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1.1 4��î�½Â

·�Äk�ÑS�4��î�½Â

½½½ÂÂÂ 1.1. �ÄS�{an}+∞n=1§X�3��¢êl§¦�éu∀ε > 0§o�3N ∈ N§¦

�|an − l| < εéu��N > n¤á§K¡S�{an}ÂÂÂñññ§¢êl¡�S�{an}�444���§

P�limn→∞ an = l"

S�4��î�½Â¦^
ε − N�ó§�´�é{V)S�4��Vg´///SSS

���{an}���������lààà   000"�
²(S�4��½Â§·��ÄXeA:µ

1.XÛ�½S���an�l�à Qº�Ð��{´ÏL|an − l|��§§��uan��

�l�ål§XJ|an − l|��§g,anll�C"

2.Xã¤«§�½ε > 0§�an?3«m(l − ε, l + ε)�§·�Ò@�an®²�C
l"3

S�4��½ÂÜ6e§·��¦�nv
��kan ∈ (l − ε, l + ε)"

3.XÛ�xnv
�ù�^�Qº3S�4��½ÂÜ6e§éu?¿ε > 0·�Ñ

Î¯Û�an?3«m(l − ε, l + ε)§¿é�����Nd�an(n > N)Ò��?\«

m(l − ε, l + ε)¥"ddN´�6ε�§¿�éu∀ε > 0·�Ñ�é���NâUy²S

�Âñ"

�e5�Ü©·�Ð«XÛ¦^4��½Ây²4�
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ã 1: S�4�Âñ½Â�«¿ã"

~~~ 1. ¦^½Ây²4�limn→∞
n

2
3 sinn
n+1 = 0"

©Ûµ·��Ø%g´�éz�εÏéN§¦�

∣∣∣∣n 2
3 sinn
n+1 − 0

∣∣∣∣ < εén > N¤á"�


©ÛØ�ª

∣∣∣∣n 2
3 sinn
n+1 − 0

∣∣∣∣ < ε§·�ÏLª(1)ò

∣∣∣∣n 2
3 sinn
n+1 − 0

∣∣∣∣·���§�ªÏLεL
�
ÎÜ^��N"

Proof. ÚÚÚ½½½1µµµQQQãããε − N���óóó���···KKK ·���y²§éu∀ε > 0§�3��N ∈

N∗£�6ε¤¦�éu∀n > N Ñk

∣∣∣∣n 2
3 sinn
n+1 − 0

∣∣∣∣ < ε"�ó�§···������ééézzz������ε > 0ééé

���áááuuu§§§���N"

ÚÚÚ½½½2µµµ···���������������OOO���ªªªfff �
¦�

∣∣∣∣n 2
3 sinn
n+1 − 0

∣∣∣∣ < εév
��n¤á§·�

·�����O�ªf

∣∣∣∣n 2
3 sinn
n+1 − 0

∣∣∣∣§±�B·�ÏéÜ·�N"du∣∣∣∣∣n
2
3 sinn

n+ 1

∣∣∣∣∣ <
∣∣∣∣∣n

2
3

n

∣∣∣∣∣ <
∣∣∣∣ 1
n

1
3

∣∣∣∣ , (1)

d��


∣∣∣∣n 2
3 sinn
n+1 − 0

∣∣∣∣ < ε¤á§�I�¦�n÷v
∣∣∣ 1

n
1
3

∣∣∣ < ε=�"

ÚÚÚ½½½3µµµ���ÑÑÑN���LLL���ªªª ù�Ú��â1�Ú��Oª(1)§�)��êN÷v�

^�"�

∣∣∣ 1

n
1
3

∣∣∣ < εé��n > N¤á§�N÷v
∣∣∣ 1

N
1
3

∣∣∣ < ε§=N > 1
ε3
"duN´��

ê§·�-N =
[
1
ε3

]
+ 1"

ÚÚÚ½½½4µµµ���¤¤¤ε − N���óóó···KKK(((ØØØ �âc¡�©Û§�Ú½1¥�·K"·�

�N =
[
1
ε3

]
+ 1§éu��n > Nk

∣∣∣∣n 2
3 sinn
n+1 − 0

∣∣∣∣ < ε"�·K�y"

¦^½Ây²4��§7L��rºy²�Ì�g´µéééuuuzzz������ε > 0ÏÏÏéééÎÎÎÜÜÜ

^̂̂������N"""
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uÑ´Âñ��¡§@o·�XÛQãS�uÑ�½ÂQºÂñ�½Â�6éz

�ε > 0Ñ�3N÷và ^�§�L5uÑ�½ÂB´�3,ε > 0¦�÷và ^�

�NØ�3"uÑî�½Â´

½½½ÂÂÂ 1.2. �ÄS�{an}+∞n=1§Xé?¿¢êl§Ñ�3,ε > 0§¦�é∀N ∈ N§Ñ�

3n > N¦�|an − l| > ε¤á§K¡S�{an}uuuÑÑÑ"

uÑ���n)E,éE,§·�Ø�5wü�uÑS��~f§Or·�éuu

ÑÚÂñ��*n)µ

1.S�an = (−1)n§ù�S�±-1Ú1�O§ÙS��©ª/��0§Ø¬�?¿:

/à 0§Ïd´uÑS�"

2.S�bn = en§ù�S���ØäO�¿ª�Ã¡§Ø¬�?¿¢ê:à §ddØ

Âñ"

3þãü~¥§S�anuÑ��Ï´S���E��§ùw,�ÂñéA�à 

5�ØÎ"bn�S��¿vk��§´ª�
Ã¡"Ã¡¿Ø´¢ê�§§´ê¶

Ã�ò��:§34��nØ¥§·�¡�ÃÃÃ¡¡¡���:::§ê¶���c?�Ã¡�:P

�+∞§K�KP�−∞"�bnù«¼ê�ª��Ã¡�:+∞�S�·��¡�222ÂÂÂ

ÂÂÂñññS�"£5µ2ÂÂñÀ�uÑ��«�¹¤

2ÂÂñu+∞�S���¡�ÃÃÃ¡¡¡���þþþ§éA�Âñu0�S��¡�ÃÃÃ¡¡¡���

þþþ"

1.2 O�S�4���{

3þ�!·�ÆS
4��½Â§�´4�½Â�ε −N�óAOE,§·�ØÏ

"^ε−N�óO��«4�"�!0��
ølε−N�ó5O�4��E|§3)K

¥´�	��"

Y%�n

Y%�n´S�4�O��{¥�(¹�"

½½½nnn 1.1. XJn�S�{an}, {bn}, {{cn}÷v

bn ≤ an ≤ cn, n ∈ N∗. (2)

XJS�{bn}Ú{cn}ÑÂñ�4�Ó�¢êl§@o{an}�Âñul"

·�3d0�Y%�nn���;.�K8§±��K�±±ùn�K�)Kg´

���"
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~~~ 2. y²4�limn→∞
n
en = 0"

Proof. éen^��ªÐm½n§¿�[1 + (e− 1)]nÐmª��g�

en = [1 + (e− 1)]n ≥ n(n− 1)

2
(e− 1)2, n ≥ 2, n ∈ N∗. (3)

dd

0 ≤ n

en
≤ 2n

n(n− 1)(e− 1)2
=

2

(e− 1)2(n− 1)
, n ≥ 2, n ∈ N∗. (4)

dulimn→∞
2

(e−1)2(n−1) = 0§¤±limn→∞
n
en = 0"

