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Äkn)/?êÂñ0�¿Â§,�ÙG?êÂñ5��«�O{"ïÄ?ê´lAÏ

����L§§?ê¥�N´�OÂñ5�´��?ê§'��O{!d’Alembert�O

{��±k��O��?ê�Âñ5"éu��ÊH����?ê§'�AÏ�´��

?ê§^Leibniz�O{����äÜ©��?ê�Âñ5"�������?êKI

�/Ï'�E,�Dirichlet-Abel�O{"XJþã�{�Ø·^§ùI�(Ü?ê�

äNA:¦^Âñ5�½Â½´�ÜOKïÄ"

�
=©5Pµd’Alembert�O{£�K���O{¤!Raabe�O{£.

CË�O{¤!Cauchy�O{£�Ü�O{¤!Leibniz�O{£4ÙZ]�O

{¤!Dirichlet-Abel�O{£)|�X-C���O{¤"�O{¦^=©¶X�

<r½w"

1.1 ê�?ê�Vg

éÂñ5�n)

�½S�{an}∞n=1§½ÂS�cn��Ú�ÜÜÜ©©©ÚÚÚ

Sn =

n∑
k=1

ak. (1)

·�¡Ü©Ú�¤�S�{Sn}∞n=1�¤�S��êêê���???êêê§{P�
∑∞

n=1 an"ê�?ê

���Vg´Âñ5§ê�?ê
∑∞

n=1 anÂñ5�½Â�Ü©ÚS�{Sn}∞n=1�Â
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ñ5§XJÜ©ÚS�Âñ§·�½Â

∞∑
n=1

an = lim
n→∞

Sn. (2)

·�£ÁS��Âñ5§Ù�*¹Â´S���,����/à 01�"@oé

u?êó§Ü©Ú�0à /´'�J�*n)�"�d·�5wü�~fµ

~~~fff1. �'S�an = 1
2n§d�'S�¦ÚúªSn = 1− 1

2n§¤±limn→∞ Sn = 1§u

´?ê
∑∞

n=1 anÂñ§¿�
∑∞

n=1 an = 1"éuù�?ê§�XnO�§S�an��Åì

~�§¦�Ü©ÚS�Sn�\ÈþÅì~�§�ªS�{Sn}∞n=1Âñ"

~~~fff2. �'S�bn = 2n§d�'S�¦ÚúªSn = 2n+1 − 1§¤±limn→∞ Sn =

+∞§u´?ê
∑∞

n=1 bnØÂñ§�P�
∑∞

n=1 bn = +∞"éuù�?ê§�XnO�§

S�bn��ÅìO�§¦�Ü©ÚS�Sn�\Èþ�5��§�ªS�{Sn}∞n=1uÑ�

Ã¡"

~~~fff3. ��X�cn = (−1)n§éN´O�Ü©ÚSn = 1+(−1)n+1

2 §Ïdlimn→∞ SnØ�

3§u´?ê
∑∞

n=1 cnØÂñ"éuù�?ê§�XnO�§S�cn�vkÚåÜ©Ú

S�Sn�O~Cz§�´S�Sn�¼ê�©ª31Ú0üöCz§¤±Ü©ÚS�SnØ

Âñ"

lþã©Û·��±w�§Âñ�?ê
∑∞

n=1 an§XJ��Sn�,�/à 0§Ò

7Lan��Åì~�§¦�Snzg�\\þ~�¶uÑ�?ê
∑∞

n=1 bnÚ
∑∞

n=1 cnKN

y
?êuÑ�ü«�¹µcöÏ�bnL�¦�Ü©ÚS�Sn\ÈþL�¿ªuÃ¡¶

�öÏ�cn��K��¦�S�Sn����u0Ú1�U�,�/à 0"

·�o(þã©Û§ØJ��'u?êÂñ5�1��½nµ

½½½nnn 1. XJ?ê
∑∞

n=1 anÂñ§@olimn→∞ an = 0"

½n1w�·�§�
Ü©ÚS�SnÂñ/à 0§?ê��an7L/ÅìC�0

Âñu0",��'u?êÂñ5��½n´���ÜÜÜOOOKKKµ

½½½nnn 2. ?ê
∑∞

n=1 anÂñ�¿©7�^�´§éu∀ε > 0§�3N ∈ N§XJn > m >

NÒ�½k
∣∣∑n

k=m+1 ak
∣∣ < ε"

·�5¿�Ü©Ú��Sn − Sm =
∑n

k=m+1 ak§Ò�±ò�ÜOKn)�S�4�

�ÜOK3Ü©ÚS�þ���A^"

��·�0�üa��?ê§ÙÂñ5éuÙ¦?êÂñ5��Ok��¿Âµ

� �'?ê
∑∞

n=1 q
n§Ù¥ëêq > 0"éuq ≥ 1§�'?ê

∑∞
n=1 q

nuÑ¶é

u0 < q < 1§�'?ê
∑∞

n=1 q
nÂñ"
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� p?ê
∑∞

n=1
1
np§Ù¥ëêp > 0"éup > 1§p?ê

∑∞
n=1

1
npuÑ¶éu0 < p ≤

1§p?ê
∑∞

n=1
1
npÂñ"

��·��Ñ½n1Ú½n2£�ÜOK¤´�O?êÂñ5�Ä��ü«�{§�

,§�Ï�/ªLuE,~~Ø^u�K¶Ù¥½n1�limn→∞ an = 0´?êÂñ

�7�^�§ÏdXJlimn→∞ anØÂñu0§·��±�O?ê
∑∞

n=1 anuÑ¶XJ=

klimn→∞ an = 0·��ØUäó
∑∞

n=1 anÂñ§~Xp ≥ 1�p?ê=´�~"

~~~ 1. �
∑∞

n=1 an´��ê�?ê§kXen�·Kµ

1.?ê
∑∞

n=1 anÂñ"

2.limn→∞ an = 0"

3.é����êpÑklimn→∞
∑n+p

k=n+1 ak = 0"

��äþãn�·Küü�m�¿©7�'X"

©Ûµ�K�½n1�í2§^±OrÓÆ�éu?ê
∑∞

n=1 anÂñ5�{an}Âñ

5'X�n)"

Proof. ·K1Ú·K2�'X�¿©Ø7�^�"�â½n1§·K1�±íÑ·K2§

·K2íØÑ·K1µ�Ä1?ê
∑∞

n=1
1
n´uÑ?ê§limn→∞

1
n = 0"

·K2Ú·K3�'X�¿©7�^�"3·K3¥�½p = 1=íÑ·K2"y3b

�·K2¤á§@o
n+p∑

k=n+1

ak = an+1 + an+2 + · · ·+ an+p, (3)

�âS�4��\5§�ýé¦Úª¦4�§mýép�©O¦4�§�Ä�mýp��

4�Ñ´limn→∞ an = 0§Ïd

lim
n→∞

n+p∑
k=n+1

ak = p lim
n→∞

an = 0, (4)

Ïd·K2�±íÑ·K3"

3d·�#n)p?ê�Âñ5"éu1?ê
∑∞

n=1
1
nó§�,Ùü�4

�limn→∞
1
n = 0§�´?ê�,uÑ"ÄÙ�Ï§Ò´Å� 1

n�\È/Ø
�0§

¦�=Blimn→∞
1
n = 0�vk{�Ü©ÚªuÃ¡��Ú"��ó§XJp < 1§p?

ê
∑∞

n=1
1
npÒÂñ
§ù��¹Å�

1
np�\È/Ò
�0
"éup?ê�Âñ5§1/

¤Âñ�uÑ£½Å�\È/
Ø
�0¤�©."
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?ê�5�

�!·�0�?ê��
5�"du?êÂñ���´Ü©ÚS��Âñ5§Ïd

?ê���5�Ñ�±a'�S�4��5�µ

� ???êêê���\\\~~~ �Äü�Âñ?ê
∑∞

n=1 anÚ
∑∞

n=1 bn§@o?ê
∑∞

n=1 (an ± bn)�

Âñ§¿�
∑∞

n=1 an ±
∑∞

n=1 bn =
∑∞

n=1 (an ± bn)"ù�5�éAS�4��\

~{5�"

� ???êêê���êêê¦¦¦ �ÄÂñ?ê
∑∞

n=1 anÚc ∈ R§@o?ê
∑∞

n=1 (can)�Âñ§¿

�
∑∞

n=1 (can) = c
∑∞

n=1 an"ù�5�éAS�4��ê¦5�"

� kkk���������UUUCCC XJUCS�{an}¥�k��§?ê
∑∞

n=1 an�ñÑ5Ø¬UC"

ù�5�éAS�4�k���UC5�"

� ???êêêVVV)))ÒÒÒ XJ·�òÂñ?ê
∑∞

n=1 anV\)Ò§���#?êE,Âñ"ù

�5�éAS�4�¥f��Âñ5"éuuÑ�?ê§V\)Ò�U���5

uÑ�?êÂñ"

��·�{ü`²§�Âñ�ê�?ê�¤���5�mµ�Ä

S =

{
{an}∞n=1 :

∞∑
n=1

anÂñ

}
. (5)

@oS�¤�5�m"d�·��±rS�{an}w���kÃ¡���þ§§´îª�

mk���þ�í2"

1.2 ��?ê

du?êÜ©ÚS�~~Ø�¦§��¦^�ÜOKéJ�O?ê�Âñ5"�e

5·�ò^XlAÏ����^SïÄ?êÂñ5��O"�AÏ�ê�?ê´��?

