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1 �£SNn)

3c�Ù·�Q²J�§ÏL¼ê�?êS(x) =
∑∞

n=1 un(x)§·��±ïÄE

,�vkL�ª�4�¼êS(x)�k'5�§��Âñ5¤�D45��¥%Í

Ý"3¢SA^¥§^±L�S(x)�¼êS�{un(x)}∞n=1��À��¦þ{ü§�!K

òun(x)�½�õ�ª/ª§���¼ê�?ê
∑∞

n=1 un(x)¡��?ê"�?ê�Ð?

3u§§3Âñ�þäkûÐ���Âñ5§¦�·�~~�±Ø�y��Âñ5Ò�

±D4¼ê5�"

�
�Bå�§�\`²�{§·���Ä±0�¥%��?êS(x) =
∑∞

n=0 anx
n§

Ù¥Xê{an}∞n=0��½¢ê"����?êS(x) =
∑∞

n=0 an(x − x0)
n�±ÏL�

�y = x− x0=z�±0�¥%��?ê"

1.1 �?ê�Å:ÂñÚÂñ�»

�½½Â3[a, b]¼ê�?ê
∑∞

n=1 un(x)§½ÂÂÂÂñññ���D ⊂ [a, b]´�¦�ê�

?ê
∑∞

n=1 un(t)Âñ�¤kt ∈ [a, b]�¤�8Ü"Âñ�D�´4�¼êS(x) =∑∞
n=1 un(x)�½Â�"

�?ê�Âñ�´�~AÏ�§Ny3Xeü:

1.ÂÂÂñññ������///ªªªÚÚÚÂÂÂñññ���»»» �?ê
∑∞

n=0 anx
n�Âñ��±0�é¡���«m§�

â«m�m45§Âñ��/ªko«µ[−R,R], [−R,R), (−R,R], (−R,R)"Ù¥�K

¢êR£�±�+∞¤�¡�ÂÂÂñññ���»»»§�x
�?êÂñ����§�´�?ê3

:±R´ÄÂñ´Ø(½�§�
�Bå�·�¡m«m(−R,R)�ÂÂÂñññ«««mmm§Âñ«

mØ�½�Âñ��Ó"

2.ÂÂÂñññ«««mmmþþþ���ýýýéééÂÂÂñññ555 �,�?ê3Âñ�ÚÂñ«mÅ:Âñ§�?�Ú·�
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��±y²�?ê3Âñ«m(−R,R)þýéÂñ"XJÂñ��¹:R½−R§�?ê

3T:�UýéÂñ��U^�Âñ"dd§Ø
Âñ«m�>.±R§�?ê�Å:

Âñ5�kü«�U§ýéÂñ½uÑ§Ø�3^�Âñ��U"

�*n)þã¯¢§�:t�ýé�|t|ÅìO��§�?ê3:x = téA�ê�?

ê
∑∞

n=1 ant
nz���ýé�|antn|�O�"�â·�é��?êÂñ5�n)§�|t|�

�ê�?ê
∑∞

n=1 ant
nÒ�ØN´Âñ§Ïd�?ê�Âñ��µ½3±0�¥%±Â

ñ�»�°Ý���«mS"î��êÆ¯¢Lã�Xe½nµ

½½½nnn 1. �½�?ê
∑∞

n=0 anx
n§�3�¡�Âñ�»�K¢êR£�±�+∞¤¦�

1.�?ê
∑∞

n=0 anx
n3Âñ«m(−R,R)Å:ýéÂñ"

2.�?ê
∑∞

n=0 anx
n3(R,+∞) ∪ (−∞, R)Å:uÑ"

3.�?ê
∑∞

n=0 anx
n3:±R�Âñ5´Ø(½�§�3uÑ !ýéÂñÚ^�Âñn

«�U§Ïd�?ê
∑∞

n=0 anx
n�Âñ�ko«�Uµ[−R,R], [−R,R), (−R,R], (−R,R)"

3þ�Ù¥§é��¼ê�?ê¦Âñ�¿ØN´§éu�?êó§·�Kk

ÏL�?ê�Xê��O�Âñ�»R�úª§�ÑÂñ�»�·��I�y�?ê3

:±R�ü:Âñ5§Ò�±O�Ñ�?ê�Âñ�"e¡·��n�?êÂñ�»�

O�úªµ

1.ÄÄÄuuuD’Alembert���OOO{{{���úúúªªªXJ4�limn→∞

∣∣∣an+1

an

∣∣∣Âñ���l£l�±´+∞¤§

@o�?ê
∑∞

n=0 anx
n�Âñ�»R = l−1"

2.ÄÄÄuuuCauchy���OOO{{{���úúúªªªXJ4�limn→∞
n
√
|an| = lÂñ���l£l�±´+∞¤§

@o�?ê
∑∞

n=0 anx
n�Âñ�»R = l−1"

��@^D’Alembert�O{½Cauchy�O{�y�?ê�Å:ýéÂñ5§ØJ

��þãúª"�D’Alembert�O{½Cauchy�O{aq§þãúªk�½Û�5§

Ì�Ny3XJ4�limn→∞

∣∣∣an+1

an

∣∣∣½4�limn→∞
n
√
|an| = luÑ§ÒØUÏLúªO

�Âñ�»"ù�I�·�ÏLA½E|§7LÂñ�»�úª��O�Âñ�»"