~~~ 3. y²4�limn→∞ ( n
√
n− 1) = 0"

Proof. �hn = n
√
n − 1§@o(1 + hn)

n = n§é�ª¦^��ª½n¿�Ù¥n��g

�
n(n− 1)

2
h2n ≤ (1 + hn)

n = n. (5)

)�

hn ≤
√

2

n− 1
, n ≥ 2, n ∈ N∗. (6)

q n
√
n > 1Ïd

0 < hn ≤
√

2

n− 1
, n ≥ 2, n ∈ N∗. (7)

Y%½n�ylimn→∞ hn = 0"

~~~ 4. O�4�limn→∞
n
√
2n + 3n + · · ·+ 2021n"

Proof. é�ÒSØ��O

2021n ≤ 2n + 3n + · · ·+ 2021n ≤ 2020 · 2021n, n ∈ N∗. (8)

dd

2021 ≤ n
√
2n + 3n + · · ·+ 2021n ≤ 2021

n
√
2020, n ∈ N∗. (9)

dulimn→∞
n
√
2020 = 1§dY%�n

lim
n→∞

n
√
2n + 3n + · · ·+ 2021n = 2021. (10)

·��Ñ§3¢S)K¥§�±ò{bn}Ú{cn}���¤~ê�"~X3~K2§·

�ÏLª(4)¦^Y%�n§éA�bn��ð0~ê�§ð"~ê�4�w,�0"o

�5`§Y%�nÏ~(ÜéS���êC/ÚØ��O§E|´'�õC�§I�Ó

Æ�ÏL�KÈ\"�´þãn�K´Y%�nA^¥�²;�"
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4��oK$�ÚØ½ª�Vg

éuü�Âñ�S�{an}Ú{bn}§3�½^�eS�oK$���#S��4�

�uS�4�oK$��(J"b½S�an → aÚbn → b§@o·�kan ± bn →

a ± b§anbn → ab"b½b 6= 0�kan
bn
→ a

b"|^oK$�O�4�´)û4�¯K�

Ä���{§Xeã~Kµ

~~~ 5. O�4�limn→∞
2n2+n−2
n2+1

"

Proof. ·�Äk?1�êC/

lim
n→∞

2n2 + n− 2

n2 + 1
= lim

n→∞

2 + 1
n −

2
n2

1 + 1
n2

. (11)

�â4�\{$�{Kk

lim
n→∞

2 +
1

n
− 2

n2
= 2 , lim

n→∞
1 +

1

n2
= 1. (12)

dd

lim
n→∞

2n2 + n− 2

n2 + 1
= lim

n→∞

2 + 1
n −

2
n2

1 + 1
n2

= 2. (13)

,XJS�{an}Ú{bn}�4�´,
��§~X´0½∞£?Ø2ÂÂñ��

/¤§§��oK$�S��4��´Ø(½�§ù���¹¡�ØØØ½½½ªªª"~X

�{an}Ú{bn}�4�Ñ´Ã¡�þ§§��û4�limn→∞
an
bn
��Ø(½§X

limn→∞
n
n+1 = 1,

limn→∞
n
en = 0,

limn→∞
n√
n
= +∞.

