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1.1 na¥�½n

na¥�½n�¶Û�¥�½n!.�KF¥�½nÚ�Ü¥�½n§ÖöI�Ù

Gn�½n�QãÚSº"Ù¥Û�½nÚ.�KF½n�y²éu)Kkér���

¿Â§I�ÖöÙöÝº"

Û�¥�½n

30�Û�½n�c§·�Äk0���{ü�(Øµ¤ê½n"¤ê½nQã


p¥êÆ���Ä�(Øµ4�:?��¼ê��"µ

½½½nnn 1.1 (Fermat). XJf(x)3:x = a���(a − r, a + r)½Â§�3x = a?��"

XJé��y ∈ (a− r, a+ r)Ñkf(y) ≥ f(a)½f(y) ≤ f(a)£©OéA:x = a´4��

Ú4��¤§@of ′(a) = 0"

Ùy²��6�ê�½Âµ

Proof. �y{§·���Äé��y ∈ (a − r, a + r)Ñkf(y) ≥ f(a)��¹"@oé�
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�y ∈ (a − r, a)kf(y)−f(a)
y−a ≤ 0¶,��¡§é��y ∈ (a, a + r)kf(y)−f(a)

y−a ≥ 0"�â

4��Ø�5�µ

f ′−(a) = lim
x→a−0

f(y)− f(a)

y − a
≤ 0, f ′+(a) = lim

x→a+0

f(y)− f(a)

y − a
≥ 0. (1)

duf(x)3x = a?��§@of ′(a) = f ′−(a) = f ′+(a)§ddf ′(a) = f ′−(a) = f ′+(a) =

0"

Û�½n�Qã´

½½½nnn 1.2 (Rolle). XJf(x)34«m[a, b]ëY§3m«m(a, b)��§¿�b½f3«m

ü�>.¼ê���=f(a) = f(b)§·��±é�m«m(a, b)þ�:ξ÷vf ′(ξ) = 0"

Û�½n�QãéÄ�§�´ÙAÛ¿Âé²w"~Xã1ã��L�¼ê3«m

à:a, bäk�Ó�¼ê�§=ã��à:(a, f(a))Ú(b, f(b))äk�Ó�Y²pÝ"b

�k��Ã±Ã>Ù��<§d:(a, f(a))Ñu§÷Xf�ã�r�:(b, f(b)§31r

�L§¥Ã>Ù�1Î���Xã������"@ook��Ã>Ù1Î���´Y

²�x¶����"½=�3�:ξ ∈ (a, b)§x = ξ?����Y²§=f ′(ξ) = 0

AOJ«§�½È©¥�½nØÓ§Û�½né��ê¼ê��0�:x = ξ´ 

um«m(a, b)�§Ø¬ u>.x = a½x = bþ"d	§�âÛ�½n�Uy²÷

vf ′(ξ) = 0�:3(a, b)¥�3§Ï~Ã{�äÙäN �§�Ã{ÚO÷vf ′(ξ) = 0�

:Ä¾kA�"

Û�½n�y²¿ØJµdu¤ê½n§f(x)3�4��:�½´�ê�0�:§

·���`²4�:ξØ34«m[a, b]�à:þ=�"£5µ4��Ú���´ØÓ�

Vg§·�¬3�YÆS«©§ùpØ�(²¤

Proof. duf(x) ∈ C[a, b]§�â4«mëY¼ê�4�½n§f(x)34«m[a, b]���

�MÚ���mÑ�±��§=�3ξ ∈ [a, b]Úη ∈ [a, b]¦�f(ξ) = MÚf(η) = m"

��ξ, η��Ø u4«m[a, b]�à:§@of ′(x)3T:��Ò´0"·��

Äξ, ηÑ u4«m[a, b]�à:��¹§duf(a) = f(b)§ù`²M = m§Ïdf´~

�¼ê§Û�½n�,�("

.�KF¥�½n

.�KF¥�½n�Qã´

½½½nnn 1.3 (Lagrange). XJf(x)34«m[a, b]ëY§3m«m(a, b)��§·��±é�

m«m(a, b)þ�:ξ÷vf ′(ξ) = f(b)−f(a)
b−a "