e¡·�ÏLA�~K5wÂñ�»ÚÂñ��~�)KE|µ

~~~ 1. O�e��?ê�Âñ�ÚÂñ�»µ

1.
∑∞

n=1
ln(n+1)
n2 (x− 3)n¶

2.
∑∞

n=0 5
nx3n¶

3.
∑∞

n=1

(
3n

n + 5n

n2

)
xn¶

©Ûµ�K�¹
¦�?êÂñ�»ÚÂñ�O���«K.ÚE|§1�¯À^

'��O{¿�9
�?ê¥%�0��¹§1�¯À^�ª�O¿�9��?êÜ©

�Xê�0��úª����¹§1n¯KA^
©�O�Âñ�»�AÏE|"
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Proof. 1.¦^ÄuD’Alembert�O{�úªO��?êÂñ�»

1

r
= lim

n→∞

ln(n+2)
(n+1)2

ln(n+1)
n2

= lim
n→∞

ln(n+ 2)

ln(n+ 1)
= 1, (1)

ÏdÂñ�»R = 1"�Ä��?ê±3�¥%§Âñ«m�(2, 4)§dd·��IÖ¿

�yx− 3± 1��?ê�ü:Âñ5"

�x− 3 = 1�§�Äê�?ê
∑∞

n=1
ln(n+1)
n2 §�'�?ê

∑∞
n=1

1

n
3
2
§5¿�4�'

Xª

lim
n→∞

ln(n+1)
n2

1

n
3
2

= lim
n→∞

ln(n+ 1)

n
1
2

= 0, (2)

¿(Ü
∑∞

n=1
1

n
3
2
�Âñ5§����?ê

∑∞
n=1

ln(n+1)
n2 Âñ¶�x − 3 = −1´ê�?

ê
∑∞

n=1(−1)n
ln(n+1)
n2 dýéÂñ5��½Âñ¶Ïd�?êÂñ�[2, 4]"

2.�âK¿ò�?ê�¤
∑∞

n=0 anx
n/ª§�ÑXê

an =

5
n
3 , n´3��ê,

0 , nØ´3��ê.
(3)

�âúªO�

n
√
an =


3
√
5 , n´3��ê,

0 , nØ´3��ê,
(4)

¤±4�limn→∞
n
√
|an|uÑ§Âñ�»�O�úª��"�
)ûù�¯K§·��

Ñü«O��{"

���{{{1.������¦¦¦^̂̂Cauchy���OOO{{{

�½x ∈ R§�un = 5nx3n§·���¦^Cauchy�O{�Oê�?ê
∑∞

n=0 un�

Âñ5"Äk�ÄýéÂñ5§ÏLCauchy�O{�Oýé���?ê
∑∞

n=0 |un|�Â

ñ5§O�eã4�

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣ = 5x3, (5)

Ïd�|x| < 1
3√5
�ê�?ê

∑∞
n=0 unýéÂñ§�K�?êé|x| <

1
3√5
Âñ¶,��

¡§�|x| > 1
3√5
�ýé�?ê

∑∞
n=0 |un|ØÂñ§=

∑∞
n=1 unØýéÂñ§�Ä�é

uØÂñ�»>.±R±	�:�?êÑØ�U^�Âñ§¤±�|x| > 1
3√5
�ê�?

ê
∑∞

n=0 unuÑ"dd��Âñ�»�R = 1
3√5
"

·��I��y�?ê3:± 1
3√5
�ü:Âñ5§�\x = 1

3√5
��un = 1§�

\x = − 1
3√5
��un = (−1)n§Ñ`²

∑∞
n=1 unuÑ"(Üþã©Û§�K�?ê�Âñ

�´(− 1
3√5
, 1

3√5
)"
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���{{{2.ÏÏÏLLL������{{{===zzz���vvvkkk0XXXêêê���������???êêê±±±¦¦¦^̂̂ÂÂÂñññ���»»»úúúªªª

���y = x3§��#��?ê

∞∑
n=1

5nx3n =
∞∑
n=1

5nyn. (6)

��@^ÄuCauchy�O{�úª�Âñ�»úª���?ê
∑∞

n=1 5
nyn�Âñ

�»´1
5§Âñ�´(−1

5 ,
1
5)"�Ä���'Xy = x3§K8¥��?ê�Âñ�

´(− 1
3√5
, 1

3√5
)§Âñ�»´ 1

3√5
"

3.�K�?ê
∑∞

n=1

(
3n

n + 5n

n2

)
xn�±©�ü��?êS1(x) =

∑∞
n=1

3n

n x
nÚS2(x) =∑∞

n=1
5n

n2x
nü��?ê©O?Ø"^úª�±O��?êS1(x)�Âñ�»´

1
3§Âñ�

´[−1
3 ,

1
3)¶Ó����?êS2(x)�Âñ�»´

1
5§Âñ�´[−1

5 ,
1
5 ]"

�Ä��?êS(x) =
∑∞

n=1

(
3n

n + 5n

n2

)
xn�±��S1(x)ÚS2(x)ü��?ê�Ú§

Ïd�x ∈ [−1
5 ,

1
5 ]�ü�?êþÂñ§¤±�?êS(x)Âñ¶�x ∈ [−1

5 ,−
1
3) ∪

(13 ,
1
5)�§S1(x)ÂñS2(x)uÑ§d�S(x)uÑ"2(Ü�?ê�5���S(x)�Â

ñ�»´1
5§Âñ�´[−1

5 ,
1
5 ]"

1.2 �?ê�5�

�?ê�5��±©�üa§�a´�?ê�oK$�ÚÂñ�»�'�5�§,

�a´Âñ«mþÅ:ÂñíÑ��Âñ�5�"ÏL��Âñ�5�§·��±ò�

?ê�ëY5�5�D4�4�¼ê"

�?ê�oK$�5�

3þ�~K�1n�¯¥§·�Qò�?êS(x) =
∑∞

n=1

(
3n

n + 5n

n2

)
xn©�

ü��?êS1(x) =
∑∞

n=1
3n

n x
nÚS2(x) =

∑∞
n=1

5n

n2x
n�Ú§éuz���½�x

ó§S(x)��uê�?êS1(x)ÚS2(x)�Ú§Ïd·��±ÏLS1(x)ÚS2(x)�ü:Â

ñ5(½S(x)�ü:Âñ5"

|^þã�{§·��±½Â?¿ü��?ê�\Ú!¦È�$�§¿ÏLf�?

ê�Âñ&E�Ñ#�?ê�Âñ&E"�Äü��?êS1(x) =
∑∞

n=0 anx
nÚS2(x) =∑∞

n=0 bnx
n�Âñ�»©O´RaÚRb§·��±��½ÂÚ�?êÚ��?ê���

Xê\~����?ê

(S1 ± S2) (x) =
∞∑
n=0

(an + bn)x
n. (7)
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���#�?ê(S1 ± S2) (x)�Âñ�»´min{Ra, Rb}§´ÏLÂñ«m�5���

�¶�½¢êc ∈ R§�±½Â�?ê�ê¦

(cS1) (x) =
∞∑
n=0

(can)x
n. (8)

���#�?ê(cS1) (x)�Âñ�»ØC§E�Ra¶d	�?ê��±½Â¦{§¦{

�½Â��u�?êÜ©Ú�¦�4�( ∞∑
n=0

anx
n

)
·

( ∞∑
n=0

bnx
n

)
=a0b0 + (a0b1 + a1b0)x+ · · ·

+ (a0bn + a1bn−1 + · · ·+ anb0)x
n + · · · =

∞∑
n=0

cnx
n,

(9)

Ù¥cn =
∑n

j=0 ajbn−j"¢Sþ§·��±y²§XJéu�½�x�?êéA�ê�

?ê
∑∞

n=0 anx
nÚ
∑∞

n=0 bnx
nÑýéÂñ§@o¦È?ê

∑∞
n=0 cnx

n�ýéÂñ§dd

��¦È?ê�Âñ�»�umin{Ra, Rb}§�´ù�Ü©�y²�Ñ�§�¦"

�?ê���Âñ5�

·��Ñ§�?ê�çý5�Ò´Âñ«mþ���Âñ5§ÏLù�5�·��

±Øy4�¼ê��È5Ú��5"b½�?ê
∑∞

n=0 anx
n�Âñ�»�R§Âñ«m

�(−R,R)§Âñ��,��§�´7,´±0�¥%2R��Ý�«m"Ï~5`§�

?ê3Âñ�þØäk��Âñ5§�´�?ê3Âñ«mäkSSS444������ÂÂÂñññ5�µ

=éu?¿�4«mI ⊂ (−R,R)§�?êÑ34«mIþ��Âñ"�±w�§3Âñ

«m(−R,R)þS4��Âñ´'��Âñ�f�(Ø§=BXd§ù�v
í��?

ê�Å�È©ÚÅ�¦�5�"

·�o(�Xe½n

½½½nnn 2. Abel½½½nnn. �½�?ê
∑∞

n=0 anx
n�Âñ�»�R > 0§@o

1.�?ê
∑∞

n=0 anx
n3Âñ�»(−R,R)þS4��Âñ§�´Ï~Ø��Âñ"

2.XJ�?ê
∑∞

n=0 anx
n3:x = Rü:Âñ§@o�?ê3[b, R]��Âñ§Ù¥b ∈

(−R,R)¶ù`²�?ê
∑∞

n=0 anx
n3«m(−R,R]S4��Âñ"

3.XJ�?ê
∑∞

n=0 anx
n3:x = −Rü:Âñ§@o�?ê3[−R, c]��Âñ§Ù

¥c ∈ (−R,R)¶ù`²�?ê
∑∞

n=0 anx
n3«m[−R,R)S4��Âñ"

4.(Ü(Ø2Ú(Ø3§XJ�?ê
∑∞

n=0 anx
n3:x = ±Rü:þÂñ§@o�?ê

3[−RR]��Âñ"

Abel½n´^¼ê�?ê�Abel�O{y²�"Abel�O{Ø
w�·��?

ê
∑∞

n=0 anx
n3Âñ«m(−R,R)�S4��Âñ	§��Ñ
òÂñ«m�S4��
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Âñ\r���Âñ��{µXJ�?ê
∑∞

n=0 anx
n3:x = Rü:Âñ§@o��Â

ñ5�±ò���¹:R�«m[b, R]þ"éu����?ê§3:x = ±Rü:�Âñ

5¿ØN´ïÄ§¤±�?ê3Âñ�»�S4��Âñ´v
í�´L�5��"

��§·�5!�!��oS4��ÂñÒv±�¤�?ê5��D4"�

Ä�?ê4�¼êS(x) =
∑∞

n=0 anx
n§w,z��¼êanxnÑ´ëY�¼ê"·�

�
)S(x)3Âñ«m(−R,R)�ëY5§�n���¹´�?ê3(−R,R)��Â

ñ"XJ��Âñ�Ø�§·���±ÏL�?ê34«m[−M,M ]��Âñ£ù

´S4��Âñ�±�y�¤§Ù¥M ∈ (0, R)?¿§¿dd��4�¼êS(x)3

4«m[−M,M ]ëY"�Ä�ëY5´Å:½Â�(Ø§S(x)�3(−R,R)ëYI

�S(x)é?¿t ∈ (−R,R)ü:ëY§éu?¿t ∈ (−R,R)§·�Ñ�±é���

4«m[−M0,M0]¦�t ∈ [−M0,M0]§lS(x)3:x = tü:ëY"�âëY5�½

Â§S(x)3Âñ«m(−R,R)ëY"¤±=IS4��ÂñÒ�±�ÑÂñ«mS�ë

Y5§aq/��±�Ñ�È5Ú��5�(Ø"þã`²§S4��Âñv±�¤4

�¼ê3Âñ�»(−R,R)S5�©Û�ó�"

1.3 �?ê�Å�È©ÚÅ�¦�

ù�!�3`²§=BØ��y�?ê���Âñ5§·���±gd/¦^Å�

È©ÚÅ�¦���{ïÄ�?ê�4�¼ê§Å�È©ÚÅ�¦�´�?ê��AÚ

��{"

Å�È©

b½�?êS(x) =
∑∞

n=0 anx
n�Âñ�»�R§3Âñ«m(−R,R)S4��Â

ñ"?�y ∈ (−R,R)§duz��anxn34«m[0, y]�È§��?ê3[0, y]��Â

ñ§�±��Å�È©½n

T (y) =

∫ y

0
S(x)dx =

∞∑
n=0

(∫ y

0
anx

ndx

)
=
∞∑
n=0

an
n+ 1

yn+1. (10)

��gCþy�¶i�x§����#�Å�È©�?ê

T (x) =

∞∑
n=0

an
n+ 1

xn+1. (11)

ùpI��ÑA:5¿¯�

1.duC�È©�/ª§T (x)¢S´�4�¼êS(x)�Ø½È©§�?ê� an
n+1x

n+1�

±n)�anxn�Ø½È©§Ïdª(11)�±�*w�é�?êS(x) =
∑∞

n=0 anx
n�Ø

½È©"=BXd§du��Âñ5�UD4½È©��§¤¢/Å�Ø½È©0¢S

´ÏL3ØÓ�«m[0, y]�½È©í��§Ïd3�)KL§�Ö7�²"
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2.���J�´§Å�È©½n��y
#È©�?ê
∑∞

n=0
an
n+1x

n+1�Âñ�»��

�?ê
∑∞

n=0 anx
n�Ó§�´R"

3.=B�?ê
∑∞

n=0
an
n+1x

n+1�Âñ�»�´R§#�?ê
∑∞

n=0
an
n+1x

n+1Ú��?

ê
∑∞

n=0 anx
n3>.:±R�ü:Âñ5�Ø�½��"

�e5�ÑÅ�È©½n���{üA^