(14)

w,n+ 1, en,
√
nÑ´Ã¡�þ§�´§�un�û�4�Ñ´+∞

+∞.�4�§ù
4�

%äkØÓ���"�±`§Ø½ª´¦�·�ØU{ü/|^oK$�{KO��«

4����J:§·���pêþþ�SNÑ´3�Ø½ª4��Ì�§�)Í¶�â

7�{K!�Vúª�E|Ñ´�?nØ½ªu²�"

~��Ø½ª�)

∞
∞
,

0

0
, (+∞) + (−∞), 0 · ∞, 1∞. (15)

ùp∞Ú0©O�LÃ¡�þS�ÚÃ¡�þS�"ØLI��Ñ§¿Ø´�9∞�4

�ªÑ´Ø½ª§~X
a

∞
= 0, (+∞) · (+∞) = +∞, (16)
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þª¥a�L��±¢ê��4���S�"·��Ñ§3ª(15)�Ø½ª¥§�3¹

�$��Ø½ª1∞"·�ò3e�!AÏ4�Ü©X`²"

d	§·���±y²§XJS�{an}Ú{bn}Âñ§@oS�ÏL�ê!�!n�

¼ê�$����#S�E,Âñ§¿�#S��4��uS�{an}Ú{bn}4�$��

(J"eã·K�y²I�/ÏëY5nØ§ØL·�Jc�Ñµ

1.�an → a§b > 0§@oban → ba"

2.�an → a§b > 0�b 6= 1§an, a > 0§@ologb an → logb a"

3.�an → a§an, a > 0§@o(an)
b → ab"

4.�an → a§@osin an → sin a"

5.�an → aÚbn → b§Ù¥an > 0§a > 0ÚbÑ´k�ê§@o(an)
bn → ab"

Ã¡�þ�þ?�O

þ?�O{´�«�*©ÛÃ¡�þ�'�Ø½ª4�+∞
+∞��{"

·��ÄÊ�Ã¡�þan = nn§bn = n!§cn = en§dn = n§en = lnn"�,Ê�

S�Ñ2ÂÂñu+∞§ùÊ�S�ªuÃ¡��Ý¢S¿Ø��"ÏLã��*	w

�·�§ùÊ�S��Ã¡uÑ��Ý´4~�§Ù¥anuÑ�Ý�¯§enuÑ�Ý�

ú"·�@��Ã¡uÑ�¯�Ã¡�þäk�p�þ?§�*/·��±o(eãþ

?�Oµ

lnn� na � en � n!� nn, (17)

Ù¥ÎÒ�´/��u0�¿g"

@o§XÛ^4���ó�x/Ã¡�þªuÃ¡��Ý¯ú'�0ù�y�Q"

�c·�y²
4�

lim
n→∞

n

en
= 0. (18)

ù`²�nv
��§�5Ã¡�þn���êÃ¡�þené�§ùNy
en�þ?�

�uÃ¡�þn"·�$���±y²4�

lim
n→∞

2n lnn

nn
= 0 (19)

=B©1´ü�Ã¡�þ�¦§�´ªÄ'ØLþ?���Ã¡�þnn�þ?§n�

Ï�ú�ºØL��Ã��"

d	§·��±y²õ�ªS�
{
nk + ak−1n

k−1 + · · ·+ a1n+ a0
}
´Ã¡�þ§=

���pg�Xê��ê�õ�ªÑ´Ã¡�þ"d	§gê�p�Ã¡�þ�þ

?�p§·�o(�eã(Øµ�ÄS�xn = nk + ak−1n
k−1 + · · · + a1n + a0Úyn =

6



nj + bj−1n
j−1 + · · ·+ b1n+ b0§@o

lim
n→∞

xn
yn

=


0 , j > k,

+∞ , k > j,

1 , k = j.

(20)

ù`²§p�õ�ªäk�p�þ?"

Proof. y²=±k = j�~§Ù{�¹aq"

lim
n→∞

nk + ak−1n
k−1 + · · ·+ a1n+ a0

nk + bk−1nk−1 + · · ·+ b1n+ b0
= lim

n→∞

1 + ak−1n
−1 + · · ·+ a1n

−(k−1) + a0n
−k

1 + bk−1n−1 + · · ·+ b1n−(k−1) + b0n−k
= 1

(21)

Ù¥1���Ò´3©f©1Ó�Ø±nk§1���Ò´4��oK$�5�§n−k�

�4�´0"

e�AÏ4�

eq¡ggg,,,~~~êêê§����Ãnê§wq¶Ø�²D%~~�<5��éê�.