ê§=z��an ≥ 0�?ê
∑∞

n=1 an"��?êkéõ�O�{§ù
�{�±©�ü

aµ�6�6Ù¦?ê�'��O{ÚØ�6Ù¦?ê��¦^A:úª�úª.�O

{£XD’Alembert�O{!Cauchy�O{!Raabe�O{!È©�O{¤"

��?ê�5�

·�Äk
)��?ê��
5�"·�£�dc�Ñ'u?êñÑ5�n�~

K§Ù¥?ê
∑∞

n=1(−1)n�uÑ´gÜ©ÚS�30Ú1���§��Ü©ÚS�u

Ñ"éu��?ê
∑∞

n=1 anó§ÙÜ©ÚS�Sn´üN4O�§¤±Ø�UÑy/�

�0y�"�âS�4��üNk.�nµSnk.§éAlimn→∞ SnÂñ¶SnÃ.§é

Alimn→∞ SnuÑ"dd·�o(
eã·K
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½½½nnn 3. ��?ê
∑∞

n=1 anÂñ�¿©7�^�´Ü©ÚS�{Sn}k."

dd·��±o(Ñ��?ê�Âñ5�ü«�¹µ

� éuÂñ���?ê
∑∞

n=1 an§Ù�an��¦�Ü©ÚSn©ªk."

� éuuÑ���?ê
∑∞

n=1 an§Ù�an��¦�Ü©ÚSnÃ.¿ª�Ã¡"

/ÏþãnØ§·��±?ØÍ¶�/Ci/dJ¿90�Ø£zì�Ø¤"¿

9ÚCi/dm�§¿9�å: uCi/d�c10�?§Ci/d��Ý´¿9

�10�"�Ci/d��
10���¿9�å:�§¿9+kX1�§�Ci/d�

�e��1��§¿9qc?
0.1�"±daí§Ci/dwq[�JØþ¿9§Ï

�¿9©ª+kCi/d�::"�Ñù��Ø��Ï§3uCi/d�Ú´§´?

ê
∑∞

n=1
1

10n−2§ù�?êÂñÏÜ©ÚS�k.§�Ò´`¿9�U3��k��´

§p+kCi/d§d�Ci/dÒ�L
¿9"

'��O{

'��O{©�/��'�{0Ú/þ?'�{0ü«§cö´�ö�Ä:§�

ö3�K¥A^�2"Äk0���'�{µ

½½½nnn 4. �
∑∞

n=1 anÚ
∑∞

n=1 bn´ü���?ê§XJ�3ëêC > 0ÚN ∈ N∗¦

�an ≤ Cbné��n > N¤á§@o

1.XJ
∑∞

n=1 bnÂñ§@o
∑∞

n=1 anÂñ"

2.XJ
∑∞

n=1 anuÑ§@o
∑∞

n=1 bnuÑ"

��'�{�¢�´/Ï
4�Âñ5ÚÜ©Úk.5�'XµØ��ë

êC = 1§XJan ≤ bn¤á§ù`²S�{an}��'S�{bn}���§dd?

ê
∑∞

n=1 bnÜ©Ú�k.5%¹X?ê
∑∞

n=1 anÜ©Ú�k.5§ddXJ
∑∞

n=1 bnÂ

ñ%¹
∑∞

n=1 anÂñ",��¡§du?êUCk��¿ØK�ñÑ5§¤±·��

Ian ≤ Cbnév
��n > N¤áÒ�±¦^'��O{"

��'�{¦·�¿£�§q��{an}�����?ê
∑∞

n=1 an�N´Âñ§

�{an}�����?ê
∑∞

n=1 an�N´uÑ"·�ÏLÃ¡�þþ?�Vg§�±�Ñ

eã�þ?'�{

½½½nnn 5. �
∑∞

n=1 anÚ
∑∞

n=1 bn´ü���?ê§�4�limn→∞
bn
an

= c§@o

1.XJc´�¢ê§@o
∑∞

n=1 anÚ
∑∞

n=1 bnäk�Ó�ñÑ5"

2.XJc = 0§@o
∑∞

n=1 anÂñ%¹
∑∞

n=1 bnÂñ§
∑∞

n=1 bnuÑ%¹X
∑∞

n=1 anu

Ñ"
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3.XJc = ∞§@o
∑∞

n=1 bnÂñ%¹
∑∞

n=1 anÂñ§
∑∞

n=1 anuÑ%¹X
∑∞

n=1 bnu

Ñ"

·�Ø�b�S�{an}ÚS�{bn}Ñ´Ã¡�þ£=limn→∞ an = limn→∞ bn =

0¤"XJc´�¢ê§`²anÚbn´Ó��Ã¡�þ§Ïd�±@�anÚbn�Øõ�§

¤±
∑∞

n=1 anÚ
∑∞

n=1 bnäk�Ó�ñÑ5¶XJc = 0§`²bn´'an�p��Ã¡

�þ£=Âñu0��Ý�¯¤§Ïd�±@�bn'an��§¤±
∑∞

n=1 anÂñ%¹

X
∑∞

n=1 bnÂñ"

k
þ?'�{§�·���ä
∑∞

n=1 an�ñÑ5�§·��I�,�ñÑ5®

��'�?ê
∑∞

n=1 bn§XJlimn→∞
an
bn
´�¢ê§@o

∑∞
n=1 an�ñÑ5�

∑∞
n=1 bn�

Ó"���¯K´§ñÑ5®��'�?êXÛÀ�"��~^�´�'?