~~~ 2. 2021SSSGGGpppêêêÏÏÏ"""���ÁÁÁKKK. ¦�?êS(x) =
∑∞

n=0(n + 1)xn�4�¼êS(x)�

wªL�ª"

©ÛµK8�Ñ��?ê´Ã{��O�4�¼ê�§�´�'?ê�4�¼ê´

�±O��§¤±·�A�{ÏLÈ©��{òK8¥��?ê��'?ê� "

Proof. Äk�Ñ�?êS(x) =
∑∞

n=0(n + 1)xn�Âñ�»ÚÂñ�"�?ê�Âñ�

»�1§Âñ��(−1, 1)"

éS(x)Å�34«m[0, y]È©§Ù¥|y| < 1∫ y

0
S(x)dx =

∞∑
n=0

(∫ y

0
(n+ 1)xndx

)
=

∞∑
n=0

yn+1. (12)

È©����?ê´�'?ê§¤±
∫ y
0 S(x)dx = 1

1−y§2éy¦�S(y) =
y

(1−y)2"

Å�¦�

b½�?êS(x) =
∑∞

n=0 anx
n�Âñ�»�R§3Âñ«m(−R,R)S4��Â

ñ"�
�¤Å�¦�§·�¢SI��¼ê�?ê
∑∞

n=1 nanx
n−1���Âñ5"Ï

Lr?ê�O{§·��±y²�¼ê�?ê
∑∞

n=1 nanx
n−13(−R,R)S4��Âñ

£��íØ��ÙÂñ�»��R¤§¤±4�¼êS(x)3Âñ«mþ��§¿�kÅ

�¦�½nµ

S′(x) =
∞∑
n=1

nanx
n−1. (13)

ùpI��ÑA:5¿¯�

1.Å�¦�½n��y
�¼ê�?ê
∑∞

n=1 nanx
n−1�Âñ�»���?ê

∑∞
n=0 anx

n�

Ó§�´R"

2.=B�?ê
∑∞

n=1 nanx
n−1�Âñ�»�´R§#�?ê

∑∞
n=1 nanx

n−1Ú��?