ê"Ùî�½Â´ÏLS�4�

e = lim
n→∞

(
1 +

1

n

)n
. (22)

·�ÏLüNÂñ�ny²mý4�limn→∞
(
1 + 1

n

)n
Âñ§�´¿Ø��mý4��

�§¤±·�½Â
e��T4���"due5gg,§¤±±e�.�éê¤�ggg,,,

éééêêê"

e��{´O�S�4�Ú¼ê4��Ø%��{��§��5`I�¼ê4�n

ØâUje��{`��î�"�!·�={ü0�e��{"e��{?Ø�´�a�

~AÏ�Ø½ª1∞§~X limn→∞
(
1 + 1

n

)n
= e,

limn→∞
(
1 + 1

n

)n2

= +∞.
(23)

ù`²1∞�(´Ø½ª"����Ýn)§duØ½ª1∞ = exp(∞ · ln 1)§0 · ∞ =

∞
∞´Ø½ª§Ïd�`²1∞´Ø½ª"

e��{´�é1∞.4���{§ÙÙÙ¢¢¢���´́́òòò���OOO���444���===zzz���
(
1 + 1

n

)n
���///ªªª§

·�5wü�~Kµ

~~~ 6. O�4�limn→∞
(
1− 1

n

)n
"

©Ûµ·��Ñ
��ê�C/=z�
(
1 + 1

n

)n
�/ª�4�"
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Proof. �Ä

1(
1− 1

n

)n =

(
1 +

1

n− 1

)n
=

(
1 +

1

n− 1

)n−1
·
(
1 +

1

n− 1

)
. (24)

dulimn→∞

(
1 + 1

n−1

)n−1
= eÚlimn→∞

(
1 + 1

n−1

)
= 1§·���

lim
n→∞

1(
1− 1

n

)n = e. (25)

|^oK$�5���K4��e−1"

~~~ 7. O�4�limn→∞
(
1 + 1

n + 1
n2

)n
"

©ÛµÏLn��ê��{§·�ò�4�r1=z�
(
1 + 1

n

)n
�/ª"

Proof. �ÄXe�êC/

(
1 +

1

n
+

1

n2

)n
=

(
1 +

n+ 1

n2

)n
=

(
1 +

1
n2

n+1

) n2

n+1
·n+1

n

=

(1 + 1
n2

n+1

) n2

n+1


n+1
n

.

(26)

�Ä� n2

n+1 → +∞§·��±kXe�Y%�n

1 +
1[
n2

n+1

]


[
n2

n+1

]
≤

(
1 +

1
n2

n+1

) n2

n+1

≤

1 +
1[

n2

n+1 + 1
]


[
n2

n+1
+1

]
, (27)

ùp[·]L«��¼ê"·�k

lim
n→∞

(
1 +

1
n2

n+1

) n2

n+1

= e. (28)

,��¡n+1
n → 1§·���

lim
n→∞

(
1 +

1
n2

n+1

) n2

n+1
·n+1

n

= e1 = e. (29)

1.3 4��A��5�

3ÏLþãÃõ�{�¢�§·�®²\�é4�ù�Vg�
)"ù�!·�0

�4��A�Ì�5�§ù
5��éÄ�§�´n)§�kÏu·�é4��n)\

�"ÐÆöXJú�Lu(J§�±aL��!"
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k�Ã'5

·�5¿�4��½Â¥§·��I�|an − l| < εév
��n¤á"3d�¹

e§XJ·�UC,ÂñS�{an}���§TS�3v
õ�±���´ØUC�§E

,k|an − l| < εév
��n¤á§¤±#S��,Âñ"~XS�an = 1
n´Âñu0�

S�§XJ·�òa3 = 1
3U�,�é��ê§�,ØUC#S�Âñu0§Ï�l1n

�a3±��Ã¡õ�â´û½S�ñÑ5�'�"

·��Ñ(Ø§UUUCCCSSS���kkk������������§§§SSS������ñññÑÑÑ555ØØØ¬¬¬UUUCCC"""ù�(Ø¦�·

�3ïÄS�5��§Ï~�±�ÑS��ck��§�l�¡m©?ØS��ñÑ

5§.¾S�c¡�k��éS��ñÑ5´vkK��"~X3Y%�n¥§·��

±òbn ≤ an ≤ cné��n¤áU�é,�n > N¤á"

Ø�5�

�S�anÚbnþÂñ§¿�

an < bn, n ∈ N∗. (30)

ü�S��4�k�o'XQº�úw�·�an�4�´'bn��§�´ù��ßÿ¿

ØO("dª(30)·��±íÑ

lim
n→∞

an ≤ lim
n→∞

bn, (31)

ù�5�¤�4��Ø�5�"

w,§4�Ø�ª(31)¥V\����/´7��µ~Xan = − 1
nÚbn = 1

n÷

van < bné��n¤á§�´§�äk�Ó�4�0"

,��¡§�ÄlØ�ªa < b�±íÑa + 1 < b + 1Ú−a > −b��§¢S´3

Ø�ªa < büý?1
\{Ú¦{$�"lª(30)éS�z��Ñ¤áí�ª(31)�

L§Ð'3ª(30)�müýV\
ü�4�ÎÒlimn→∞§3ù��«À�e4�$

�limn→∞ÒÐ'´éS�?1��«/$�0µ4�òz�ÂñS�éA���¢ê

��4�§4��±S����'X"