ê
∑∞

n=1 q
nÚp?ê

∑∞
n=1

1
np"

~~~ 2. �äe���?ê�ñÑ5

1.
∑∞

n=1
5n

n!"

2.
∑∞

n=1 n
p
(
2
√
n−
√
n+ 1−

√
n− 1

)
§Ù¥p��¢ê"

3.
∑∞

n=1− ln
(
cos πn

)
"

©Ûµ�K´IO�'��O{�K8§Ù'�´�éK8�?ê�/��0k¤

�O"éu1��?ê§S�5n

n!�©1´'©f�p��Ã¡�þ§/ÏØ�ª� �

�ó�±ÀJ�'?ê��'�?ê"1��Ú1n�?êI�À�Ü·�p?ê��

'�?ê§Ù¥1��?ê/Ïknz�êC/ïÄÃ¡�þ2
√
n−
√
n+ 1−

√
n− 1�

þ?§1n�?ê|^�dÃ¡�C���{�Ñln
(
cos πn

)
�þ?"

Proof. 1.�n ≥ 6�k

5n

n!
=

5

1
× 5

2
× · · · × 5

n
≤ 55

5!

(
5

6

)n−5
. (6)

w,
∑∞

n=1

(
5
6

)n−5
´Âñ��'?ê§¤±

∑∞
n=1

5n

n!Âñ"

2.�knzC/

2
√
n−
√
n+ 1−

√
n− 1

=
1√

n− 1 +
√
n
− 1
√
n+
√
n+ 1

=

√
n+ 1−

√
n− 1

(
√
n+ 1 +

√
n)(
√
n+
√
n− 1)

=
2

(
√
n+ 1 +

√
n)(
√
n+
√
n− 1)(

√
n− 1 +

√
n+ 1)

∼ 1

4n
3
2

, (7)

ùpÎÒ∼�L�d�Ã¡�þ"Ïd

lim
n→∞

2np

(
√
n+1+

√
n)(
√
n+
√
n−1)(

√
n−1+

√
n+1)

1

n
3
2−p

=
1

4
, (8)
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½=

lim
n→∞

np
(
2
√
n−
√
n+ 1−

√
n− 1

)
1

n
3
2−p

=
1

4
, (9)

´��k��§Ï?ê
∑∞

n=1 n
p
(
2
√
n−
√
n+ 1−

√
n− 1

)
�?ê

∑∞
n=1

1

n
3
2−p
Âñ5

��"Ïd�3
2 − p > 1=p < 1

2�?êÂñ§p ≥
1
2?êuÑ"

3.-x→ 0§·�£ÁdcÆL��dÃ¡�'Xx ∼ sinxÚx ∼ ln(1+x)§dd©

ÛÃ¡�þln
(
cos πn

)
�þ?:

− ln
(
cos

π

n

)
= − ln

(
1− 2 sin2

( π
2n

))
∼ 2 sin2

( π
2n

)
∼ 2

( π
2n

)2
, (10)

Ïd

lim
n→∞

− ln
(
cos πn

)
1
n2

=
π2

2
, (11)

Ïd?ê
∑∞

n=1− ln
(
cos πn

)
�?ê

∑∞
n=1

1
n2ñÑ5��§Ñ´Âñ?ê"

úª.�O{

·�e¡0��«�O{�¦^�/§�I�âK8?ê�A�ÀJÜ·��O

{"Ù¥D’Alembert�O{ÚCauchy�O{�y²Ñ´ÏL��'?ê�'�?ê§

¦^'��O{y²§ù«�{k�¬3y²K¥¦^§k{å�ÓÆïÆÝº"

D’Alembert���OOO{{{

�O�4�limn→∞
an+1

an
= l§�âl����ä?ê

∑∞
n=1 an�Âñ5"

��O{�äNSNµXJl > 1?ê
∑∞

n=1 anuÑ¶XJl < 1?ê
∑∞

n=1 anÂñ¶X

Jl = 1½4�limn→∞
an+1

an
uÑ§D’Alembert�O{��"

�Ï~^u¹©ª½�¦�?ê§d�ûan+1

an
?ê'�{ü"

�4�limn→∞
an+1

an
= l�±n)��nv
��an�C±l�ú'��'ê�§Ïd�±

�âl�1���'X5�O
∑∞

n=1 anÂñ5"

Raabe���OOO{{{

�Raabe�O{^±?nD’Alembert�O{Ã{�ä�4�limn→∞
an+1

an
= 1��/"

�O�4�limn→∞ n
(

an
an+1

− 1
)
= l§�âl�����ä?ê

∑∞
n=1 an�Âñ5"

��O{�äNSNµXJl < 1?ê
∑∞

n=1 anuÑ¶XJl > 1?ê
∑∞

n=1 anÂñ¶X

Jl = 1½4�limn→∞ n
(

an
an+1

− 1
)
uÑ§Rabee�O{��"

�¢Sþ§XJlimn→∞
an+1

an
> 1½ < 1§d�Raabe�O{�D’Alembert�O{�J�

���"

Cauchy���OOO{{{

�O�4�limn→∞ n
√
an = l§�âl����ä?ê

∑∞
n=1 an�Âñ5"

��O{�äNSNµXJl61?ê
∑∞

n=1 anuÑ¶XJl < 1?ê
∑∞

n=1 anÂñ¶X
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Jl = 1½4�limn→∞ n
√
anuÑ§Cauchy�O{��"

�Ï~^u¹���?ê§d��ª n
√
an?ê'�{ü"

�4�limn→∞ n
√
an = l�±n)��nv
��an�C±l�ú'��'ê�§Ïd�±

�âl�1���'X5�O
∑∞

n=1 anÂñ5"

~~~ 3. �äe���?ê�ñÑ5

1.
∑∞

n=1
pnn!
nn §Ù¥p��¢ê"

2.
∑∞

n=1
(2n−1)!!
(2n)!! "

3.
∑∞

n=1
np

2qn§Ù¥p, q��¢ê"

©Ûµ�K�n��¯�g¦^D’Alembert�O{!Raabe�O{ÚCauchy�O

{��¶1��¯��¦/ª�~·ÜD’Alembert�O{§1��¯D’Alembert�O

{���´�±¦^Cauchy�O{§1n¯���/ª�~·ÜCauchy�O{"

Proof. 1.^D’Alembert�O{§Äk�Ä4�

lim
n→∞

pn+1(n+1)!
(n+1)n+1

pnn!
nn

= lim
n→∞

p(
n+1
n

)n =


> 1, p > e,

= 1, p = e,

< 1, p < e,

(12)

Ïdp > e�?êuÑ§p < e�?êÂñ§p = e��O{��"ù�·��±¦

^Rabee�O{�O§�´duRaabe�O{�9E,4��O�§·���«g´µ

·���U`²4�limn→∞
enn!
nn Ø´0§ÒU`²

∑∞
n=1

enn!
nn uÑ"·�5¿�

en+1(n+1)!
(n+1)n+1

enn!
nn

=
e(

1 + 1
n

)n > 1, (13)

ÏdS�
{
enn!
nn

}
´üN4O��S�§Ïdlimn→∞

enn!
nn Ø´0"�â½n1§p = e�?

êuÑ"nþ§p ≥ e�?êuÑ§p < e�?êÂñ

2.duD’Alembert�O{��§^Raabe�O{

lim
n→∞

n

 (2n−1)!!
(2n)!!

(2n+1)!!
(2n+2)!!

− 1

 = lim
n→∞

n

2n+ 2
=

1

2
, (14)

Ïd?êuÑ"

3.^Cauchy�O{

lim
n→∞

(
np

2qn

) 1
n

= lim
n→∞

( n
√
n)
p

2q
=

1

2q
< 1, (15)

4��O�|^
limn→∞ n
√
n = 1"Ïd?êÂñ"
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È©�O{

È©�O{´�«Û�5é���O{§A��3A½~K¦^",È©�O{

ò?êÚÈ©éXå5§ù«/lÑ0�?êÚ/ëY0�È©�ö�éA§´ékd

��êÆg�"·�±p?ê
∑∞

n=1
1
np�~§ò?êéAÃ¡È©£È©�4�¤µ

lim
n→∞

n∑
k=1

1

kp
≈ lim

n→∞

∫ n

1

1

xp
dx, (16)

��?ê�Ü©Ú§È©´�N´O��§·�F"È©4�limn→∞
∫ n
1

1
xpdx�Âñ

5�p?ê�Âñ5�Ó§�âNewton-Liebnizúªk

∫ n

1

1

xp
dx =


1
p−1 −

1
(p−1)np−1 , p > 1

lnn , p = 1,

n1−p

1−p −
1

1−p , p < 1.

(17)

dd��p?ê3p ≥ 1�uÑ§3p < 1�Âñ"p = 1���.:§�¼ê�/ª´Ø

Ó�"

·��ÑÈ©Ú?ê�éA(16)Ø´o¤á�§I��½^�§�d·��nÈ©

�O{�/ªµ

½½½nnn 6. �f(x)´3[1,+∞)½Â��K�È¼ê§XJ�3X§�x > X�f(x)´ü

N4~�¼ê§@oÈ©4�limn→∞
∫ n
1 f(x)dxÚ��?ê

∑∞
n=1 f(n)äk�Ó�Âñ

5"

�����½n§½n6��¦f(x)3xv
��üN4~§ù´Ï�?ê/4��

ceZ��UC¿ØK�Âñ5"

È©�O{�²;�A^´y²?ê
∑∞

n=2
1

n lnnuÑ§Ï�∫ n

2

dx

x lnx
= ln lnn− ln ln 2→∞. (18)

ù�?êXJ^~5�'��O{§´Ã{�ä�"

l?ê
∑∞

n=2
1

n lnnÑu§(Ü�Y'uéê?ê�A�~K§·��±\�é

up?êÂñ5�n)"��¡§·�w,k 1
n lnn ≤

1
n§¤±1?ê

∑∞
n=1

1
n�uÑ

íØÑ
∑∞

n=1
1

n lnn�uÑ¶,��¡§é?¿p > 1§Ã¡�þ 1
n lnn�þ?Ñ'

1
np�

þ?$§Ï�éêlnnéÃ¡�þþ?�K�´k��§,d
∑∞

n=1
1
np�Âñ�

íØÑ
∑∞

n=1
1

n lnn�Âñ"Ïd==^'��O{´Ã{�O?ê
∑∞

n=1
1

n lnn�§Ï

� 1
n lnnY3p?êÂñ��p > 1ÚuÑ��p ≤ 1�.�m"

