y

2
dy = 0§¤±I2 = µ"

3.·��´ÏL��y = x−µ√
2σ2
z{Ã¡È©§©OO�x > µÚx < µÜ©µ

1√
2πσ

∫ +∞

µ
(x− µ)e−

(x−µ)2

2σ2 dx =

√
2σ√
π

∫ +∞

0
ye−y

2
dy =

√
2σ√
π

(
−e−y

2

2

)∣∣∣∣∣
y=+∞

y=0

=
σ√
2π
.

(57)

Ón£½|^é¡5¤�k

1√
2πσ

∫ µ

−∞
(µ− x)e−

(x−µ)2

2σ2 dx =
σ√
2π
. (58)

ÏdI3 =
√
2σ√
π
"
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2 ²;SK

2.1 ~K

KKK 1. �ëêp > 0§?Ø2ÂÈ©
∫ +∞
0

ln(1+x)
xp dx�Âñ5"

©Ûµ�K�Ã¡È©§��p > 1�x = 0�×:§�Aò2ÂÈ©©�Ã¡

È©
∫ +∞
1

ln(1+x)
xp dxÚ×È©

∫ 1
0

ln(1+x)
xp dx?Ø"du�È¼êð�K§�æ^'��O

{"duéê���3§�K3Ã¡È©Ü©�?Ø�{Ú¹éê�ê�?ê¯Ké

�"

Proof. k�ÄÃ¡È©
∫ +∞
1

ln(1+x)
xp dx"�x → +∞�§�È¼ê ln(1+x)

xp �þ?Ì�d

©1û½§Ïd·�ßÿÂñÚuÑ�©.��´p = 1"éup > 1��¹§·��ë

ê1 < r < p?Ø4�

lim
x→+∞

ln(1+x)
xp

1
xr

= lim
x→+∞

ln(1 + x)

xp−r
= 0, (59)

duÃ¡È©
∫ +∞
1

1
xr dxÂñ§ÏdÃ¡È©

∫ +∞
1

ln(1+x)
xp dxÂñ¶éup ≤ 1��¹§�

Ä

lim
x→+∞

ln(1+x)
xp

1
x

= lim
x→+∞

x1−p ln(1 + x) = +∞, (60)

duÃ¡È©
∫ +∞
1

1
xdxuÑ§ÏdÃ¡È©

∫ +∞
1

ln(1+x)
xp dxuÑ"

2�Ä×È©
∫ 1
0

ln(1+x)
xp dx§�â�dÃ¡�ln(1 + x) ∼ x(x→ 0)k

lim
x→0+0

ln(1+x)
xp

1
xp−1

= 1, (61)

Ïd�p ≥ 2�d
∫ 1
0

1
xp−1 dxuÑ�

∫ 1
0

ln(1+x)
xp dxuÑ¶�p < 2d

∫ 1
0

1
xp−1 dxÂñ�

∫ 1
0

ln(1+x)
xp dxÂ

ñ"lùp·���±w��kp > 1�x = 0â´×:"

nþ§2ÂÈ©
∫ +∞
0

ln(1+x)
xp dx31 < p < 2Âñ§Ù{�¹uÑ"

KKK 2. �f´[0,+∞)þ�ëY¼ê§½Âf�LaplaceC��

L(s) =

∫ +∞

0
e−sxf(x)dx. (62)

XJéus0 > 0Ã¡È©L(s0)Âñ§y²µé��s > s0Ã¡È©L(s)Âñ"

©Ûµ�
|^L(s0)Âñ^�§·�éL(s)©�È¼ê¿¦^Abel�O{"
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Proof. ·�òL(s)��

L(s) =

∫ +∞

0
e−(s−s0)x

(
e−s0xf(x)

)
dx. (63)

^Abel�O{§�a(x) = e−(s−s0)xÚb(x) = e−s0xf(x)"�ya(x)´[0,+∞)þüN4~

��Kk.¼ê§b(x)K÷vÈ©
∫ +∞
0 b(x)dxÂñ"¤±L(s)Âñ"

KKK 3. é��x ∈ (0,+∞)§½ÂCþ�×È©¼êF (x) =
∫ x
0

1
t sin 1

tdt§£�e�¯K

1.y²é��x ∈ (0,+∞)F (x)þÂñ"

2.XJÖ¿½ÂF (0) = 0§?ØF (x)3:x = 0´Ä��"

©Ûµ�K�×È©Âñ5¦^Dirichlet�O{´ØJy²�"Ò?Øù«�È

¼êpª���×È©ó§¦^©ÜÈ©��{=z¼êF (x)�/ª´é��

�{"��K�È¼ê1
t sin 1

t3t → 0 + 0k'�4�5�§�±ë�þþùÂ¦�

�Ù"d	§XJú�×È©J±?n§�±^��w = 1
tò×È©=z�Ã¡È

©
∫ x
0

1
t sin 1

tdt =
∫ +∞
x−1

sinw
w dw?n"

Proof. 1.�
¦^Dirichlet�O{§�a(t) = tÚb(t) = 1
t2

sin 1
t§dda(t)3(0, x)´ü

N¼ê�limt→0+0 t = 0¶b(t)��~È©k�§=é��y ∈ (0, x)k∣∣∣∣∫ x

y

1

t2
sin

1

t
dt

∣∣∣∣ =

∣∣∣∣cos
1

x
− cos

1

y

∣∣∣∣ ≤ 2. (64)

^×È©�Dirichle�O{§d1
t sin 1

t = a(t)b(t)�×È©F (x) =
∫ x
0

1
t sin 1

tdtÂñ"

2.?ØF (x)�3x = 0���5"éuëY¼êg��~È©�C�È©G(x) =∫ x
0 g(t)dt§·�kG′(0) = g(0)"XJ�È¼êg(t)3t = 0ØëY½/¤×:§(