ÐÆöÆSØ�'X~���Ø§´dan ≤ bné��n¤á��íÑª(31)§ù�

í�L§´Ø�(�µÏ��an½bnØÂñ�§·�Ã{�Ñ§�4��&E"Ïd

d(30)íÑ(31)�L§�3S�anÚbnþÂñ�cJe?1"

f�5�

�ÄS�{an}+∞n=1§Ùfff���´��,Ä��Ã¡õ�an1 , an2 , · · · , ank
, · · ·���S
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�§Ù¥n1 ≤ n2 ≤ · · · ≤ nk · · ·§{P�{ank
}+∞k=1"XJ{an}Âñ§f���Ä��Ü

©�g,�Âñ§¿�Âñu�Ó�4�"

ù�(Ø�_Ä·K�©k^µ=XJ,S��3ü�f�Âñ�ØÓ�4�§@

oTS�uÑ"ù�(Ø�^uS�uÑ�y²µ

~~~ 8. �xn = (−1)n
(
1 + 1

n

)n
+ sin nπ

4 §y²S�{xn}uÑ"

Proof. �Ä{xn}ü�f�µ

x8k = (1 +
1

n
)n → e. (32)

Ú

x8k+1 = −(1 +
1

n
)n +

1√
2
→ −e + 1√

2
. (33)

S�{xn}kü�Âñ�ØÓê�f�§¤±S�{xn}uÑ"

1.4 A��·K

3?ØL'u4��õ«O��{�§·�Ö¿�
Ú4�k'�½n"ù
½n

�,ØU��O�äN�4�§%�kXé���^"

üNÂñOK

üNÂñOK´�½�aS�Âñ5��{§�dc�Y%{KØÓ§üNÂñO

K�U�½S�ÂñØU¦ÑS�4��äN�µ

½½½nnn 1.2. kþ.�üN4OS�Âñ¶ke.�üN4~S�Âñ"

·��ÑüNÂñOK��*n)µ��S�uÑ�ü«�¹§�«´Xan =

(−1)n���/��0S�§,�«´Xbn = en���Ã¡uÑ�S�¶::ÂñOK

Ä½
ü«�U§üN5(�
S�Ø/��0§k.5(�
S�ØUuÑ�Ã¡§

ddS��UÂñ"

üNÂñOK´¢ê��5��«Ny§Ùy²�6(.�3�n§·�3Ö¿S

N2äNÐm"

3¢S)K¥§k�a¯K�Ä4íS��4�§~~�±/ÏüNÂñOK)µ

~~~ 9. �S�{xn}÷vx1 = 1, xn+1 = 1 + xn
1+xn

§y²4�limn→∞ xn�3¿¦Ñ4�

��"

©Ûµ�K�S�{xn}´ÏLÄ��4íª�Ñ�§ùa¯K�)KE|��Ñ´

kÏLüNÂñ�ny²S�{xn}Âñ§,�2O�4���"y²4íS�{xn}ü
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N4O�Ä��{´��{Ú�û{£=y²xn+1 − xn > 0½xn+1

xn
> 1¤§L§¥�U

Ï~9±êÆ8B{9Ïy²"

Proof. ·��
éS�{xn}y²üNk.�n§I�y²S�{xn}üN4O�kþ

."

ky²{xn}´üN4O�"����

xn+1 − xn =
1 + xn − x2n

1 + xn
, (34)

ÏdXJy²1 + xn − x2n > 0=�y²S�4O§ùI�·�y²xn <
1+
√
5

2 "

�d·�ky²xnkþ.
1+
√
5

2 §¦^êÆ8B{y²1 < xn <
1+
√
5

2 "w,1 <

x1 <
1+
√
5

2 "exk <
1+
√
5

2 §du¼êy = x
1+x´üN4O�§@o

0 <
xk

1 + xk
<

1+
√
5

2

1 + 1+
√
5

2

=
−1 +

√
5

2
. (35)

@o

1 < xk+1 = 1 +
xk

1 + xk
<

1 +
√
5

2
, (36)

8B{y."

(Üþ¡�(Ø§S�{xn}üN4O�kþ.§ÏdÙ4��3"�limn→∞ xn =

l§e¡·�Xåu¦)4�l"�ª

xn+1 = 1 +
xn

1 + xn
, ∀n ∈ N∗. (37)

du{xn}Âñ§�ª(37)üýÑk4�§Ïd¦��4�7½´�Ó�"é�ª(37)ü

ý�4�§duxn → l§�â4�oK$�

lim
n→∞

(
1 +

xn
1 + xn

)
= 1 +

l

1 + l
, lim
n→∞

xn+1 = l. (38)

Ïd l
1+l = l§)�l = 1+

√
5

2 "

ÐÆö~~J±n)�KO�4�l�L§"Äk§·�´ky²
S��34

�l,�2O�l�§¤±·��±y²�ª(37)üýþÂñ¿�±é(37)üý�4�"

ù�O�L§/ªþÐ�´b�
/xn+1 = xn0§�´Ù��%´�6
�ª(37)ü

ýþÂñ�4��Ó�5�§¿ÏL{xn}�4�yL��ª(37)üý4�"

�Ü·K

�Ü·K´eã'u4��·K

11



½½½nnn 1.3. XJS�{an}Âñul§@o

lim
n→∞

∑n
k=1 ak
n

= l. (39)

�Ü·K�(Ø´éÐn)�µbXS�{an}�là §@o{an}cn�²þ��4

�
∑n

k=1 ak
n g,�¬Âñ�l",²þ�Âñ�l��Ý'an�ú§Ï�²þ�%¹X

cn��Ü�&E"