2



ã 1: Û�¥�½n�AÛ5�«¿ã"

ã 2: Lagrange¥�½n�AÛ5�«¿ã"

.�KF½n'åÛ�½n§Ø2I�f(b) = f(a)�^�§�´kaq�

AÛ¿ÂµÓ�k��Ã±Ã>Ù��<÷Xã2¤«�ã�§d:(a, f(a))Ñ

ur�:(b, f(b))§31r�L§¥§ok��Ã>Ù1Î���²1uë�

:(a, f(a))Ú(b, f(b))���"duë�:(a, f(a))Ú(b, f(b))����Ç´f(b)−f(a)
b−a §Ï

d�3ξ ∈ (a, b)¦�f ′(ξ) = f(b)−f(a)
b−a "é'ã1Úã2§XJ·�òã2��I¶XoY^

=��ë�:(a, f(a))Ú(b, f(b))���²1§@oü�¥�½n´�d�"

.�KF¥�½n�y²I�3Û�½nÄ:þ�E9Ï¼ê§·��YÐm"

��§.�KF½n����A^´Ø½È©���5½nµ=�½¼êf(x)§Ù

�¼ê������~êµ

½½½nnn 1.4. XJf(x)3m«m(a, b)��§¿�f ′(x) = 03m«m(a, b)¤á§@of(x)3

m«m(a, b)ð�~�"

�Ü¥�½n

�Ü¥�½n��¦^§Ì�A^´y²â7�{K§ÙQã´

½½½nnn 1.5 (Cauchy). �ü�¼êf(x), g(x)34«m[a, b]ëY§3m«m(a, b)��§

�g′(x)3(a, b)�"§·��±é�m«m(a, b)þ�:ξ÷vf ′(ξ)
g′(ξ) = f(b)−f(a)

g(b)−g(a)"

�Ü¥�½n�y²�´�E9Ï¼ê¦^Û�½n§,9Ï¼ê��E'�E
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,§Ø��¦Ýº"

1.2 ¥�½n3)K¥�A^

�!Ì�0�¥�½n��«��A^"ÚüN5�'��{·�ò3�YÆS¼

ê5�Ù!�o("

~¼ê�y²

½n1.5w�·�§��y²��¼êf(x)3,4«m[a, b]´~�¼ê§�Iy²

�êf ′(x)3(a, b)þð�"=�"

~~~ 1. �f(x)Úg(x)Ñ3(a, b)��§Ù¥g(x) 6= 0Úf(x)g′(x) = f ′(x)g(x)é��x ∈

(a, b)¤á§¦yµ�3k ∈ R¦�f(x) = kg(x)é��x ∈ (a, b)¤á"

Proof. �K�(Ø´F"·�y²¼êT (x) = f(x)
g(x)´��~�¼ê§ddO��ê

T ′(x) =
f ′(x)g(x)− f(x)g′(x)

g2(x)
= 0, ∀x ∈ (a, b). (2)

¤±T (x)3(a, b)þ´~�¼ê"

©Û�§�":

�âÛ�½n§XJ¼êf(x)÷vf(a) = f(b)§@of ′(x)��3(a, b)þk��

":"T½n~~±íØ/ªÑyµXJf(x)3½Â��3ü�ØÓ�":ξ, η§@

of ′(x)��3����":§Ï�f(ξ) = f(η) = 0"

~~~ 2. ?�¢êc1, c2§y²�§c1 cosx+ c2 cos 2x = 03(0, π)k":"