ê
∑∞

n=0 anx
n3>.:±R�ü:Âñ5�Ø�½��"

3.�¼ê�?ê
∑∞

n=1 nanx
n−13(−R,R)S4��Âñ�r?ê�O{y²´����

SKöS�"

~~~ 3. ¦�?êS(x) =
∑∞

n=1
xn

n �4�¼êS(x)�wªL�ª"
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Proof. Äk�Ñ�?êS(x) =
∑∞

n=1
xn

n �Âñ�»ÚÂñ�"�?ê�Âñ�»�1§

Âñ��[−1, 1)"

éS(x)Å�¦����'?ê

S′(x) =
∞∑
n=1

xn−1 =
1

1− x
, (14)

(ÜS(0) = 0k

S(x) = S(0) +

∫ x

0
S′(t)dt = − ln(1− x), ∀x ∈ (−1, 1). (15)

���J�´§�,�K¥��?ê
∑∞

n=1
xn

n Ú�¼ê�?ê
∑∞

n=0 x
n�Âñ�»

Ñ´1§�´cö3x = −1ü:Âñ§�ö3x = −1KØÂñ"

·�ùp5¿���[!µdu�¼ê?ê
∑∞

n=1 x
n−1�Âñ�Ø�¹>.

:-1§¤±·�ÏLª(15)¢SØU���ÑS(−1)��§ÏdS(−1)I�Ö¿O�"X

J�\�?ê�{��

S(−1) =
∞∑
n=1

(−1)n

n
= − ln 2, (16)

,��?ê
∑∞

n=1
(−1)n
n ���O��{�Ñ
����¦¶,�«O��{´§

du�?êS(x) =
∑∞

n=1
xn

n 3:x = −1Âñ§�âAbel½n�?ê34«m[−1, 0]�

�Âñ§�âëY5�D4§4�¼êS(x)3:x = −1´ëY�"ª(15)w�·

�S(x) = − ln(1− x)3x ∈ (−1, 1)¤á§�âëY5k

S(−1) = lim
x→−1+0

− ln(1− x) = − ln 2. (17)

¤±S(x) = − ln(1− x)3x ∈ [−1, 1)¤á"lù��Ý·��±w�§ÏL�?êÅ�

¦�O�S(x) =
∑∞

n=1
xn

n �4�¼ê§¢S¦�·��±O���wå5¿ØÐ��

ê�?ê
∑∞

n=1
(−1)n
n §ù�´Å�È©ÚÅ�¦��d�¤3"

Å�È©ÚÅ�¦��)KE|)Û

·�o(dcü~��Óg´§Ñ´ÏLò�¦?êÏLÅ�È©ÚÅ�¦��

�{§=C��±O�4�¼ê��'?ê§��3é#�4�¼ê?1¦�½È©

�Ñ���4�¼ê"l/ªþw§?ê
∑∞

n=0(n+ 1)xnÏLÅ�¦È©£/ªþ�±

w�Å�Ø½È©¤���'?ê
∑∞

n=0 x
n+1§?ê

∑∞
n=1

xn

n ÏLÅ�¦����'?

ê
∑∞

n=1 x
n−1"Ïd�ä¦^Å�È©�´Å�¦�§�l�¦�?ê�/ªþÑu"

dcü~§�±��ÀJÅ�È©�´Å�¦�?n¯K���"

d	Å�È©{ÚÅ�¦�{Ï~�U�Ñ4�¼ê3Âñ«mþ���§éuÂ

ñ«m�>.þ�:§I�·�ÏLëY5üÕ�©Û£duù�©ÛJÝ �§Ü©
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SK��¦O�4�¼ê3Âñ«m��¤§��~K3"|^ù«©Û�ª§¦�·

��±ÏL�?êÅ�È©ÚÅ�¦�{�O�E,ê�?ê��§3�Y~KÚSK

¥¬kaq�¯K"

�e5§·�0�ü�nÜK§l¥)Ûùa¯K��
pàE|

~~~ 4. ¦�?êS(x) =
∑∞

n=0 n
2xn�4�¼êS(x)�wªL�ª"

©Ûµl/ªþw§�K¦^Å�È©��{¬'�{ü",·�XJØ\?n

é
∑∞

n=0 n
2xnÅ�È©§¬���~E,��?ê

∑∞
n=0

n2

n+1x
n§©1�n + 1�ØK"

5¿�c~¥�?ê
∑∞

n=0(n + 1)xn^Å�È©�±�����'?ê
∑∞

n=0 x
n+1§·

�}Áò�K�?ê¤�
�±Å�È©?n��?ê"

Proof. Äk�Ñ�?êS(x) =
∑∞

n=0 n
2xn�Âñ�»�1§Âñ��(−1, 1)"

�
^Å�È©��{O�ù��?ê§·�Äkén2xn?1©§��n2xn =

(n+ 1)(n+ 2)xn − 3(n+ 1)xn + xn§,�én�©OO��?ê"

Äk�Ä�?ê

S1(x) =
∞∑
n=0

(n+ 1)(n+ 2)xn, (18)

3[0, y]égCþx?1Å�½È©§Ù¥|y| < 1

T1(y) =

∫ y

0
S1(x)dx =

∞∑
n=0

(n+ 2)yn+1, (19)

UY3[0, z]égCþy?1Å�½È©§Ù¥|z| < 1∫ z

0
T1(y)dy =

∞∑
n=0

zn+2 =
z2

1− z
, (20)

,�é4�¼ê?1¦�

T1(y) =
d

dz

(
z2

1− z

)∣∣∣∣
z=y

= −1 + 1

(1− y)2
, (21)

UY¦��g

S1(x) =
d

dy

(
−1 + 1

(1− y)2

)∣∣∣∣
y=x

= − 2

(x− 1)3
. (22)

,��¡·�dc®²��

∞∑
n=0

(n+ 1)xn =
1

(1− x)2
,

∞∑
n=0

xn =
1

1− x
. (23)