�Ü·K�y²´p�êÆ�§��SI�Ýº�ε −N�óy²K�JÝ4�§

Æ¬�Ü·K�y²én)ε−N�ó�~kÃ"ÐÆö�±�Ñ�Ü·K�y²"

Proof. ·���ε −N�óy²4��g´§Äk#Qã·Kµéu∀ε > 0§·�F

"é���n ∈ N∗¦� ∣∣∣∣∑n
k=1 ak
n

− l
∣∣∣∣ = ∣∣∣∣∑n

k=1 (ak − l)
n

∣∣∣∣ < ε. (40)

ÏLn�Ø�ª�±��(40)¥���O�
∣∣∣∑n

k=1(ak−l)
n

∣∣∣§·��I÷v
∣∣∣∣∑n

k=1 (ak − l)
n

∣∣∣∣ ≤ 1

n

(
n∑
k=1

|ak − l|

)
< ε, (41)

Ò�±¦�(40)¤á"�e�SNÒ´�âε�3N§¦�ª(41)é��n > N¤á"

k©Ûg´"·�5¿�§ª(41)¥mªf�/ª´n�ýé��{|ak − l|}nk=1�

²þ�"du·���limn→∞ an = l§Ïd�mv
��ýé�|am − l|�½v
�"

dd·��±òn�ýé��{|ak − l|}nk=1©¤üÜ©§cM�{|ak − l|}
M
k=1´��ýé

�ØÉ��§��¡n −M�{|ak − l|}nk=M+1´Ð�§z��ýé�Ñé�§¿òc

¡M�/<s0���²þ�/.£0ε±e"

�XQãî�y²"dulimn→∞ an = l§·��M ∈ N∗§é��m > MÑ

k|am − l| < ε
2§dd§én > Mk

1

n

(
n∑
k=1

|ak − l|

)
≤ 1

n

(
M∑
k=1

|ak − l|

)
+

1

n

(
n∑

k=M+1

|ak − l|

)

≤ 1

n

(
M∑
k=1

|ak − l|

)
+

(n−M)ε

2n

≤ 1

n

(
M∑
k=1

|ak − l|

)
+
ε

2
. (42)

5¿�M±9
∑M

k=1 |ak − l|´dεú��"Ïd·����

n >
ε

2
(∑M

k=1 |ak − l|
) . (43)

12



Ò�±¦�ª(41)¤á"

Ïd�

N = max


 ε

2
(∑M

k=1 |ak − l|
)
+ 1,M

 , (44)

é��n > NÑkª(41)¤á"·K�y

2 *Ðò�

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"

� *ÐSK1µ{üJÝ§Úª.4���«E|"

� *ÐSK2µ{üJÝ§4��'~K�{üC/"

� *ÐSK3µ{üJÝ§|^4íª��{y²S�uÑ"

� *ÐSK4µ¥�JÝ§(ÜK8A:¦^Y%�ny²4�"

� *ÐSK5µ(JJÝ§|^��ªÐmÚ4��Ø�5�y²4�¯K"

� *ÐÖ¿K1µ{üJÝ§�Ü·K���A^"

� *ÐÖ¿K2µ{üJÝ§4��'~K�{üC/"

� *ÐÖ¿K3µ¥�JÝ§|^üNÂñ�nO�4�"

� *ÐÖ¿K4µ¥�JÝ§4�½Â�y²Ún)"

� *ÐÖ¿K5µ¥�JÝ§¦^4íª��{©Û4�"

2.2 *ÐSK

KKK 1. O�±eÚª.4�

1.limn→∞
∑n

k=1
1

(k+1)
√
k+k
√
k+1
"

2.limn→∞ cos 1
2 cos

1
4 · · · cos

1
2n"

3.limn→∞
∑(n+1)2

k=n2
1√
k
"

4.limn→∞
1
n2

∑n
k=1

√
(2n+ k)(2n+ k + 1)"
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©Ûµ¦Úª½¦Èª4�´S�4�¯K¥��a~�K§Ù�{Ì�kn«µ

��{!� {!iùÚ{"��{X1!2�¯§§ò¦Úª����ÏL��{�

Ñ5,�¦4�¶� {X3!4¯§ÏLé¦Úª��� Ï¦Y%�n)û¶iù

Ú{·�ò3½È©�!0�"du¦Èª�éêÒ�±��¦Úª§Ïd¦Èª4�

�¦Úª){��"

Proof. 1.�Ä��

1

(k + 1)
√
k + k

√
k + 1

=
1

(
√
k +
√
k + 1)

√
k(k + 1)

=

√
k + 1−

√
k√

k(k + 1)
=

1√
k
− 1√

k + 1
.