9



Ä�?ê¯K

ê�?êAO´��?ê�Ü©y²K§�9�?êd��S�an(½§ùa¯K

¡�Ä�?ê¯K"duan�äN/ª��§ùa¯K�y²�{Ø
I�(Ü'��

O{Úúª�O{§�~~I�^��ÜOK£½n2¤$�½n1�(Ø§�äE|

5"·�{��Ñ)ûùa¯K��
g´µ

��±���S�anD±A½��§�¢�K8¥?ê�5�§±(½y²��"

�½n1!½n2£�ÜOK¤!½n3ùn�3~5?êÂñ5�O¥Ø~^��{§

3Ä�?êñÑ5�O��UkAO�¿Â"

�Ü©~K�UI���D’Alembert�O{½Cauchy�O{�y²g´5�§Ïd�

m#NïÆÝºù
y²"

~~~ 4. �?ê
∑∞

n=1 an÷van > 0§4�limn→∞ n ln
(

an
an+1

)
= l§Ù¥l�±´¢ê

½∞§@o

1.el > 1§?ê
∑∞

n=1 anÂñ"

2.el < 1§?ê
∑∞

n=1 anuÑ"

©Ûµ5¿�K8l/ªþ�CD’Alembert�O{§)K��±�ìD’Alembert�

O{�y²§^'��O{y²�K"±1�¯�~§·�y²?ê
∑∞

n=1 anÂñ�Ø

%g´§´é���'an/��0�Âñ?ê��'�?ê"

Proof. 1.XJl > 1§���~êl > r > 1§�â4��k.5§�3N ∈ N∗§é�

�n > NÑk

n ln

(
an
an+1

)
> r, (19)

Ïd
an
an+1

> e
r
n >

(
1 +

1

n

)r
, ∀n > N, (20)

�ó�
an+1

an
<

(
n

n+ 1

)r
, ∀n > N. (21)

ÏLU¦O�

aN+k = aN+1 ·
aN+2

aN+1
· · · aN+k

aN+k−1
< aN+1

(
N + 1

N + k

)r
. (22)

du·�I�?Ø?ê
∑∞

n=N+1 an�Âñ5§·�ÀJ'�?ê
∑

k=1 aN+1

(
N+1
N+k

)r
�

�'�?ê§ÏL*	T?ê�r?êäk�Ó�þ?

lim
k→∞

aN+1

(
N+1
N+k

)r
1
kr

= aN+1(N + 1)r, (23)

2dr?êÂñ��?ê
∑

k=1 aN+1

(
N+1
N+k

)r
Âñ§��?ê

∑∞
n=N+1 anÂñ"

10



·�Ö¿§·���¥m(Øan+1

an
<
(

n
n+1

)l
< 1�§Ø�±��^D’Alembert�

O{§Ï�=Ban+1

an
< 1íØÑlimn→∞

an+1

an
< 1§AO/4�limn→∞

an+1

an
�UuÑ"

·�7LE�HaqD’Alembert�O{�y²�{"

2.l < 1��¹�l > 1����§�´5¿� �[!þ§·�I�é���'?

ê
∑∞

n=1 an/��0�uÑ?ê"

1.3 ���?ê

·�ùp^���?ê����?ê±	�?ê"���?ê'��?ê��Ê

H§�k'�{ü����?ê�±�OÙÂñ5§éuLuE,����?êÙÂñ

5��UéJ�O"

ýéÂñÚ^�Âñ

��{ü�¯K´§XJUr�����?êÑ=z���?ê�OÂñ5§¬�

�{z���?êÂñ5¯K�JÝ"�ÏXd§<��Ñ
e¡�½n

½½½nnn 7. �
∑∞

n=1 an´���?ê§XJ��?ê
∑∞

n=1 |an|Âñ§@o
∑∞

n=1 anÂñ"

AO/§XJ�����?ê
∑∞

n=1 an÷v
∑∞

n=1 |an|Âñ§¡
∑∞

n=1 anýýýéééÂÂÂñññ"

·��±w�§ýéÂñ%¹XÂñ§XJU�y��?ê
∑∞

n=1 |an|´Âñ�§

�±����
∑∞

n=1 anÂñ�(Ø"¯���§éõ���?ê
∑∞

n=1 an¿ØýéÂ

ñ§d����?êE,kÂñÚuÑü«�U"Ïd§éu�����?ê§ÙÂñ

�/�)n«µýéÂñ§ØýéÂñ�´Âñ£¡�^̂̂���ÂÂÂñññ¤ÚuÑ"e¡·�

ÏLn�~f�*n)���?ê�n«Âñ�/µ

~~~fff1. ��?ê
∑∞

n=1
(−1)n
n2 "du?ê

∑∞
n=1

1
n2Âñ§��?ê

∑∞
n=1

(−1)n
n2 Âñ"é

uù���?ê§�,ÙÜ©ÚS�Sn´\~���§�´duýéÂñ5�y
�

��oÌÝØ�§Ïd��?ê
∑∞

n=1
(−1)n
n2 Âñ"

~~~fff2. ��?ê
∑∞

n=1
(−1)n
n "du?ê

∑∞
n=1

1
nuÑ§��?ê

∑∞
n=1

(−1)n
n2 ØýéÂ

ñ¶�´�âLeibniz�O{�±����?ê
∑∞

n=1
(−1)n
n Âñ§Ïdù�?ê^�Â

ñ"éuù���?ê§Ü©ÚS�SnE,´\~���§¿����oÌÝ´v


��§,du�E/\~-�§¿vk����?ê
∑∞

n=1
(−1)n
n ��uÑ"

~~~fff3. ��?ê
∑∞

n=1(−1)n"ù�?ê´uÑ�"éuù���?ê§Ü©ÚS

�Sn�����ÌÝÒLuã�§¿����?ê��uÑ§dd�ýé�±���

��L��oÌÝ�?ê
∑∞

n=1 1�´uÑ"
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lþãA�~f�±wÑ§XJ���?ê
∑
an´Øä\~���§ýé�?

ê
∑∞

n=1 |an|�LX���?ê
∑∞

n=1 an�/o��ÌÝ0"ù��±)º��oýé

Âñ¿�XÂñ§Ï�3o��ÌÝk���¹e§,�\~��ÑØ�U¦�?êu

Ñ"

3�!¥§¤k�9�ä���?ê
∑∞

n=1 anÂñ5�K8§Ñ�¦«©ýéÂ

ñ!^�ÂñÚuÑ"·�3)KL§¥§��`k�äýé�?ê
∑∞

n=1 |an|´Ä

Âñ§k��
∑∞

n=1 an�ýéÂñ(Ø¶XJ?êØýéÂñ§2�O
∑∞

n=1 an´ÄÂ

ñ"

ü

e¡·�{�?Ø?ê�ü¯K"�½���?ê
∑∞

n=1 an§¤¢ü§Ò´À

Jò��ê�1, 2, · · · , n, · · ·#ü¤S�i1, i2, · · · , in, · · ·§z���êÑ�3#S�T

Ñy�g"·��ïÄ#üÙ�S�éA#?ê
∑∞

n=1 ain´ÄÂñ§XJÂñ§Ù4�

´Ä��?ê4���"

��þy²
§XJ?êýéÂñ§@oü±��,ýéÂñµ

½½½nnn 8. XJ���?ê
∑∞

n=1 anýéÂñ§@oü��#?ê
∑∞

n=1 ain�ýéÂ

ñ§¿�
∑∞

n=1 an =
∑∞

n=1 ain¶AO/§Âñ���?êü±��,Âñ§uÑ�

��?êü��,uÑ"

òýé�?ê
∑∞

n=1 |an|w�/o��ÌÝ0§�±�B·�n)ü½n"du

ýéÂñ¿�Xo��ÌÝ
∑∞

n=1 |an|§g,/§XÛUC\~���^SÑ�±�y

?ê
∑∞

n=1 anÂñ5ØC"XJo��ÌÝ
∑∞

n=1 |an|uÑ
§@o3üL§¥Òk

�U/é<s/0¦�\~��Ã{éÐ/-�§��ü��?êØ3Âñ"

3)KL§¥§Ü©ýéÂñ�?ê£½��?ê¤�±/Ïüò�?ê=z�

����{ü�#?ê"