9



(ÜþãO�(J

∞∑
n=0

n2xn =
∞∑
n=0

(n+ 2)(n+ 1)xn − 3
∞∑
n=0

(n+ 1)xn +
∞∑
n=0

xn

=
2

(1− x)3
+

3

(1− x)2
+

1

1− x
, x ∈ (−1, 1). (24)

~~~ 5. ¦�?êS(x) =
∑∞

n=1
xn

n(n+1)�4�¼êS(x)�wªL�ª§¿/dO�ê�?

ê
∑∞

n=1
(−1)n
n(n+1)"

©Ûµé?ê
∑∞

n=1
xn

n(n+1)?1Å�¦��±��©1�n��
∑∞

n=1
xn−1

n+1§,2

é#?ê
∑∞

n=1
xn−1

n+1¦��Ã{��©1��n + 1",(Üc~§·��±?n?

ê
∑∞

n=1
xn+1

n+1�O�§§�?ê
∑∞

n=1
xn−1

n+1�
��x
2"ù`²§Ø
��é�?ê

�E¦�½È©	§·��¦���±Jø#�O��ª"

Proof. Äk�Ñ�?êS(x) =
∑∞

n=1
xn

n(n+1)�Âñ�»�1§Âñ��[−1, 1]"

Äké�?êÅ�¦��

S′(x) =

∞∑
n=1

xn−1

n+ 1
. (25)

,�3þª�mÓ¦�x2�

x2S′(x) =

∞∑
n=1

xn+1

n+ 1
. (26)

(Üc~
∑∞

n=1
xn

n = − ln(1− x)§·�k

x2S′(x) =

∞∑
n=1

xn+1

n+ 1
= − ln(1− x)− x. (27)

dd��

S′(x) = − ln(1− x)
x2

− 1

x
. (28)

,�(ÜS(0) = 0��

S(x) = S(0) +

∫ x

0
S′(t)dt =

(
(1− t) ln(1− t)

t

)∣∣∣∣t=x
t=0

=
(1− x) ln(1− x)

x
− (−1). (29)

ÏdS(x) = 1 + (1−x) ln(1−x)
x 3Âñ«mx ∈ (−1, 1)þ¤á"5¿ùp¦^
4�

lim
x→0

(1− x) ln(1− x)
x

= −1. (30)

Ïd©ª (1−x) ln(1−x)
x 3x = 0?���-1"

10



�e5O�S(x)3ü�>.:x = ±1���"k�Äx = 1§^��{�±O�ê

�?ê

S(1) =
∞∑
n=1

1

n(n+ 1)
= 1. (31)

2�Äx = −1§ùg�?êÃ{��ÏL��{O�§du
∑∞

n=1
xn

n(n+1)3x = −1Â

ñ§¦^�?ê34«m[−1, 0]��Âñ§(ÜëY5�D44�¼êS(x)34«

m[−1, 0]ëY§¤±

S(−1) = lim
x→−1+0

(
1 +

(1− x) ln(1− x)
x

)
= 1− 2 ln 2. (32)

(Üé�ã©Û§·��±o(S(x)�L�ª

S(x) =


1 + (1−x) ln(1−x)

x , x ∈ [−1, 1)/{0},

0 , x = 0,

1 , x = 1.

(33)

¢S·��ØJ�yS(x)34«m[−1, 1]ëY"

,��¡§·�òx = −1�\�?ê§�±��ê�?ê

S(−1) =
∞∑
n=1

(−1)n

n(n+ 1)
= 1− 2 ln 2. (34)

ù���?ê��XJØÏL�?ê�{´4JO��"

1.4 Taylor?ê

�c·�QïÄ
�?êS(x) =
∑∞

n=0 anx
n�5�§ù�!·��L5µ�½�

�3«m(x0 −R, x0 +R)½Â�¼êf(x)§·�UØUòf(x)�¤��±x0�¥%��

?êº½=

f(x) =
∞∑
n=0

an(x− x0)n, ∀x ∈ (x0 −R, x0 +R), (35)

Ù¥Xêan´�½�§½Â�(x0 − R, x0 + R)g,¤��?ê�Âñ«m"XJ

�±ò¼êf(x)�¤�?ê§·��±|^Å�È©ÚÅ�¦�ùü�áu�?ê�

r�óäïÄ¯K"¯���§¿Ø´z��¼êf(x)Ñ�±�¤�?ê§·��

!Ò�ïÄ�o��¼êf(x)�±�¤�?ê�/ª"�
�Bå�§·�b½�

?ê¥%x0 = 0§¼êf(x)´3±0�¥%�m«m(−R,R)½Â�¼ê§Âñ�»%

@R ∈ (0,+∞]"
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�±�Ñ�?ê�¼ê�^�

·�ØÀJÏLE,�nØ0��±�Ñ�?ê�¼ê¤äk�^�§´lü«

�*��Ýn)ù�nØ"

b½¼êf(x)´,�?ê�4�¼ê

f(x) =
∞∑
n=0

anx
n, x ∈ (−R,R), (36)

Ù¥�?ê
∑∞

n=0 anx
n�Âñ�»´R"�âdc'uÅ�¦��©Û§4�¼

êf(x)3Âñ�»7L��§¿�kÂñ«m�Å�¦�'Xª

f ′(x) =

∞∑
n=1

nanx
n−1, x ∈ (−R,R). (37)

du¦���?êÂñ�»ØC§·���±�Ñ4�¼ê��¼êf ′(x)7L���

(Ø§¿UYò���f ′′(x)�Ñ�?ê�/ª"±daí§XJf(x)´,�?ê�4

�¼ê§@of(x)7LÃ¡g��"Ã¡g��¿Ø´��Lu���^�§·�ÙG

��Ü©¼êXõ�ª !��éê¼êÚn�¼êÑ´Ã¡g���"

,��¡§·��Ñ��3(−R,R)Ã¡g���¼êf(x)§·��é��X��

?êXêan¦�ª(36)¤á§=òf(x)�¤õ�ª¼ê�4�§^õ�ªCq�½¼

ê"l8���Ý§þã1��·�dcÆL�TaylorÐm£½¡Taylorúª¤´�~

aq�§éu�½f(x)§·�k

f(x) = f(0) + f ′(0)x+ · · ·+ f (n)(0)

n!
xn + o (xn) , x→ 0. (38)

�Ò´f(x)�õ�ªf(0) + f ′(0)x+ · · ·+ f (n)(0)
n! xnÒ����þ"

·�y3£�Ïé(36)�L§¥"3ª(36)�\x = 0���a0 = f(0)§3�¼ê

'Xª(37)�\x = 0K��a1 = f ′(0)§±daí��an = f (n)(0)
n! "·�uyXJ·�

F"ª(36)¤á§Xê¢S7L´f����ê��TaylorÐm¥õ�ª���Xê¬

Ü§�f(x)p��ê3x = 0?¼ê��'§½=

f(x) =
∞∑
n=1

f (n)(0)

n!
xn, x ∈ (−R,R), (39)

·�¯ç/uy§Ïéf(x)��?êL«ÚÏéf(x)�TaylorÐm�L§þkÃõ

¬Ü§¤±·�¡òf(x)�¤�ª(36)½ª(39)mý��?ê�Taylor???êêê§±0�

¥%�Taylor?ê�¡�Maclaurin???êêê"3d§·�B�±î�/�Ñ�½¼

êf(x)L«�Taylor?ê�½Â§B´ª(39)3Âñ«m(−R,R)¤á§Ù¥Âñ�

»R´dTaylor?ê���Xê£=f����ê¤û½�"3�
©z¥§U�

¤Taylor?ê�¼ê�¡�¢¢¢)))ÛÛÛ¼¼¼êêê"
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·�Q²`L§XJ��¼êf(x)�±L«Taylor?ê§@of(x)7L3Âñ�

»(−R,R)Ã¡g��"@oÃ¡g���¼êf(x)Ò�½�±�¤Taylor?êí§�

Y%´Ä½�"'�-<�"�´§·�¿ØU{ülÃ¡g��f(x)�L�5�Ò�

äÑf(x)´Ø´�±�ÑTaylor?ê"�,Xd§·��,�±lTaylorÐm�{��

�Ý�Ñ'uf(x)´Ø´¢)Û¼ê�Ø�L���O{µ½ÂTaylorÐm�{�

Rn(x) = f(x)−
n∑
k=0

f (k)(0)

k!
xk. (40)

XJlimn→∞Rn(x) = 0é��x ∈ (−R,R)¤á§@of(x)Ò�±�¤Taylor?ê�/

ª§=ª(39)¤á"

~�¼ê�Taylor?ê

�,·�s
é���Ì?Ø�o��¼ê�±�¤Taylor?ê�/ª§·

�~^��«¼êÑ´�±�¤Taylor?ê�"éu~��¼ê§Taylor?ê�/

ª�TaylorÐm�~aq§�´�ö���ØÓ´µTaylorÐm´ò�½¼ê�

¤Taylorõ�ª\���þ§ÏdTaylorÐm¢Sþ´�«4�1�¶Taylor?ê´ò

�½¼ê�¤�?ê4�¼ê��ª§3Âñ�þþ¤á§¿�´4�1�"ÏdÏ~

5`§Taylor?ê�±CXTaylorúª�^å"

3��þ§·�ÏLy²
~��¼ê�TaylorÐm{��0§5`²ù
¼ê

�±�¤Taylor?ê�/ª"e¡·�{�o(~�¼ê�Maclaurin?ê"3PÁù


Maclaurin?êÐmª�§�I�ÙGù
?ê�Âñ�»ÚÂñ�§�k3Âñ�

þ·�âU�y�?ê�u�½¼ê�¼ê�£5µ%@0! = 1¤µ

ex =

∞∑
n=0

xn

n!
= 1 + x+

1

2!
x2 + · · ·+ 1

n!
xn + · · · , x ∈ (−∞,+∞),

sinx =
∞∑
n=0

(−1)nx2n+1

(2n+ 1)!
= x− x3

3!
+
x5

5!
+ · · ·+ (−1)n x2n+1

(2n+ 1)!
+ · · · , x ∈ (−∞,+∞),

cosx =

∞∑
n=0

(−1)nx2n

(2n)!
= 1− x2

2!
+
x4

4!
+ · · ·+ (−1)n x2n

(2n)!
+ · · · , x ∈ (−∞,+∞),

arctanx =
∞∑
n=0

(−1)nx2n+1

2n+ 1
= x− x3

3
+
x5

5
+ · · ·+ (−1)n 1

2n+ 1
x2n+1 + · · · , x ∈ [−1, 1],

ln(1 + x) =

∞∑
n=1

(−1)nxn

n
= x− x2

2
+
x3

3
+ · · ·+ (−1)n−1x

n

n
+ · · · , x ∈ (−1, 1],

(1 + x)α = 1 + αx+
α(α− 1)

2
x2 + · · ·+ α(α− 1) · · · (α− n+ 1)

n!
xn, x ∈ (−1, 1).

·�3z��Maclaurin?ê�¡I5
ÙÂñ�ÚÂñ�»"éuMaclaurin?ê

�Âñ�§·�kA:`²
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1.¿Ø´z��¼ê3Ù��½Â�þÑ�±�¤�?ê"~X���¼êarctanx½

Â��R§�´�?êÐm
∑∞

n=0
(−1)nx2n+1

2n+1 �Âñ�»´1§Âñ�´[−1, 1]§Ï

darctanx=3[−1, 1]þ�±�¤Maclaurin?ê�/ª"

2.Maclaurin?ê3Âñ«m>.�ü:Âñ5Ø(½"~XarctanxéA��?

ê
∑∞

n=0
(−1)nx2n+1

2n+1 3Âñ«m>.x = ±1ÑÂñ§�´ln(1+x)éA��?ê
∑∞

n=1
(−1)nxn

n 3

Âñ«m>.x = −1Âñ3x = 1uÑ"

3.3(1 + x)α�Maclaurin?ê¥§XJα´��ê§@o�?êòz�õ�ª§��u

õ�ª(1 + x)α���ªÐm¶'�~^��/´α = 1
2�
√
1 + x�Maclaurin?êÐm

Úα = −1� 1
1+x�Maclaurin?êÐm"

4.3(1+x)α�Maclaurin?ê¥§�α���ê±	��§Âñ�»o´1§�´Maclaurin?

ê3Âñ«m>.x = ±1�ü:Âñ5éØÓ�α¬ØÓ"

¦Taylor?ê��{

�!���·�5{�o(�Ñ�½¼êTaylor?êAO´Maclaurin?ê��

{"éu���¼êf(x)§O�p��êf (n)(0)Ñ´É~(J�"ÏdO�Taylor?ê

��{Ï~Ñ´3þ�!�Ñ�~�¼ê�Maclaurin?ê�Ä:þ§ÏL��!

©!oK$�!Å�¦�½È©��{¦Ñ5�"ÏLe¡�~K§·�o(�«�

{"