(45)

Ïd
n∑
k=1

1

(k + 1)
√
k + k

√
k + 1

= 1− 1√
n+ 1

→ 1. (46)

2.�K�,´¦Èª§·���±^��{

cos
1

2
cos

1

4
· · · cos 1

2n
=

1

sin 1
2n

cos
1

2
cos

1

4
· · · cos 1

2n−1
·
(
cos

1

2n
sin

1

2n

)
=

1

2 sin 1
2n

cos
1

2
cos

1

4
· · · cos 1

2n−2
·
(
cos

1

2n−1
sin

1

2n−1

)
· · ·

=
sin 1

2n sin 1
2n
. (47)

du

lim
n→∞

sin 1
2n

1
2n

= 1 (48)

dd

lim
n→∞

sin 1

2n sin 1
2n

= lim
n→∞

sin 1 ·
sin 1

2n

1
2n

= sin 1. (49)

3.�KáuÃ{?1���¦Úª§·�¦^� ÚY%�n"5¿�

2 +
2

n
=

1

n
· (2n+ 2) >

(n+1)2∑
k=n2

1√
k
>

1

n+ 1
· (2n+ 2) = 2. (50)

^Y%�n§��¤¦4��2"

4.é©f^� 

n(5n+ 1)

2
=

n∑
k=1

(2n+ k) ≤
n∑
k=1

√
(2n+ k)(2n+ k + 1) ≤

n∑
k=1

(2n+ k + 1) =
n(5n+ 3)

2
.

(51)

dd
n(5n+ 1)

2n2
≤ 1

n2

n∑
k=1

√
(2n+ k)(2n+ k + 1) ≤ n(5n+ 3)

2n2
. (52)

ddlimn→∞
1
n2

∑n
k=1

√
(2n+ k)(2n+ k + 1) = 5

2"
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KKK 2. O�e�4�

1.limn→∞
√
n ( n
√
n− 1)"

2.limn→∞
√
n
(√
n+ 1 + 2

√
n+ 2− 3

√
n+ 3

)
"

3.limn→∞ sin
(
π
√
4n2 + 1

)
"

4.limn→∞
1
n ln

(∑2021
k=3 k

n
)
"

©Ûµ�K�o¯Ñ´3²;~Kþ�?U���"I�	5¿ù
¯K�)KE

|"

Proof. 1.3~K¥·�QÏL� 

0 ≤ n
√
n− 1 ≤

√
2

n− 1
, (53)

y²
4�limn→∞ ( n
√
n− 1) = 0"�´ù���OØv±O�limn→∞

√
n ( n
√
n− 1)§

Ï�

0 ≤
√
n
(

n
√
n− 1

)
≤
√

2n

n− 1
, (54)


√

2n
n−1�4�%Ø´0§ÏdY%�nØU¦^"ùI�·�é n

√
n − 1��î���

O"·��,-hn = n
√
n− 1§�(1 + hn)

n = n�ý�ng�

n = (1 + hn)
n ≥ n(n− 1)(n− 2)

6
h3n, (55)

dd

hn ≤ 3

√
6

(n− 1)(n− 2)
. (56)

?�Ú

0 ≤
√
nhn ≤

3

√
6n

3
2

(n− 1)(n− 2)
. (57)

5¿�gê�p�õ�ªäk�p�þ?§dd
3

√
6n

3
2

(n−1)(n−2) → 0"ù`²
√
nhn → 0"

��§ÏÏÏLLL333ªªª(55)���ýýý������pppggg������§§§···���������


éééhn������îîî���������OOO"

2.3��þ·�?ØL²;4�limn→∞
(√
n+ 1−

√
n
)
= 0§)K�{´���ªªªkkk

nnnzzz§=�êC/

lim
n→∞

(√
n+ 1−

√
n
)
= lim

n→∞

1
√
n+
√
n+ 1

= 0. (58)

·��Ñ�ªknz3¦)4�ÚÈ©¥Ñ�~�§~X�K��±¦^knz��

{)�"5¿�

√
n+ 1 + 2

√
n+ 2− 3

√
n+ 3 =

(√
n+ 1−

√
n+ 3

)
+ 2

(√
n+ 2−

√
n+ 3

)
= − 2√

n+ 1 +
√
n+ 3

− 2√
n+ 2 +

√
n+ 3

. (59)
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dd

lim
n→∞

√
n
(√
n+ 1 + 2

√
n+ 2− 3

√
n+ 3

)
= lim

n→∞

(
− 2

√
n√

n+ 1 +
√
n+ 3

− 2
√
n√

n+ 2 +
√
n+ 3

)
= −1− 1 = −2. (60)

3.·�5¿�sinSÜπ
√
4n2 + 1 → +∞§=BXddu4�limn→∞ sinn��Ø

�3§·�ØU{ü�ÏLO�sinSÜO��4�"

�K��{�²;�{"�â�u¼ê�±Ï5

sin
(
π
√

4n2 + 1
)
= sin

[
π
(√

4n2 + 1− 2n
)]

= sin
π√

4n2 + 1 + 2n
, (61)

ùp¦^
�ªknzC/"dulimn→∞
π√

4n2+1+2n
= 0§Ïd�K4��0"

4.�Kõ�ê�ng�¦Ú�/ªaqu~~~4§·���~~~4��{?1� µ

ln 2021 =
ln (2021n)

n
≤ 1

n
ln

(
2021∑
k=3

kn

)
≤ ln (2019 · 2021n)

n
=

ln 2019

n
+ ln 2021. (62)

�âY%�n���4��ln 2021"AO/§·�é�K4���ê

exp

(
1

n
ln

(
2021∑
k=3

kn

))
= n

√√√√2021∑
k=3

kn, (63)

=�~~~4��"