Proof. �f(x) = c1 cosx + c2 cos 2x"duÛ�½n�±`²�¼ê�3":§@o

·�Òòf(x)�¤�¼ê��¼êA^Û�½n"�ÄF (x) = c1 sinx + c2
2 sin 2x§

@oF (0) = F (π) = 0§duf(x) = F ′(x)§¤±�3ξ ∈ (0, π)¦�f(x) = F ′(x) =

0"

~~~ 3. ¦yµ�§2x + 2x2 + x− 1 = 0�õ�kü��"

Proof. ½Âf(x) = 2x+2x2+x−1"·�^�y{§b�f�3��n�":a < b < c§

@oÛ�½nw�·��3ξ ∈ (a, b)Úµ ∈ (b, c)´¼êf ′�":§Ù¥

f ′(x) = 2x ln 2 + 4x+ 1. (3)
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=f ′(ξ) = f ′(µ) = 0"2^Û�½n§�3:λ ∈ (ξ, µ)´f ′′�":§Ù¥

f ′′(x) = 2x(ln 2)2 + 4. (4)

,��¡§du2x > 0§¤±f ′′(x) > 0é?¿¢êx¤á"ddf ′′Ø�3":"

ù�·�dÛ�½níÑ�(Øgñ"¤±�§2x + 2x2 + x − 1 = 0�õ�kü�"

:"

O�4�

.�KF¥�½n�/ª�f(b) − f(a) = f ′(ξ)(b − a)"3�
4�¥§XJ¼ê

äkf(b)− f(a)�/ª§Ù¥fAOE,§�±ò¼ê���¤.�KF½n�/ª"

~~~ 4. O�4�limn→∞ n [arctan (ln(n+ 1))− arctan (ln(n))]"

Proof. du¼êf(x) = arctanx´���¼ê§�âLagrange¥�½n§�3:ξn ∈

(ln(n), ln(n+ 1))÷v

arctan (ln(n+ 1))− arctan (ln(n)) =
ln(n+ 1)− ln(n)

1 + ξ2
n

. (5)

AO5¿ëêξn´�6n�§�,·�Ø��ξnäN�§�´·��¦���´ξn ∈

(ln(n), ln(n+ 1))"�\z{O�

n [arctan (ln(n+ 1))− arctan (ln(n))] =
1

1 + ξ2
n

·
(
n ln

(
1 +

1

n

))
. (6)

5¿�limn→∞ n ln
(
1 + 1

n

)
= 1§,��¡ξn ∈ (ln(n), ln(n + 1))§¤±limn→∞ ξn =

+∞§Ïd

lim
n→∞

n [arctan (ln(n+ 1))− arctan (ln(n))] = lim
n→∞

1

1 + ξ2
n

·
(
n ln

(
1 +

1

n

))
= 0. (7)

Ø�ª�y²

�.�KF½n34��A^aq§�·��y²�Ø�ªäk¼ê���

/ª§·���±ÏL.�KF¥�½nC/z{�y²�Ø�ª"�~��~

f´p¥êÆ�²;Ø�ªln(1 + x) ≤ x§·��±^¥�½n��ó�´y²µ

�f(x) = ln(1 + x)§@of(x)− f(0) = ln(1 + x)§¤±éux > 0k

ln(1 + x) = f(x)− f(0) = xf ′(ξ) =
x

1 + ξ
> x, (8)

Ù¥ξ ∈ (0, x)´�ê"éx < 0�¹Ón"¤±"¦^¥�½ny²Ø�ª�Ø%´À

JÜ·�¼ê§¿òØ�ª�¤¼ê����/ª"
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~~~ 5. �0 < a < b§y²Ø�ª(1+a) ln(1+a)+(1+b) ln(1+b) ≤ (1+a+b) ln(1+a+b)"

Proof. �E¼êf(x) = (1 + x) ln(1 + x)§@o·��y²�Ø�ª��u

f(a) + f(b) ≤ f(a+ b). (9)

^.�KF½n§�3ξ ∈ (b, a+ b)¦�

f(a+ b)− f(b) = af ′(ξ) = a(1 + ln(1 + ξ)). (10)

duξ > b > a§¤±

a(1 + ln(1 + ξ)) > a+ a ln(1 + a) ≥ ln(1 + a) + a ln(1 + a) = f(a), (11)

Ù¥1��Ø�Ò´A^
a ≥ ln(1 + a)�(Ø"

AO(²§�KXJéf(a + b)− f(a)¦^.�KF½nòÃ{��(Ø§ÓÆ�

3)K�Aõ\}Á"