~~~ 6. ò±eo�¼ê�¤Maclaurin?ê§¿�ÑMaclaurin?ê�Âñ�»ÚÂñ�

1.������{{{. f(x) = ex
2
.

2.©©©{{{. f(x) = 5x−12
x2+5x−6 .

3.oooKKK$$$���{{{. f(x) = (1 + x)e−x.

4.ÅÅÅ���ÈÈÈ©©©/¦¦¦���{{{. f(x) = ln
(
x+
√
1 + x2

)
.

©Ûµ�KX0�o«�{�¦^"AO/§ùoa�{��c�ÑTaylor?ê

�oa�{����"

Proof. 1.(ÜMaclaurin?êÐmªex =
∑∞

n=0
xn

n!§duÐmª´�ª§·��±

òx��O��x2��ex
2
�Maclaurin?êÐmª

ex
2
=

∞∑
n=0

x2n

n!
. (41)

'uÂñ�»ÚÂñ��$�§·��±¦^~K1¥�Ñ��{O�"3�K

¥§duex =
∑∞

n=0
xn

n!´é��x ∈ R¤á�§òxO��x2§g,ex
2
�MaclaurinÐm

ª�é��x ∈ R¤á�"ÏdMaclaurin?êÂñ�»�+∞§Âñ��(−∞,+∞)"
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2.·�ò�K¥E,�kn©ª©

5x− 12

x2 + 5x− 6
=

6

x+ 6
− 1

x− 1
, (42)

�âúª©O�Ñ 6
x+6�Maclaurin?ê£5µ�k/X(x+1)αâ�±^úª�Maclaurin?

ê¤
6

x+ 6
=
(x
6
+ 1
)−1

=

∞∑
n=0

(
−x
6

)n
=

∞∑
n=0

(−1)n

6n
xn. (43)

Ú− 1
x−1�Maclaurin?ê

− 1

x− 1
=

1

1 + (−x)
=
∞∑
n=0

xn, (44)

(Ü��
5x− 12

x2 + 5x− 6
=

∞∑
n=0

(
1 +

(−1)n

6n

)
xn. (45)

�e5¦Maclaurin?ê�Âñ�»ÚÂñ�§?ê�
∑∞

n=0
(−1)n
6n xnÜ©Âñ�»

´6§Âñ�(−6, 6)¶?ê�
∑∞

n=0 x
nÜ©Âñ�»´1§Âñ�(−1, 1)"�â�?ê¦

ÚÂñ�»�5�§�K�Maclaurin?êÂñ�»´1§Âñ�(−1, 1)"

3.�â��{§·��±���Ñe−x�Maclaurin?ê

e−x =
∞∑
n=0

(−1)nxn

n!
. (46)

,���õ�ª¦{úªO�¦È

(1 + x)e−x = (1 + x)

( ∞∑
n=1

(−1)nxn

n!

)
= 1 +

∞∑
n=1

(
(−1)n

n!
+

(−1)n−1

(n− 1)!

)
xn. (47)

�e5O�Âñ�»ÚÂñ�§·���±^�?ê\{�À�O�Âñ�

»§·�æ^,�«�{"�â?ê�¦{5�§duª(46)é��x ∈ RÑ¤

á§¤±ª(47)é��x ∈ RÑ¤á§ÏdMaclaurin?ê�Âñ�»´+∞§Âñ�

´(−∞,+∞)"

4.�K¦^Å�È©��{§�Äln
(
x+
√
1 + x2

)
��ê

d

dx
ln
(
x+

√
1 + x2

)
=

1 + x√
1+x2

x+
√
1 + x2

=
1√

1 + x2
. (48)

�âúª

1√
1 + x2

= (1 + x2)−
1
2

= 1 +

(
−1

2

)
x2 +

(
−1

2

) (
−3

2

)
2!

x4 + · · ·+ 1

n!