��?ê

¤¢��?ê§´���ÎÒ���?ê§����/ª
∑∞

n=1(−1)nun§Ù¥z

��un > 0"Leibniz�O{´�O��?êÂñ5�{ü��{§ÙQã´µ

½½½nnn 9. XJ��?ê
∑∞

n=1(−1)nun÷vlimn→∞ un = 0ÚunüNeü§@o
∑∞

n=1(−1)nunÂ

ñ"

'uLeibniz�O{§·�kA:º¦µ

�Ü©ÓÆ�U@�§limn→∞ un = 0ÚunüNeü´�©�C�ü�^�§Leibniz�
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O{�ü�^�´Äk
P{"¢Sþ·��±y²��?ê
∑∞

n=2
(−1)n√
n+(−1)n´uÑ�

?ê§Ù÷vlimn→∞
1√

n+(−1)n = 0§�´Ø÷vüNeü5"ÏdLeibniz�O{�ü

�^�ÑØ��Ñ"

�Leibniz�O{�U`²÷vlimn→∞ un = 0ÚunüNeüü�^��?êÂñ§XJ

ü�^���Ø÷v§��?ê�UÂñ��UuÑ"o�5`§Liebniz�O{^�

´�©��"éu�ÊH���?ê§·��UI�Ù¦�O{"

�����?ê´
∑∞

n=1
(−1)n
np §ù�?ê�/ ���?ê�p?ê/ �Ó§

´7LOP�~f"^Leibniz�O{�±y²§é��p > 0§?ê
∑∞

n=1
(−1)n
np Âñ"

���/§��?ê
∑∞

n=1
(−1)n−1

np 3p > 1�ýéÂñ§30 < p ≤ 1^�Âñ"

~~~ 5. �pÑ´�¢ê§�ä���?êÂñ5
∑∞

n=1(−1)n
(
1− cos 1

n

)p
"

©Ûµ����?ê§AÄk�OýéÂñ52�O^�Âñ5"ýéÂñ5�

9cos§�|^�dÃ¡��{Àp?ê��'�?ê"^�Âñ5�±(ÜLeibniz�O

{"

Proof. Äk�Ä?��?ê
∑∞

n=1

(
1− cos 1

n

)p
§�â�dÃ¡�nØk(

1− cos
1

n

)p
= 2p sin2p

(
1

n

)
∼ 2p

n2p
, (24)

½=

lim
n→∞

(
1− cos 1

n

)p
1
n2p

=
1

2p
, (25)

Ïd��?ê
∑∞

n=1

(
1− cos 1

n

)p
�Âñ5�2p?ê��?ê

∑∞
n=1

1
n2p�Âñ5�

�µp > 1
2�Âñ§0 < p ≤ 1

2�uÑ"

�X�Ä?ê
∑∞

n=1(−1)n
(
1− cos 1

n

)p
�Âñ5§�âLeibniz�O{k

lim
n→∞

(
1− cos

1

n

)p
= 0,

¿��nO��§1− cos 1
nüN4~§Ïd

(
1− cos 1

n

)p
´üN4~S�§��?êoÂ

ñ"

nþ§p > 1
2�?êýéÂñ§0 < p ≤ 1

2�?ê^�Âñ"

Dirichlet-Abel�O{

Dirichlet-Abel�O{��/ªaq§y²�d§ÏdÜ¡Ó��O{§±�PÁ

· "Dirichlet-Abel�O{^u�O�¤¦È����?ê
∑∞

n=1 anbn�Âñ5§�S

�anÚbn÷v�½5�§���?ê
∑∞

n=1 anbnÂñ"äN�/�nXeµ

13



Dirichlet�O{ Abel�O{

{an}�5� an → 0�anüN ank.�üN

{bn}�5�
∑∞

n=1 bnÜ©Úk.
∑∞

n=1 bnÂñ

(Ø
∑∞

n=1 anbnÂñ
∑∞

n=1 anbnÂñ

éuDirichlet-Abel�O{�n)§·�o(Xe

� XJ�é���?ê
∑∞

n=1 unA^Dirichlet�O{½Abel�O{§7LÄk�{

©un = anbn"

� Abel�O{'Dirichlet�O{éS�bn�¦�p§�A/Abel�O{éS�an�¦�

$§Ïd(Ø´�Ó�"¢Sþ§ü��O{3y²þ��d"

� Leibniz�O{´Dirichlet�O{����A~§Ï�S�bn = (−1)néA?êÜ©Ú

k."

� Dirichlet�O{ÚAbel�O{éuanÚbn��¦LuÄ�§·�{�o(È\~�

�bn�À��ª"S�bn = (−1)nÚbn = cos(nθ)£Ù¥θ 6= 2kπ¤´üa÷vÜ©Úk

.�ØÂñ�?ê§~~��Dirichlet�O{�bn¦^"S�bn = (−1)n
np £p > 0¤ÚS

�bn = cos(nθ)
np £p > 0�θ 6= 2kπ¤(½üaÂñ?ê§~~��Abel�O{�bn¦^"

'u{u?ê
∑∞

n=1 cos(nθ)£Ù¥θ 6= 2kπ¤Ü©Ú�k.5§�±ÏL��{�

�

n∑
k=1

cos(kθ) =
1

sin θ
2

(
cos θ sin

θ

2
+ cos 2θ sin

θ

2
+ · · ·+ cosnθ sin

θ

2

)
=

1

2 sin θ
2

(
sin

(2n+ 1)θ

2
− sin

θ

2

)
, (26)

dd ∣∣∣∣∣
n∑
k=1

cos(kθ)

∣∣∣∣∣ ≤ 1∣∣sin θ
2

∣∣ . (27)

éu�u¼ê§·���±y²?ê
∑∞

n=1 sin(nθ)£ùpθ�±�?¿¢ê¤´Ü©Ú

k.�S�§ùü�'un�¼ê�Ü©Ú�(ØÑ�±��¦^"

e¡·�w��{ü�~K§5n)Dirichlet�O{ÚAbel�O{�¿Âµ

~~~ 6. �p��¢ê§�ä���?êÂñ5
∑∞

n=1
sinn
np "

©Ûµ�K�ýéÂñÜ©d'��O{��§ÂñÜ©dDirichlet�O{��"

Ù¥§p ≤ 1�§?êØýéÂñ��½´'�AÏ�§ù�Ü©F"ÓÆPe5§Ï

��YÆS2ÂÈ©��¬�E¦^ù��{"

Proof. �
�Bn)§·�kwÂñ5"5¿�S�an = 1
npüN4~�Âñ§S

�bn sinnÜ©Úk.§¤±?ê
∑∞

n=1
sinn
np Âñ"
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·�Äk5wýéÂñ5§�Ä�sinn´k.�§Ïd | sinn|np �þ?A��
1
np�

�"�p > 1�du | sinn|np ≤ 1
np§d

∑∞
n=1

1
npÂñ�

∑∞
n=1

| sinn|
np Âñ¶�p ≤ 1�§·�

�±y²
∑∞

n=1
| sinn|
np uÑ§ù�y²�g´'�AÏµ·�é?ê� 

| sinn|
np

≥ sin2 n

np
=

1

2np
− cos 2n

np
. (28)

^Dirichlet�O{k
∑∞

n=1
cos 2n
np ´Âñ�§p?ê

∑∞
n=1

1
2np´uÑ�§¤±��?

ê
∑∞

n=1
sin2 n
np ´uÑ�"�â'�½n§?ê

∑∞
n=1

| sinn|
np uÑ§Ïdp ≤ 1�?ê sinn

np Ø

ýéÂñ"

nþ§p > 1�?êýéÂñ§0 < p ≤ 1�?ê^�Âñ"

·�y3ÏL���?ê
∑∞

n=1
sinn
np �Âñ5!!Dirichlet-Abel�O{�¿Â"?