1.3 �35¯KÚ9Ï¼ê��E

·�~~��ù��SK§�½3«m(a, b)��¼êf(x)§·�F"y²�

3ξ ∈ (a, b)¦�¼ê�f(ξ)Ú�¼ê¼ê�f ′(ξ)÷v�½�5�"ùa�35¯KÏ~

¦^Û�½n5)û§òI��E�ªf�¤,�¼ê��¼ê",ù�L§~~�

69Ï¼ê��E"·�Äk5wÏLÛ�½ny².�KF½n��{

Proof. ·��y²�3f ′(ξ) = f(b)−f(a)
b−a §·�=�E,	�¼ê

F (x) = f(x)− f(b)− f(a)

b− a
(x− a). (12)

·�¡F (x)�9Ï¼ê"Ùw,äkeã5�µ

1.F (a) = F (b) = f(a)"

2.F ′(x) = f ′(x)− f(b)−f(a)
b−a "

·�é¼êF (x)A^Û�½n§�3:ξ ∈ (a, b)¦�F ′(ξ) = 0§=k

g′(ξ) = f ′(ξ)− f(b)− f(a)

b− a
= 0. (13)

·�{üo(�e�E9Ï¼êF�g´µ·�I�é���f ′(ξ) = f(b)−f(a)
b−a §

��±w��§g(y) = f(y) − f(b)−f(a)
b−a = 0�":"|^Û�½nÏé�§�":§

·�I�ò�§�9�¼êg(y)�¤,¼ê��¼ê§¤±·�F"�Eg(y)��¼

6



ê�G(y) = f(y) − f(b)−f(a)
b−a (y − C)§Ù¥C´�½~ê"�
¦^Û�½n§�7

LG(a) = G(b)§¤±·��C = a§GÒC¤
K8¥�9Ï¼êF"�Ò´`§^Û

�½n?nùa�35¯K�§�±��~K2�g´§òI��E�ξw¤Ïé,��

§�":§ÏL�E�¼ê��ª|^Û�½n)û"