(
−1

2

)(
−3

2

)
· · ·
(
−2n− 1

2

)
x2n + · · ·

= 1 +
∞∑
n=1

(−1)n(2n− 1)!!

(2n)!!
x2n, (49)
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�âÄuD’Alembert�O{�Âñ�»úª§�¼ê�?ê�Âñ�»´1"�|y| <

1,�3[0, y]È©

ln
(
y +

√
1 + y2

)
=

∫ y

0

dx√
1 + x2

= x+
∞∑
n=1

(−1)n(2n− 1)!!

(2n+ 1)(2n)!!
y2n+1. (50)

�e5·�?ØMaclaurin?ê�Âñ�ÚÂñ�»"duÅ�È©c�?ê1 +∑∞
n=1

(−1)n(2n−1)!!
(2n)!! x2n�Âñ�»´1§¤±�K�?êÂñ�»´1¶�|x| = 1�k∣∣∣∣(−1)n(2n− 1)!!

(2n+ 1)(2n)!!

∣∣∣∣ ≤ 1

(2n+ 1)
3
2

, (51)

Ïd|x| = 1��?êýéÂñ¶nþ§Maclaurin?ê�Âñ�´[−1, 1]"þã� |

^
eãØ�ª

(2n− 1)!!

(2n)!!
=

√
1 · 3
2
·
√
3 · 5
4
· · ·
√
(2n− 1)(2n+ 1)

2n
· 1√

2n+ 1
≤ 1√

2n+ 1
. (52)

Taylor?ê�A^

ò�½�¼ê�¤Taylor?ê§�±A^�?ê�Å�¦�ÚÅ�È©5�"�!

Ì�Ð«Taylor?ê3O�½È©ÚO�p��ê�ü�A^"Ù¥p��ê�A^3

dcÆS�TaylorÐm¥�k0�"

~~~ 7. ÏLò�È¼ê�¤�?ê��{y²È©ð�ª
∫ 1
0

ln(1+x)
x dx =

∑∞
n=0(−1)n

1
(n+1)2

§

¢Sþ·��±^Fp�?ê{y²
∑∞

n=0(−1)n
1

(n+1)2
= π2

12"

©Ûµ·�ò�È¼ê ln(1+x)
x �¤�?ê§�?ê�z��Ñ´õ�ª§�±��

O�3[0, 1]�È©"ØL$^Å�È©5��cJ§´�?ê7L3[0, 1]��Âñ§ù

I��?ê3Âñ«m>.:x = 1�Âñ5"

Proof. Äk�Ä�?êÐm

ln(1 + x)

x
=

∞∑
n=0

(−1)n xn

n+ 1
, (53)

ù�?ê�Âñ�»´1§Âñ�´(−1, 1]§Ïd�?ê
∑∞

n=0(−1)n
xn

n+134«m[0, 1]´

��Âñ�§�±34«m[0, 1]^Å�È©½nµ∫ 1

0

ln(1 + x)

x
dx =

∞∑
n=0

(−1)n 1

(n+ 1)2
. (54)
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/Ï�YFourier?ênØ��±y²

∞∑
n=0

(−1)n

(n+ 1)2
=
π2

12
. (55)

~~~ 8. �¼êf(x) = 1
1+x+x2

§ÏLTaylor?ê��{¦f (n)(0)Úf (n)(−1
2)"

©Ûµ·��I��Ñf(x)3�½:�Taylor?ê§Ò�±�âTaylor?ê�Xê

�íÑp��ê¼ê�"3O�x = −1
2�p��ê�§�O�±−

1
2�¥%�Taylor?

ê�§ùI�·�k?1��t = x+ 1
2,��Ñ'ut�Maclaurin?ê"

Proof. ·�I�©O�Ñf(x)�Maclaurin?êÚ3x = −1
2?�Taylor?ê"Äk

´Maclaurin?ê§��êC/

1

1 + x+ x2
=

1− x
1− x3

, (56)

(Ü 1
1−x��?êÐmk

1

1− x3
=

∞∑
n=0

x3n, (57)

Ïd
1

1 + x+ x2
= (1− x)

( ∞∑
n=0

x3n

)
=
∞∑
n=0

(
x3n − x3n+1

)
. (58)

(ÜMaclaurin?ê�Xê§�m = 3n�kf (m)(0)
m! = 1§Ïdf (m)(0) = m!¶�m =

3n + 1�kf (m)(0)
m! = −1§Ïdf (m)(0) = −m!¶�m = 3n + 2�kf (m)(0)

m! = 0§Ï

df (m)(0) = 0"

�X¦f(x)3x = −1
2?�Taylor?ê§�d��t = x+ 1

2"?1�êC/

1

1 + x+ x2
=

1

t2 + 3
4

=
4

3

(
1 +

4

3
t2
)−1

, (59)

�XO�
4

3

(
1 +

4

3
t2
)−1

=
∞∑
n=0

(−1)n
(
4

3

)n+1

t2n. (60)

nþf(x)3x = −1
2?�Taylor?ê�

1

1 + x+ x2
=
∞∑
n=0

(−1)n
(
4

3

)n+1(
x+

1

2

)2n

. (61)

(ÜMaclaurin?ê�Xê§�m = 2n�
f (m)(− 1

2
)

m! = (−1)
m
2

(
4
3

)m
2
+1
§Ïdf (m)(−1

2) =

(−1)
m
2 m!

(
4
3

)m
2
+1
¶�m = 2n+ 1�k

f (m)(− 1
2
)

m! = 0§Ïdf (m)(−1
2) = 0"
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2 ²;SK

2.1 ~K

KKK 1. O�ê�?ê
∑∞

n=0
(−1)n(2n+1)

2n+1 "

©Ûµùaê�?ê�O�K§Äk�ùê�?ê�¤�?ê§2ÏLÅ�¦�½

Å�È©��{O��?ê�wªL�ª"¯K�J:3uXÛé�ê�?êéA�

�?ê§Ïé�?ê��{´*	�?ê�¥�ê¹kn�Ü©§ò¹k�ên��O

��xn"

Proof. ·��x = −1
2§?ê�z���¤

(−1)n(2n+ 1)

2n+1
=

2n+ 1

2
xn
∣∣∣∣
x=− 1

2

. (62)

ù�·�I�O��?êS(x) =
∑∞

n=0
2n+1

2 xn�4�¼ê§3�\x = −1
2¼ê�=

�"AO/§�?ê
∑∞

n=0
2n+1

2 xn�Âñ�»´1§Âñ�(−1, 1)"

�âdc~K�O�(J

∞∑
n=0

2n+ 1

2
xn =

∞∑
n=0

(n+ 1)xn − 1

2

∞∑
n=0

xn

=
1

(1− x)2
− 1

2(1− x)
. (63)

�\x = −1
2k

(−1)n(2n+ 1)

2n+1
=

∞∑
n=0

2n+ 1

2
xn

∣∣∣∣∣
x=− 1

2

=
4

9
− 1

3
=

1

9
. (64)

KKK 2. �Ä�?êS(x) = 1 +
∑∞

n=1
(2n−1)!!
(2n)!! x

n§£�e�¯Kµ

1.¦S(x)�Âñ�ÚÂñ�»"

2.¦yµS(x)3Âñ«m÷v�©�§(1− x)S′(x) = 1
2S(x)"

3.¦S(x)3Âñ�wªL�ª"

©Ûµ�K��?ê5��nÜK§�±ÏL'u4�¼êS(x)�~�©�§O

�S(x)�L�ª"duS(x)�Å�¦��'©ÛÃ{CXÂñ«m>.x = −1�5

�§3O�S(x)w«L�ªA�	'5"
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Proof. 1.^ÄuD’Alembert�O{�Âñ�»úªO�Âñ�»

1

R
= lim

n→∞

(2n+1)!!
(2n+2)!!