ê
∑∞

n=1
sinn
np �±w�ép?ê

∑∞
n=1

1
np�/\�¦Ú0"·���§�XnO��H¤

kg,ê§sinn���3«m[−1, 1]þ5£��§���vk5Æ§sinn���ÚK�

�/VÇ0´���"Ïd� 1
npé?ê

∑∞
n=1

cos(nθ)
np ��zd/��0û½§kX��

�Å¬O�Ü©ÚÚ~�Ü©Ú"dd/��0�K�¦�?ê
∑∞

n=1 anbnäk�/§

Ú0�Âñ5"

~~~ 7. �p��¢ê§�äe����?êÂñ5

1.
∑∞

n=1
(−1)n

np+ 1
n
"

2.
∑∞

n=1

(
1 + 1

n

)n sinn
np "

©ÛµA^Dirichlet-Abel�O{�'�§3uXÛÑanÚbn"~^�bn´·�

�cJ9�Aa§·�AÄk3�Ñ���pbn"

Proof. 1.k?Ø?êýéÂñ5§du

lim
n→∞

1

np+ 1
n

1
np

= lim
n→∞

1
n
√
n
= 1, (29)

Ïd��?ê
∑∞

n=1
1

np+ 1
n
�p?ê

∑∞
n=1

1
npÂñ5��§=p > 1�Âñ§0 < p ≤ 1u

Ñ"

�X�Ä?êÂñ5"du
∑∞

n=1
(−1)n

np+ 1
n
§�«���©�{´an = 1

np+ 1
n
Úbn =

(−1)n§A^Dirichlet�O{£ù�Dirichlet�O{�Leibniz�O{��¤",S

� 1

np+ 1
n
�üN5ØN´y²"

·��Ä,�«?ê©an = 1

n
1
n
Úbn = (−1)n

np §d�
∑∞

n=1 bn´Âñ�?

ê§limn→∞ an = 1Ï{an}k.§�I�y²üN5µ�Äxn = ln(an) = − lnn
n §
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�â¦��� lnn
n 3n ≥ 3�üN4~§¤±{an}3n ≥ 3�üN4O"�âAbel�O

{§?ê
∑∞

n=1
(−1)n

np+ 1
n
Âñ"(

nþ§?ê
∑∞

n=1
(−1)n

np+ 1
n
3p > 1�ýéÂñ§0 < p ≤ 1^�Âñ"

2.k?Ø?êýéÂñ5§w,k

lim
n→∞

(
1 + 1

n

)n | sinn|
np

| sinn|
np

= e, (30)

3þ�~¥·�®²?ØL��?ê
∑∞

n=1
| sinn|
np �Âñ5§�â'��O{��?

ê
∑∞

n=1

(
1 + 1

n

)n sinn
np 3p > 1�ýéÂñ§30 < p ≤ 1�ØýéÂñ"

�X�Ä?êÂñ5"�«���©�{´an = 1
np

(
1 + 1

n

)n
Úbn = sinn§d

�bnÜ©Ú�,k.§�´an�üN5'�Jy²"·��Ä©an =
(
1 + 1

n

)n
Úbn =

sinn
np §�âþ�~

∑∞
n=1 bnÂñ§ank.�üN§�âAbel�O{§·���?

ê
∑∞

n=1

(
1 + 1

n

)n sinn
np Âñ"

nþ§?ê
∑∞

n=1

(
1 + 1

n

)n sinn
np 3p > 1�ýéÂñ§0 < p ≤ 1^�Âñ"

*AbelC�

AbelC�´y²Dirichlet-Abel�O{��Ú½§Æk{å�ïÆÝºAbelC�

�E|§Æ¬3y²K¥��AbelC�?n/X
∑n

k=1 akbk�k��¦Ú½?ê"

·��Ñ§AbelC�´òk��¦Ú
∑n

k=1 akbk?1C/§/¤�S�{bn}�Ü©

Úk'�¦Úª��{§´Ð�êÆC/§�´/ªþ�9

∑
ÎÒ§w�k
E,§

Ù/ª�
n∑
k=1

akbk =

n−1∑
k=1

(ak − ak+1)Bk + anBn, (31)

Ù¥Bk =
∑k

l=1 bl´{bk}�Ü©ÚS�"AbelCz�¢�§´ò{ak}Ú{bk}�¦ÈÚ=

z�{ak}Å��Ú{bk}Ü©Ú�¦ÈÚ"

�l
∑
ÎÒ§·��±l�{þPÁAbelC�"AbelC��Ø%Ú½´^S

�{bk}�Ü©ÚS�L«{bk}µ

n∑
k=1

akbk =

n∑
k=1

ak (Bk −Bk−1)

= a1B1 + a2 (B2 −B1) + a3 (B3 −B2) + · · ·+ an (Bn −Bn−1)

= B1 (a1 − a2) +B2 (a2 − a3) + · · ·+Bn−1 (an−1 − an) + anBn

=
n−1∑
k=1

(ak − ak+1)Bk + anBn, (32)
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Ù¥1���ª´òbk^Ü©ÚBk − Bk−1L«§1n��Ò´ò1�1¥���)Ò

pk'Ó��Bk��JÑ5§���(ak − ak+1)Bk"

��§·�^��~K5¢�AbelC�§Öö��±gC}Á^AbelC�E

yDirichlet�O{�y²µ

~~~ 8. �S�{an}Ú{bn}©O÷vXe5�µ{an}�Ü©ÚSn =
∑n

k=1 akk.§��?

ê
∑∞

n=1 |bn − bn+1|Âñ�limn→∞ bn = 0"y²?ê
∑∞

n=1 anbnÂñ"

©Ûµ�K�3öS��Dirichlet-Abel�O{��ª§(Ü�ÜOKy²?

ê
∑∞

n=1 anbnÂñ"

Proof. ��Dirichlet�O{�y²�{§éëY����¦Ú^AbelC�µ

n+p∑
k=n+1

akbk =

n+p∑
k=n+1

(Sk − Sk−1) bk

=

n+p−1∑
k=n+1

Sk (bk − bk+1) + Sn+pbn+p − Snbn+1, (33)

�
|^�ÜOK§·�é¦Úª� ∣∣∣∣∣
n+p∑

k=n+1

akbk

∣∣∣∣∣ ≤
n+p−1∑
k=n+1

|Sk| · |bk − bk+1|+ |Sn+p| · |bn+p|+ |Sn| |bn+1| . (34)

duÜ©Ú{Sn}k.§�|Sn| < Mé��n¤á§@o∣∣∣∣∣
n+p∑

k=n+1

akbk

∣∣∣∣∣ ≤M
(
n+p−1∑
k=n+1

|bk − bk+1|

)
+M (|bn+1|+ |bn+p|) . (35)

·��8I´é��ε > 0§Ñé�v
��N§¦�é��n > NÑk
∣∣∣∑n+p

k=n+1 akbk

∣∣∣ <
ε"

·�ÄkéÂñ��?ê
∑∞

n=1 |bn − bn+1|^�ÜOK§�3N1 ∈ N∗¦�
n+p−1∑
k=n+1

|bk − bk+1| <
ε

2M
, ∀n > N1, p ∈ N∗. (36)

2(Ülimn→∞ bn = 0§�v
��N2 ∈ N∗¦�

|bn+1| , |bn+p| ≤
ε

4M
, ∀n > N2, p ∈ N∗. (37)

y3·��N = max{N1, N2}§é��n > Nk∣∣∣∣∣
n+p∑

k=n+1

akbk

∣∣∣∣∣ ≤ M

(
n+p−1∑
k=n+1

|bk − bk+1|

)
+M (|bn+1|+ |bn+p|)

≤ M · ε

2M
+M

( ε

4M
+

ε

4M

)
= ε. (38)

(Ü�ÜOK§ù`²
∑∞

n=1 anbnÂñ"
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2 ²;SK

2.1 ~K

KKK 1. �ëêp´�¢ê§�ä��?êÂñ5
∑∞

n=1
1

plnn"

©Ûµ�K�²;~K§æ^éê$�z{��?ê�äÂñ5"

Proof. 5¿�

plnn = exp(ln p · lnn) = nln p, (39)

Ïd
1

plnn
=

1

nln p
, (40)

�p > e�?êÂñ§0 < p ≤ e�?êuÑ"

KKK 2. �ëêpÚqÑ´�¢ê§�ä��?êÂñ5

1.
∑∞

n=1
(lnn)p

nq "

2.
∑∞

n=2
1

nq(lnn)p
"

3.
∑∞

n=2
1

nq(ln lnn)p
"

©Ûµ�K�n�?êÑ´¦^'��O{�µe�OÂñ5"·���Ã¡�

þlnn�þ?$un§ÏdÃ¡�þ (lnn)p

nq �þ?A��C
1
nq§rºdg´§·��±

±q = 1��©.�ïÄ?ê�Âñ5"

Proof. 1.Äk�Äq ≤ 1��/§·�±q?ê?1'� (lnn)p

nq > 1
nq"du?ê

∑∞
n=1

1
nqu

Ñ§Ïd
∑∞

n=1
(lnn)p

nq uÑ"