,�õê�ÿ§��9Ï¼êFÓ�÷vF (a) = F (b)�äk�½��¼ê5�

´�~���"ÏdÏ~I�é8I��35�ª?1�êC/§Ó�9Ï¼ê���

¬'�|©£~X�Ü½n�9Ï¼ê¤"3p�êÆ��Æp§·�Ø�¦ÝºL©

E,�9Ï¼ê�E"

~~~ 6. �¼êf(x)Úg(x)3[a, b]þ����§¿�g′(x) 6= 0é��x ∈ (a, b)¤á§¦

yµ�3ξ ∈ R¦�f(a)−f(ξ)
g(ξ)−g(b) = f ′(ξ)

g′(ξ)"

©Ûµ�K3/ªþ��Ü½n�C§�´·�À^Û�½n�E9Ï¼ê��{

)û"du©ª�/ªJ±�E9Ï¼ê§·�Äké8Iª�êC/"

Proof. ·�é8Iª�êC/

f(a)g′(ξ) + g(b)f ′(ξ) = f(ξ)g′(ξ) + f ′(ξ)g(ξ). (14)

�h(x) = f(x)g′(x) + f ′(x)g(x) − f(a)g′(x) − g(b)f ′(x)§·���uy²f(x) =

03(a, b)þ�3�"g,�±�Äh(x)�¼ê�

H(x) = f(x)g(x)− f(a)g(x)− f(x)g(b). (15)

@oH ′(x) = h(x)�H(a) = H(b) = −f(a)g(b)§^Û�½n��3ξ¦�H ′(ξ) =

h(ξ) = 9"

1.4 *Ö¿SNµ�Ù¥�½n

�Ù½n´�x�¼ê5��½n§§w�·��3�¼ê�¼ê7L÷v�½�

�¦§�ó�Ø´?¿¼êÑ�±¤�,¼ê��¼ê�"{ü5`§Ò´?¿�¼ê

7LäkaqëY¼ê�0�5"�Ù¥�½n�î�Qã´µ

½½½nnn 1.6 (Darboux). �f(x)3[a, b]��§XJ¢êη0uf ′(a)�f ′(b)�m§=f ′(a) <

η < f ′(b)½f ′(b) < η < f ′(a)¤á§@o�3c ∈ (a, b)¦�f ′(c) = η"

�Ù½n�,Ø�6È©¥�½ny²§�´Ùy²g´ÚÛ�¥�½n�~a

q§ù´I�ÓÆ�Ýº�/�§=K¬0Ï¤ê½nÚÛ�¥�½n�y²g´"
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ã 3: Darboux½n�y²«¿ã

Proof. ·�ky²η = 0�{ü��¹§Ø��f ′(a) < 0 < f ′(b)§·�y²�3c ∈

(a, b)¦�f ′(c) = 0"�â�ê�½Â

f ′(a) = lim
∆x→0+0

f(a+ ∆x)− f(a)

∆x
< 0, (16)

f ′(b) = lim
∆x→0+0

f(b)− f(b−∆x)

∆x
> 0. (17)

duª(16)4��K§�â¼ê4��k.5§�3δ > 0§¦�f(a+δ)−f(a)
δ < 0§Ï

df(a + δ) < f(a)"Ón§�â4�(17)��§��3γ > 0¦�f(b − γ) < f(b)"d

d��¼êf3[a, b]þ�����7,3m«m(a, b)��£Xã¤«¤"�4��:

�c§�â¤ê½nf ′(c) = 0"

éu����η 6= 0�§éF (x) = f(x) − ηxA^η = 0��Ù½n"Ø�f ′(a) <

η < f ′(b)§@oF ′(a) < 0 < F ′(b)§¤±�3c ∈ (a, b)¦�F ′(c) = f ′(c)− η = 0"

2 *Ðò�

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"

� *ÐSK1µ¥�JÝ§|^Û�½n©Û":"

� *ÐSK2µ¥�JÝ§Û�½n�íØ"

� *ÐSK3µ(JJÝ§�E9Ï¼êy²�35¯K"

� *ÐSK4µ(JJÝ§�E9Ï¼êy²�35¯K"

� *ÐÖ¿K1µ{üJÝ§.�KF½n���A^"
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� *ÐÖ¿K2µ¥�JÝ§|^Û�½nÚ2ÂÛ�½n©Û":§a'*ÐS

K1"

� *ÐÖ¿K3µ¥�JÝ§�Ù½n�íØ"

� *ÐÖ¿K4µ(JJÝ§�E9Ï¼êy²�35¯K"

2.2 *ÐSK

KKK 1. ½Â¼êF (x) = (x−a)n(x−b)n§Ù¥n ∈ N∗§¢êa < b§½Âf(x) = F (n)(x)§

y²f(x)3(a, b)¥���3n�pØ�Ó��"

©Ûµ�K´¦^Û�½n©Û":�a.§�3ÏLÛ�½né�f(x)3(a, b)¥

���3n�ØÓ":"

Proof. n = 1��/´w,�§·�Ø��Än ≥ 2"ÄkF (x)äk":a, b§¦^Û�

½nF ′(x)�3":ξ ∈ (a, b)"�ùpwqÃ{¦^Rolle½nUY(½F ′′�":
§�

´·v5¿�

F ′(x) = (n− 1)(x− a)n−1(x− b)n−1(2x− a− b), (18)

¦^a, b�´F ′�":"u´·�é�
F ′�n�ØÓ�":a, ξ, b"UYí�ÑF ′′3(a, b)þ

���3ü�":"��/§��k < n§�âLeibnizúªk

F (k)(x) =
k∑
j=0

[(x− a)n](j) [(x− b)n](k−j) . (19)

5¿�[(x− a)n](j)Ú[(x− b)n](k−j)�,´'ux − aÚx − b�õ�ª"¦^éuF��

ung�?¿��ê§a, b�,´":"·��ìþã�{§F ′�3�)a, b�n�"

:§u´F ′′�3�)a, b�o�":§±daí§F (n−1)�3�)a, b�n+1�":"5

¿�dua, bØ2´F (n)�":§·�^Rolle½n�±íÑF (n)�3��n�":"

KKK 2. �f(x)3R��§XJ4�limx→−∞ f(x) = limx→+∞ f(x) = l§¦yµ�3ξ ∈

R¦�f ′(ξ) = 0"

©ÛµXJòÃ¡�:�4�w�f3±∞�¼ê�§�K��±w¤Ã¡«

m[−∞,+∞]�Û�½n§Ïd�K�(Ø�¡�222ÂÂÂÛÛÛ���½½½nnn"

Proof. ���{{{1. |^Û�½ny²§=XJé�¢êa < b÷vf(a) = f(b)§Ò�

3ξ ∈ (a, b)÷vf ′(ξ) = 0§�3aÚb��{´ëY¼ê�0�½n§ØLI�òÃ¡«

m�ä�k.4«mâ�±¦^0�½n"
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Äk§?�γ ∈ (a, b)÷vf(γ) 6= l§Ø�f(γ) > l"£5¿µXJù��γ�Ø�Ò

`²f´~�¼ê§(Øg,¤á¤d�|^4�limx→−∞ f(x) = l§�3v
��α¦

�|f(α)− l| < f(γ)−l
2 §Ïdf(α) < f(γ)+l

2 < f(γ)¶Ón|^4�limx→+∞ f(x) = l§�

3v
��β¦�|f(β)− l| < f(γ)−l
2 §Ïdf(β) < f(γ)+l

2 < f(γ)"3«m[α, γ]¦^0�

½n§�3a ∈ (α, γ)¦�f(a) = f(γ)+l
2 ¶3«m[γ, β]¦^0�½n§�3b ∈ (γ, β)¦

�f(b) = f(γ)+l
2 "nþf(a) = f(b) = f(γ)+l

2 §|^Û�½n�3ξ ∈ (a, b)÷vf ′(ξ) =

0"

���{{{2. ·�Ó��{òÃ¡«m=z�k�«m¦^Û�½n"½Â¼êy =

tanx§½Â�(−π
2 ,

π
2 )§�EEÜ¼êg(x) = f(tanx)§ddg´3(−π

2 ,
π
2 )½Â�¼

ê§¿��âEÜ¼ê�¦�5�g(x)3(−π
2 ,

π
2 )��"

du4�limx→−∞ f(x) = limx→+∞ f(x) = l§Ïd

lim
x→−π

2
+0
g(x) = lim

x→−π
2

+0
f(tanx) = lim

y→−∞
f(y) = l, (20)

lim
x→π

2
−0
g(x) = lim

x→π
2
−0
f(tanx) = lim

y→+∞
f(y) = l. (21)

·�3½Â��(−π
2 ,

π
2 )�¼êg(x)Ä:þ§Ö¿½Âm«m>.�¼ê���#�¼

ê

g̃(x) =

l , x = ±π
2 ,

g(x) , x ∈ (−π
2 ,

π
2 ).

(22)

dug̃3[−π
2 ,

π
2 ]ëY§3(−π

2 ,
π
2 )��§�g(π2 ) = g(−π

2 ) = l§¤±�3c ∈ (−π
2 ,

π
2 )÷v

g̃′(c) =
f ′(tan c)

cos2 c
= 0 (23)

�ξ = tan c§ddf ′(ξ) = 0"

KKK 3. �¼êf(x)3[a, b]����§3(a, b)����§÷vf(a) = f(b) = 0Úf ′(a)f ′(b) >

0§¦yµ

1.�3c ∈ (a, b)¦�f(c) = 0"

2.�3d ∈ (a, b)¦�f ′(d) = f ′′(d)"

3.�3e ∈ (a, b)¦�f ′′(e) = f(e)"

©Ûµ�K�1�¯�{Ú�Ù½n�y²'�aq§1�¯Ú1n¯K´I��

E¼ê��35¯K"

Proof. 1.df ′(a)f ′(b) > 0§Ø��f ′(a), f ′(b) > 0§�â�ê�½Âk

f ′(a) = lim
δ→0+0

f(a+ δ)− f(a)

δ
> 0, (24)

f ′(b) = lim
δ→0+0

f(b)− f(b− δ)
δ

> 0. (25)