KKK 3. y²S�yn = tannuÑ"

©Ûµ�K0�,�«y²S�uÑ�g´§´òyn=z�4íS��/ª"

Proof. S�ynäkÏ�úªµ

yn+1 = tan(n+ 1) =
tan 1 + yn
1− tan 1yn

. (64)

b�ynÂñu¢êY§KéÏ�úª(64)�4�§�â4��oK$�5���

Y =
tan 1 + Y

1− tan 1Y
. (65)

��Y 2 = −1§�Y´¢êgñ"

KKK 4. �xn´�§x+ x2 + · · ·+ xn = 13(0, 1)����§y²limn→∞ xn = 1
2"

©Ûµ�âõ�ªy = x + x2 + · · · + xn�üN5§���xn3(0, 1)��§¿��

¤éxn�Y%�O"
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Proof. ½Â¼êf(x) = x+ x2 + · · ·+ xn§w,f(x)3(0, 1)üN§¿�f(xn) = 1"·�

éxn�Y%�O"

Äky²xn >
1
2§ù´Ï�f(

1
2) = 1− 1

2n < 1 = f(xn)§�âüN5kxn >
1
2¶�

X·�F"Ïéxn�þ.§·�y²xn <
1
2 + 1

2n§@o

f(
1

2
+

1

2n
) =

1

2
+

1

2n
+

(
1

2
+

1

2n

)2

+ · · ·+
(
1

2
+

1

2n

)n
>

1

2
+

1

2n
+

1

4
+

1

8
+ · · ·+ 1

2n
= 1 = f(xn). (66)

dd
1

2
< xn <

1

2
+

1

2n
, n ∈ N∗. (67)

dY%�n�limn→∞ xn = 1
2"

KKK 5. ¦ye = 1 + limn→∞
∑n

k=1
1
k!"

©Ûµ'ug,~êe§·�¤
)���kÙ½Âe = limn→∞
(
1 + 1

n

)n
§·��

©Û�ò�7Xù�4�Ñu"ù�½n�y²kXér�/êÆ©Û0��§AO´

ò/�4�0�¤
�«�Ø�'X�$�"

Proof. é
(
1 + 1

n

)n
����ªÐm¿�\|Üê�½Â�(

1 +
1

n

)n
= 1 +

n

1
· 1
n
+
n(n− 1)

1 · 2
1

n2
+ · · ·+ n(n− 1) · · · 1

1 · 2 · · · n
1

nn

= 1 +
1

1!
· n
n
+

1

2!
· n
n
· n− 1

n
+ · · ·+ 1

n!
· n
n
· n− 1

n
· · · 1

n
. (68)

XJò(68)mý�©ê k
nþ� �1·�k(

1 +
1

n

)n
≤ 1 +

n∑
k=1

1

k!
. (69)

éuØ�ª(69)§·��müý�n→∞§�âS�4��S5���

e ≤ 1 + lim
n→∞

n∑
k=1

1

k!
. (70)

,��¡§·��,�m < n§¿3��ªÐm(68)��Äcm�µ(
1 +

1

n

)n
> 1 +

1

1!
· n
n
+

1

2!
· n
n
· n− 1

n
+ · · ·+ 1

m!
· n
n
· n− 1

n
· · · n−m+ 1

n
. (71)

�Äm�½§3ª(71)üý�n→∞§éu�½mk4�limn→∞
n−m+1

n = 1

e ≥ 1 +

m∑
k=1

1

k!
, ∀m ∈ N∗. (72)
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én�4��ªf(72)é��mþ¤á§�±2�m→∞

e ≥ 1 + lim
m→∞

m∑
k=1

1

k!
. (73)

(Üª(72)Ú(73)§·��y�K"

2.3 *ÐÖ¿K

ÖÖÖ 1. ^�Ü·KO�½y²

1.�S�{an}÷vlimn→∞ (an+1 − an) = A§@olimn→∞
an
n = A"

2.��S�{an}÷vlimn→∞
an+1

an
= A§@olimn→∞ n

√
an = A"

3.¦4�limn→∞
n

n√
n!
"

ÖÖÖ 2. O�e�4�

1.limn→∞ sin2
(
π
√
n2 + n

)
"

2.limn→∞

(
n−2
n−1

)2n+1
"

3.limn→∞ 3
√
n
(

3
√
n+ 1− 3

√
n
)
"

4.limn→∞
2nn!
nn "

ÖÖÖ 3. 2021¢¢¢GGGÏÏÏ¥¥¥���ÁÁÁ. �x1 > 0§�é��n ∈ N∗kxn+1 = 1
2

(
xn +

1
xn

)
§¦

ylimn→∞ xn�3¿¦4���"

ÖÖÖ 4. �ÄS�{an}§½ÂSn =
∑n

k=1 ak§£�e�¯K

1.XJSnÂñ§y²limn→∞ an = 0"

2.XJlimn→∞ an = 0§´Ä�½klimn→∞ SnÂñº

ÖÖÖ 5. ½ÂFibonacciê�Fn+1 = Fn + Fn−1é��n ∈ N∗¤á§�F0 = F1 = 1§

�xn = Fn
Fn+1
§¯S�{xn}´ÄÂñ§XÂñ�O�4�§XuÑ`²nd"
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