Ùg�Äq > 1��/§duØU��±q?ê��'�?ê§Ï�
∑∞

n=1
1
nqÂñí

ØÑ
∑∞

n=1
(lnn)p

nq Âñ"·����1 < r < q§±r?ê�'�?ê

lim
n→∞

(lnn)p

nq

1
nr

= lim
n→∞

(lnn)p

nq−r
= lim

n→∞

(
lnn

n
q−r
p

)p
= 0. (41)

þã4�¤á´Ï�éê��þ?'�$§Ù¥ q−r
p > 0"

nþ§�0 < q ≤ 1�?êuÑ§�q > 1�?êÂñ§?êÂñ5�ëêpÃ'"

2.Äk�Äq > 1��/§d�·��±��¦^q?ê?1'� 1
nq(lnn)p

≤ 1
nq§

d
∑∞

n=1
1
nqÂñíÑ

∑∞
n=2

1
nq(lnn)p

Âñ"

Ùg�Äq < 1��/"duØU��±q?ê��'�?ê§Ï�
∑∞

n=1
1
nquÑí

ØÑ
∑∞

n=2
1

nq(lnn)p
Âñ"·�±1?ê��'�?ê

lim
n→∞

1
nq(lnn)p

1
n

= lim
n→∞

n1−q

(lnn)p
= +∞. (42)
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du1?ê
∑∞

n=1
1
nuÑ§Ïd

∑∞
n=2

(lnn)p

nq uÑ"

���Ä�.�¹q = 1§d�þã�{�Ø·^§·�æ^È©�O{§S��

üN5´N´�y�"�ÄÈ©4�

∫ X

2

dx

x (lnx)p
=


(lnx)1−p

1−p

∣∣∣X
2

= (lnX)1−p

1−p − (ln 2)1−p

1−p , p 6= 1,

ln lnx|X2 = ln lnX − ln ln 2, p = 1.
(43)

(ÜÈ©�O{§�0 < p ≤ 1�4�limX→+∞
∫ X
2

dx
x(lnx)p

= +∞uÑ§Ïd?

ê
∑∞

n=2
1

n(lnn)p
uÑ¶�p > 1�?ê

∑∞
n=2

1
n(lnn)p

Âñ"

nþ§�0 < q < 1½q = 1�0 < p ≤ 1�?êuÑ§�q > 1½q = 1�p > 1�?ê

Âñ"

3.¦^�1�¯aq��{§Ò�±�yq < 1�?êuÑ§q > 1�?êÂ

ñ"q = 1��,Ã{��¦^È©�O{§Ï�Ø½È©
∫ X
2

dx
x(ln lnx)pØ�O�§·�

I��	ÀJO��{?nq = 1�/"

duln lnn´'lnnþ?���Ã¡�þ§·�ÀJuÑ?ê
∑∞

n=2
1

n lnn��'�?

ê§@o�±äóéu?¿p 1
n lnnÑ´'

1
n(ln lnn)p�p��Ã¡�þµ

lim
n→∞

1
n lnn
1

n(ln lnn)p
= lim

n→∞

(ln lnn)p

lnn
= lim

y→+∞

(ln y)p

y
= 0, (44)

Ù¥1n��ª´4����§-y = lnn"Ïé?¿p > 0?ê
∑∞

n=2
1

n(ln lnn)p
Ñ´

uÑ�"

nþ§�0 < q ≤ 1�?êuÑ§�q > 1�?êÂñ§?êÂñ5�ëêpÃ

'"

KKK 3. �
∑∞

n=1 an´����?ê§ÙÜ©ÚS�Sn =
∑n

k=1 ak§y²eã·Kµ

1.XJ
∑∞

n=1 anuÑ§@o��?ê
∑∞

n=1
an
Sn
�uÑ"

2.ØØ
∑∞

n=1 an´ÄÂñ§��?ê
∑∞

n=1
an
S2
n
oÂñ"

©Ûµ�K´Ä�?ê�y²K§�Ng´´æ^'��O{½�ÜOK§é�

�?ê
∑∞

n=1
an
Sn
Ú
∑∞

n=1
an
S2
n
� "�
¦y²g´�g,§·��\uÑ?êan = 1}

Á�� an
Sn

= 1
n§�ó�§?ê

∑∞
n=1 anuÑ¦�an3Ü©ÚSn�Ó'é�§Ï

an
Sn
é

�§·��±±d}Áé an
Sn
�e� "

Proof. 1.·�Äk�Ä?ê
∑∞

n=1
an
Sn
ëYeZ��Ú§du��?êÜ©ÚS�SnüN

4O��
m∑

k=n+1

ak
Sk
≥
∑m

k=n+1 ak

Sm
=
Sm − Sn
Sm

, (45)
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��?êuÑ�ylimn→∞ Sn = ∞§�½n�Äm → ∞klimn→∞
Sm−Sn
Sm

= 1"(ÜØ

�'X
∞∑

k=n+1

ak
Sk

= lim
m→∞

(
m∑

k=n+1

ak
Sk

)
≥ 1, ∀n ∈ N. (46)

y3·�^�y{§bX��?ê
∑∞

n=1
an
Sn
Âñ"y3·�3�ÜOK¥�ε =

1
2§�3N ∈ N∗¦�é��m > n > Nk

0 ≤
m∑

k=n+1

ak
Sk

<
1

2
. (47)

3d�½n�Äm→∞k

0 ≤ lim
m→∞

(
m∑

k=n+1

ak
Sk

)
≤ 1

2
, ∀n > N. (48)

(Üª(46)é��n ∈ N¤á§ª(46)Úª(48)�)gñ"dd��?ê
∑∞

n=1
an
Sn
uÑ"

2.�Ä�S2
n ≥ SnSn−1§Ïdén ≥ 2k

an
S2
n

≤ Sn − Sn−1
SnSn−1

=
1

Sn−1
− 1

Sn
, (49)

Ïd?ê
∑∞

n=1
an
S2
n
�Ü©ÚS�÷v

n∑
k=2

an
S2
n

≤ 1

S1
− 1

Sn
<

1

S1
, (50)

=Ü©ÚS�k.§Ïd��?ê
∑∞

n=1
an
S2
n
Âñ"

·��Ñ§^�1�¯�Ó��{§�±y²��?ê
∑∞

n=1
an
Sp
n
é��p > 1Â

ñ"Öö�±g1Ö¿y²"

KKK 4. ?�uÑ���?ê
∑∞

n=1 an§£�e�¯Kµ

1.y²��?ê
∑∞

n=1
an

1+n2an
oÂñ"

2.y²��?ê
∑∞

n=1
an

1+an
ouÑ"

3.ÏLÀ�ØÓ�
∑∞

n=1 an§`²��?ê
∑∞

n=1
an

1+nan
�UuÑ��UÂñ"

©Ûµ�K1�¯�Âñ5´ØJy²�"1�¯�L§¥§·�ÏL}Á�\Ø

Ó�
∑∞

n=1 an¬uy§·�¬uy��?ê
∑∞

n=1
an

1+an
�ØÓ/Ån0µXJan'��

£~Xank.¤§@o?ê
∑∞

n=1
an

1+an
�±�

∑∞
n=1 an��§XJanL�§@o

an
1+an
�

¬L�"�Ìù«5Æ§·��±©an´Äk.5y²��?ê�uÑ5"1n�?

ê§�an = 1éJé�uÑ�?ê§Âñ?ê��E'�(J"

Proof. 1.|^'��O{
an

1 + n2an
<

an
n2an

=
1

n2
, (51)
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�â
∑∞

n=1
1
n2Âñ��?ê

∑∞
n=1

an
1+n2an

´Âñ?ê"

2.�âdc©Û§·�©ü«�¹?Øµean�k.S�§Ø�an < M§^'�

�O{k
an

1 + an
>

an
1 +M

(52)

�â?ê
∑∞

n=1 anuÑ��?ê
∑∞

n=1
an

1+an
´uÑ?ê"

ean´Ã.S�§K·��±À�{an}���f�ank
¦�limk→∞ ank

= +∞"

À��{´µÄk�an1 = a1¶é?¿k ∈ N∗§ank
ÑØ´S����ö§Ïd

�±#�ank+1
> ank

+ 1§dd���f�÷vlimk→∞ ank
= +∞"?�Ú�

�limk→∞
ank

1+ank
= 1"�âS�f�4��5�§��limn→∞

an
1+an
�½Ø´0§¤

±
∑∞

n=1
an

1+an
uÑ"

3.�Äan = 1§@o an
1+nan

= 1
1+n§Ïd?ê

∑∞
n=1

an
1+nan

´uÑ?ê"