ØG′(0) = g(0)ÒØ¤á"�K�È¼ê1
t sin 1

t3:t = 0�×:§w,ØU���

ÑF (x)3x = 0���(Ø"·�I�A^©ÜÈ©��{C/"

5¿�È©'Xªd
(
cos 1

t

)
= 1

t2
sin 1

tk∫ x

0

1

t
sin

1

t
dt = t cos

1

t

∣∣∣∣t=x
t=0

−
∫ x

0
cos

1

t
dt = x cos

1

x
−
∫ x

0
cos

1

t
dt. (65)

ùp¦^4�limt→0+0 t cos 1
t = 0"d�È©

∫ x
0 cos 1

tdt¥t = 0�,Ø´×:§�

´�È¼êcos 1
t3t = 0ØëY£1�amä:¤"·�2��g©ÜÈ©§|

^d
(
sin 1

t

)
= − 1

t2
cos 1

t��∫ x

0
cos

1

t
dt = − t2 sin

1

t

∣∣∣∣t=x
t=0

+ 2

∫ x

0
t sin

1

t
dt = −x2 sin

1

x
+ 2

∫ x

0
t sin

1

t
dt. (66)

dd

F (x) = x cos
1

x
+ x2 sin

1

x
− 2

∫ x

0
t sin

1

t
dt. (67)
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d�È©
∫ x
0 t sin 1

tdt´�~È©§��È¼ê3:t = 0ëY"·�©O¦^�ê�½Â

O�n�30��ê

d

dx

(
x cos

1

x

)∣∣∣∣
x=0

= lim
x→0+0

cos
1

x
uÑ, (68)

d

dx

(
x2 sin

1

x

)∣∣∣∣
x=0

= lim
x→0+0

x sin
1

x
= 0, (69)

d

dx

(∫ x

0
t sin

1

t
dt cos

1

x

)∣∣∣∣
x=0

= t sin
1

t

∣∣∣∣
t=0

= 0. (70)

(Üþã�F (x)3x = 0Ø��"

KKK 4. 2021SSSGGGpppêêêÏÏÏ"""���ÁÁÁKKK. �f3[0,+∞)ëY§4�f(+∞) = limx→+∞ f(x)�

3�k�§ëêa, b > 0§y²Ã¡È©�ª∫ +∞

0

f(ax)− f(bx)

x
dx = (f(0)− f(+∞)) ln

b

a
. (71)

©Ûµ�K�ýÈ©�Ã¡×È©§´|^��{Ú½È©¥�½n�K8§�{

��'�AÏ§ø� ÓÆmÿÀ�"

Proof. ò�ý�Ã¡È©�¤�~È©4��/ª§�ÄÈ©þe�0 < r < R <

+∞µ∫ +∞

0

f(ax)− f(bx)

x
dx = lim

r→0+0,R→+∞

(∫ R

r

f(ax)

x
dx−

∫ R

r

f(bx)

x
dx

)
. (72)

éü�©O^��{∫ R

r

f(ax)

x
dx =

∫ aR

ar

f(y)

y
dy =

∫ aR

ar

f(x)

x
dx.£��y = ax¤. (73)

Ú ∫ R

r

f(bx)

x
dx =

∫ bR

br

f(y)

y
dy =

∫ bR

br

f(x)

x
dx.£��y = bx¤. (74)

,��\�ª∫ R

r

f(ax)

x
dx−

∫ R

r

f(bx)

x

=

∫ aR

ar

f(x)

x
dx−

∫ bR

br

f(x)

x
dx

=

(∫ br

ar

f(x)

x
dx+

∫ aR

br

f(x)

x
dx

)
−
(∫ aR

br

f(x)

x
dx+

∫ bR

aR

f(x)

x
dx

)
=

∫ br

ar

f(x)

x
dx−

∫ bR

aR

f(x)

x
dx. (75)

éü�È©©O^í2��½È©¥�½n∫ br

ar

f(x)

x
dx = f(ξ1)

∫ br

ar

dx

x
= f(ξ1) ln

b

a
, (76)
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Ù¥ξ1 ∈ (ar, br)§±9∫ bR

aR

f(x)

x
dx = f(ξ2)

∫ bR

aR

dx

x
= f(ξ2) ln

b

a
, (77)

Ù¥ξ2 ∈ (aR, bR)"�\��∫ R

r

f(ax)

x
dx−

∫ R

r

f(bx)

x
=

∫ br

ar

f(x)

x
dx−

∫ bR

aR

f(x)

x
dx = ln

b

a
(f(ξ1)− f(ξ2)) . (78)

,��r → 0 + 0ÚR → +∞§d��âξ1Úξ2�À���ξ1 → 0Úξ2 → +∞§ÒU�

�I��(Ø"

2.2 °ÀÖ¿K

ÖÖÖ 1. O�Ã¡×È©
∫ +∞
0

lnx
1+x2

dx"£J«µ��~K6¤

ÖÖÖ 2. �ëêα > 2§¼êf(x)3[0,+∞)��§�÷v4�^�limx→+∞ f(x) =

0Úlimx→+∞ x
αf ′(x) = −1§¦yµÃ¡È©

∫ +∞
0 f(x)dxÂñ"£J«µ^'��

O{¤

ÖÖÖ 3. �äÃ¡È©
∫ +∞
2

sinx
x lnxdx�Âñ5ÚýéÂñ5"£J«µ��DirichletÈ

©
∫ +∞
1

sinx
x Âñ5�O¤

ÖÖÖ 4. �f(x)´[1,+∞)üNëY¼ê§XJÃ¡È©
∫ +∞
1 f(x)dxÂñ§y²limx→+∞ f(x) =

0"£J«µ�â¼ê4�½ÂA^�y{¤
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