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duª(24)4���§�â¼ê4��k.5§�3α > 0¦�f(a+α)−f(a)
δ > 0§Ï

df(a+ α) > f(a) = 0"Ón�â4�(25)§��3β > 0¦�f(b− β) < f(b) = 0"d

d·�é�
a < a+ α < b− β < b÷vf(a+ α) > 0 > f(b− β)"�âf�ëY5§�

3c ∈ (a+ α, b− β) ⊂ (a, b)¦�f(c) = 0"

2.·����E9Ï¼êF§¦�·��±��/Xf ′(x) = f ′′(x)�ªf"�E

F (x) = e−xf ′(x). (26)

¦��

F ′(x) = ex(−f ′(x) + f ′′(x)). (27)

u´·��y²�3f ′(d) = f ′′(d)§Ò�I�y²F ′(d) = 0"ùÒ´9Ï¼êF�E�

©?"

·�F"éF^Rolle½n"Äk§¼êf�3n�":a < c < b§�âRolle½n§

�3:ξ ∈ (a, c)Úµ ∈ (c, b)´f ′�":§=f ′(ξ) = f ′(µ) = 0"u´ξÚµ�´F�"

:§=F (ξ) = F (µ) = 0§2dRolle½n§�3d ∈ (ξ, µ)¦�F ′(d) = 0§d�f(d) =

f ′′(d)"

3.·�ùgF"�E9Ï¼êG§¦�·��±��/Xf(x) = f ′′(x)�/ª"�

E

G(x) = e−x(f(x) + f ′(x)). (28)

@o��

G′(x) = e−x(f ′(x) + f ′′(x)− f(x)− f ′(x)) = e−x(f ′′(x)− f(x)). (29)

dd·�����G′(e) = 0Ò�±y²f(e) = f ′′(e)"

�
ïÄG′":��35§·�ÄkI�?ØG�":"dd·�k�E¼ê

H(x) = exf(x). (30)

�â^�§Hkn�":a < c < b"�Ä�¼ê

H ′(x) = ex(f(x) + f ′(x)). (31)

ÏdH ′kü�":p ∈ (a, c)Úq ∈ (c, b)"u´

f(p) + f ′(p) = f(q) + f ′(q) = 0 (32)

dd��pÚq�´¼êG�":§¤±�3e ∈ (p, q)¦�G′(e) = 0§=f(e) = f ′′(e)"
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KKK 4. �f ∈ D2[a, b]�f(a) = f(b) = 0§y²µéu?¿x ∈ (a, b)§�3ξ ∈ (a, b)§¦

�f(x) = f ′′(ξ)
2 (x− a)(x− b)"

Proof. dux, a, bÑ´(½�ê§·��8I´é���ξ ∈ (a, b)¦�¦�

f ′′(ξ) = λ =
2f(x)

(x− a)(x− b)
. (33)

-g(y) = f ′′(y) = λ§·��òg�¤,¼ê��¼ê"dd�

G(y) = f(y)− λ

2
(y − a)(y − b) = f(y)− f(x)

(y − a)(y − b)
(x− a)(x− b)

. (34)

@ow,kG′′(y) = g(y)ÚG(a) = G(b) = G(x) = 0"¤±�3p ∈ (a, x)Úq ∈ (x, b)¦

�G′(p) = G′(q)§,��3ξ ∈ (p, q)÷vg(ξ) = 0"

2.3 *ÐÖ¿K

ÖÖÖ 1. 2021pppêêêBÏÏÏ"""���ÁÁÁKKK. y²µ�3½Â�´´�N¢ê���u(0, 1)�¼

êθ(x)¦�arctanx = x
1+(xθ(x))2

é��x¤á"

ÖÖÖ 2. �n´?¿g,ê§?Øeã¼ê�":ê

1.VVV444���õõõ���ªªª Pn(x) = 1
2nn!

[(
x2 − 1

)n](n)
3(−1, 1)kn�ØÓ":"

2....XXX���õõõ���ªªª Ln(x) = ex [xne−x]
(n)
.3Rkn�ØÓ":"

ÖÖÖ 3. �f(x) ∈ D1(a, b)§¦^�Ù½ny²µXJf ′(x)�3mä:§@omä:7L

´1�amä:"

ÖÖÖ 4. y²e�¯K

1.f3[0, 1]ëY§3(0, 1)��§f(1) = 0§¦yµ�3ξ ∈ (0, 1)¦� f ′(ξ) =
(
1− ξ−1

)
f(ξ)"

2.f3[0, 1]ëY§3(0, 1)��§f(0) = f(1) = 0§f(1
2) = 1§¦yéu?¿¢êλ§þ�

3ξ ∈ (0, 1)¦�f ′(ξ)− λ(f(ξ)− ξ) = 1"
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