Âñ��/ØN´��"�Ä

an =

1 , n = k2, k ∈ N∗

0 ,Ù¦�,
(53)

d�

an
1 + nan

=


1

1+n , n = k2, k ∈ N∗

0 ,Ù¦�,
(54)

@o
∑∞

n=1
an

1+nan
=
∑∞

k=1
1

1+k2
§ �â'��O{��ù´��Âñ?ê"�K`²�

�?ê�uÑ5ÚÂñ5��äk�¾5§(�´¿©E,�"

KKK 5. �ä���?êÂñ5
∑∞

n=2
(−1)n√
n+(−1)n"

©Ûµ�,limn→∞
1√

n+(−1)n = 0�´
{

1√
n+(−1)n

}
��ØüN4~§¤±ØU�

âLeibniz�O{�O
∑∞

n=1
(−1)n√
n+(−1)n´Âñ�´uÑ£¦^Dirichlet-Abel�O{�Ø

1¤"

Proof. Äk§ÏL'��O{§ØJuy
∑∞

n=2
(−1)n√
n+(−1)nØýéÂñ"

e¡?ØÂñ5"/ªþw§S�vn = (−1)n√
n+(−1)nÚun = (−1)n√

n
´'��C�§�Ä

�kLeibnizúª��
∑∞

n=1 unÂñ§·��Ävn�un��µ

un − vn =
(−1)n√

n
− (−1)n√

n+ (−1)n
=

1√
n(
√
n+ (−1)n)

, (55)

·�Pwn = 1√
n(
√
n+(−1)n)§d�

∑∞
n=2wn���?ê§¿�

lim
n→∞

1√
n(
√
n+(−1)n)
1
n

= 1, (56)
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Ïd?ê
∑∞

n=1wnuÑ"

�â'Xvn = un − wn§?ê
∑∞

n=1 unÂñ?ê
∑∞

n=1wnuÑ§Ïd
∑∞

n=1 vnu

Ñ"

KKK 6. �ä?êÂñ5
∑∞

n=1
(−1)[

√
n]

n §Ù¥[·]´��¼ê"

©Ûµ�K�����?ê����?ê§J±¦^Dirichlet-Abel�O{"�K

?ê�(��~1�-\3�-~5�±daí§\Ú~��ê�Ø��§�´·��±ò

ÓÒ��n3�å§éù
ÓÒ��Ú���©Û"

Proof. Äk§?ê
∑∞

n=1
(−1)[

√
n]

n w,ØýéÂñ"

e¡?ØÂñ5"ò?ê
∑∞

n=1
(−1)[

√
n]

n �ëYÓÒ�Ü¿§¿�Ä��#��?

ê
∑∞

n=1(−1)nan§Ù¥

an =
1

n2
+

1

n2 + 1
+ · · ·+ 1

(n+ 1)2 − 1
, (57)

·�F"|^Leibniz�O{§�O��?ê
∑∞

n=1(−1)nan�Âñ5§l��K8¥

�?êÂñ�(Ø"@o·�ÒI�S�an�üN5Ú4�5�"

·�é¦Úan� ��

2n+ 1

n2
> an >

2n+ 1

(n+ 1)2
, (58)

Ïdklimn→∞ an = 0"�´ùØvíÑanüN4~§·�I��°[��O"·�

òan©�cn�Ú�n+ 1�µbn = 1
n2 + 1

n2+1
+ · · ·+ 1

n2+n−1 ,

cn = 1
n2+n

+ 1
n2+n+1

+ · · ·+ 1
n2+2n

,
(59)

ébnÚcn©O� 
1

n
=

n

n2
> bn >

n

n2 + n− 1
>

1

n+ 1
, (60)

Ú
1

n
=

n+ 1

n2 + n
> cn >

n+ 1

n2 + 2n
>

1

n+ 1
, (61)

Ïd
2

n+ 1
< an = bn + cn <

2

n
, (62)

ù`²anüN4~"(ÜLeibnizúª���?ê
∑∞

n=1(−1)nanÂñ.

nþ§?ê
∑∞

n=1
(−1)[

√
n]

n ^�Âñ"
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·�Ö¿§ò���?ê
∑∞

n=1
(−1)[

√
n]

n ÓÒ�Ü¿/¤��?ê
∑∞

n=1(−1)nan�

L§�,�*�´Ø
î�"î�`²�ÙI��ÄÜ©ÚS�Sn =
∑n

k=1
(−1)[

√
k]

k "

òÓÒ�eZ��3�å§Ïdéun2 ≤ m ≤ (n+1)2§Ü©ÚSm��0uSn2�S(n+1)2�

m"��?ê
∑∞

n=1(−1)nan�Âñ¿�Xlimn→∞ Sn2Âñ§dY%�n��limm→∞ Sm�

Âñ§=���?ê
∑∞

n=1
(−1)[

√
n]

n Âñ"

KKK 7. ���?ê
∑∞

n=1
1
an
Âñ§y²?ê

∑∞
n=1

n
a1+a2+···+anÂñ"

©Ûµ�K´¦^ü½n)��y²K§éu��?ê5`Âñ�duýéÂ

ñ§¤±Âñ���?êÑ�±ü"·�é?ê
∑∞

n=1
1
an
�â©1an���l���

ü£é 1
an
5`´l���ü¤§dd5{z?ê

∑∞
n=1

n
a1+a2+···+anÂñ�y²"

Proof. ·�©üÚ5y²"

ÚÚÚ½½½1. b½S�{an}´üN4O�S�§�?ê?ê
∑∞

n=1
1
an
Âñ§·�y²?

ê
∑∞

n=1
n

a1+a2+···+anÂñ"�âS���K5Ú4O5k

2n

a1 + a2 + · · ·+ a2n
≤ 2n

an+1 + an+2 + · · ·+ a2n
≤ 2n

nan
≤ 2

an
. (63)

Ón� 

2n− 1

a1 + a2 + · · ·+ a2n−1
≤ 2n− 1

an + an+1 + · · ·+ a2n−1
≤ 2n− 1

nan
≤ 2

an
. (64)

Ïdéu?ê
∑∞

n=1
n

a1+a2+···+an����12n− 1�Ú12n�kXe� 

2n− 1

a1 + a2 + · · ·+ a2n−1
+

2n

a1 + a2 + · · ·+ a2n
≤ 4

an
. (65)

�â'�½n§d?ê
∑∞

n=1
1
an
Âñ�±íÑ?ê

∑∞
n=1

n
a1+a2+···+anÂñ"

ÚÚÚ½½½2. XJS�{an}¿�üN4O§·�ò{an}#ü��üN4O�S

�{bn}"ùpk��¯KµüN4O�ü´Ä�±�¤º~XS�xn = 1
n§·�Ã{

é�{xn}¥�����§¤±Ã{l����{xn}ü"éuK8¥�S�{an}§ù

«ü´Ä�±�¤Qº

�
`²ü{an}��15§·�|^?ê
∑∞

n=1
1
an
Âñ5�Ñ�Ü©Úk.5µ

=�3þ.M > 0¦�

1

a1
+

1

a2
+ · · ·+ 1

an
≤M, ∀n ∈ N∗. (66)

y3éu?¿ε > 0§·�`²S�{an}¥�'ε����êk�µXJ,�ak < ε§%

¹ 1
ak
> 1

ε§�âª(66)Ü©Úk.§÷v 1
ak
> 1

ε��ak�kk��§¤±�'ε���

�êk�"du·�oU�ê8k���l���üS§¤±·��±òS�{an}ü

�üN4O�S�{bn}"
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5¿�?ê
∑∞

n=1
1
bn
´Âñ���?ê

∑∞
n=1

1
an
�ü?ê§¤±

∑∞
n=1

1
bn
�Â

ñ§�â�c�©Û§?ê
∑∞

n=1
n

b1+b2+···+bn�Âñ"du{bn}´l����ü§¤

± ∞∑
n=1

n

b1 + b2 + · · ·+ bn
≥
∞∑
n=1

n

a1 + a2 + · · ·+ an
. (67)

¤±?ê
∑∞

n=1
n

a1+a2+···+anÂñ"

2.2 °ÀÖ¿K

ÖÖÖ 1. �ëêp��¢ê§�ä��?êÂñ5
∑∞

n=1

(√
n+ 1−

√
n
)p

ln n+1
n−1"

ÖÖÖ 2. �ä��?êÂñ5
∑∞

n=1

(
n

1
n − sin 1
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