(2n−1)!!
(2n)!!

= 1, (65)

ÏdÂñ�»´1"�x = −1�§ê�?ê1 +
∑∞

n=1(−1)n
(2n−1)!!
(2n)!! ´��?ê§S

�
{

(2n−1)!!
(2n)!!

}
üN4~§��âª(52)k (2n−1)!!

(2n)!! ≤
1√

2n+1
§Ïdlimn→∞

(2n−1)!!
(2n)!! = 0§

^Leibniz�O{�ê�?ê1 +
∑∞

n=1(−1)n
(2n−1)!!
(2n)!! Âñ"�x = 1�§ê�?ê1 +∑∞

n=1
(2n−1)!!
(2n)!! ^Rabee�O{��OuÑ"nþ§�?ê�Âñ�´[−1, 1)"

2.^Å�¦�½n

S′(x) =

∞∑
n=1

n · (2n− 1)!!

(2n)!!
xn−1, ∀x ∈ (−1, 1), (66)

^�?ê¦{úª

(1− x)S′(x) = 1

2
+

∞∑
n=1

(
(n+ 1) · (2n+ 1)!!

(2n+ 2)!!
− n · (2n− 1)!!

(2n)!!

)
xn, (67)

Ù¥�?ê�Xê÷v

(n+ 1) · (2n+ 1)!!

(2n+ 2)!!
− n · (2n− 1)!!

(2n)!!
=

1

2

(2n− 1)!!

(2n)!!
, ∀n ∈ N∗. (68)

Ïd��(1− x)S′(x) = 1
2S(x)é��x ∈ (−1, 1)£Âñ«m¤¤á"

3.3Âñ«m(−1, 1)¦)Cþ©l�§(1− x)S′(x) = 1
2S(x)§Ð�S(0) = 1��

S(x) =
1√
1− x

, ∀x ∈ (−1, 1). (69)

·�5¿��?êS(x) = 1 +
∑∞

n=1
(2n−1)!!
(2n)!! x

n3x = −1Âñ§Ïd�?ê3«

m[−1, 0]´��Âñ�§�âëY5�D4½n�±y²4�¼êS(x)3:x = −1�´

ëY�§Ïd

S(−1) = lim
x→−1+0

S(x) =
1√
1− x

∣∣∣∣
x=−1

, (70)

ÏdS(x) = 1√
1−xéx ∈ [−1, 1)¤á"

KKK 3. �Ä�?êf(x) =
∑∞

n=1
xn

n2§w,
∑∞

n=1
xn

n2�Âñ�´[−1, 1]§y²éu�

�x ∈ (0, 1)Ñk

f(x) + f(1− x) + lnx ln(1− x) = π2

6
. (71)

©Ûµùp·�æ^©üÚr��{§Äky²F (x) = f(x)+f(1−x)+lnx ln(1−

x)�ê�0§,�2^3>.�4���{y²F (x)ð�π2

6 "
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Proof. ½Â

F (x) = f(x) + f(1− x) + lnx ln(1− x), (72)

·�òÏL�?êÐmO�F ′(x) = 0éu��x ∈ (0, 1)¤á"

ÄkdÅ�¦�

f ′(x) =
∞∑
n=1

xn−1

n
, ∀x ∈ (−1, 1), (73)

�\O��

F ′(x) = f ′(x)− f ′(1− x) + ln(1− x)
x

− lnx

1− x

=
∞∑
n=1

(
xn−1

n
− (1− x)n−1

n

)
+

ln(1− x)
x

− lnx

1− x
. (74)

,��¡§3x ∈ (−1, 1)þ^éê¼êln(1− x)�Maclaurin?ê

ln(1− x)
x

=
1

x

(
−
∞∑
n=1

xn

n

)
= −

∞∑
n=1

xn−1

n
, x ∈ (0, 1). (75)

Ón·��±�Ñ3x ∈ (0, 1)þ§¼ê lnx
1−x3:x = 1?�Taylor?ê§�d·��

�t = x− 1k

lnx

1− x
= − ln(1 + t)

t
= −

∞∑
n=1

(−t)n−1

n
= −

∞∑
n=1

(1− x)n−1

n
, x ∈ (0, 1). (76)

òü�Taylor?ê�\�êªfkF ′(x) = 0§Ïdéu��x ∈ (0, 1)§ÑkF (x) ≡

C§Ù¥C�~�"

�e5�3y²C = π2

6 "·�5¿��?êf(x)�Âñ�´[−1, 1]§Ïd�?ê

3[−1, 1]4«m��Âñ§Ïf(x) ∈ C[−1, 1]"Ónf(1− x) ∈ C[−1, 1]§Ïd

lim
x→0+0

[f(x) + f(1− x) + lnx ln(1− x)] = f(1) + f(0). (77)

ùp4�$�

lim
x→0+0

lnx ln(1− x) = lim
x→0+0

−x lnx = 0. (78)

duF (x) ≡ Cé��x ∈ (0, 1)¤á§ÏdC = f(0)+ f(1)§�\f(x)�L�ªkf(0) =

0Úf(1) =
∑∞

n=1
1
n2 = π2

6 £I�/ÏFp�?ê�{¤§Ïd·K�y"

KKK 4. y²È©ð�ª
∫ 1
0 ex lnxdx = −

∑∞
n=0

1
(n+1)(n+1)!"

©Ûµ�K´|^�?ê�{O�½È©�K8"�K�J:3u§�È¼

êex lnx3:x = 0?´È©×:§=limx→0+0 e
x lnx = −∞§ÏdvkØU3[0, 1]þ

òex lnx�ÑÂñ�¼ê�?ê�Ú§�ÒÃ{��éÐm�¼ê�?êÅ�È©"�


?nx = 0×:�5�§·�æ^
�ä��{"
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Proof. 5¿�4�limx→0+0 e
x lnx = −∞§È©

∫ 1
0 ex lnxdx´±x = 0�×:�×È

©§·��ØU��ò�È¼êex lnxMaclaurin?êÐm"�d·�Ï¦^ÊÏ�¼ê

�?êÐm

ex lnx = lnx

( ∞∑
n=0

xn

n!

)
=
∞∑
n=0

xn lnx

n!
, ∀x ∈ (0, 1]. (79)

duþã¼ê�?ê�ª3x = 0?Ø¤á§·�ØU��34«m[0, 1]�Å�È©§

Ïd·�=3�ä��4«m[δ, 1]�Å�È©§,�ÏL4�O�×È©∫ 1

0
ex lnxdx = lim

δ→0+0

∫ 1

δ
ex lnxdx. (80)

Ïd�e5·��8I´O�½È©
∫ 1
δ ex lnxdx"

·�y²¼ê�?ê
∑∞

n=0
xn lnx
n! 3[δ, 1]��Âñ§¦^r?ê�O{"·�Äk

��eã� 

|xn lnx| ≤ e

n
, ∀x ∈ (0, 1]. (81)

dd ∣∣∣∣xn lnxn!

∣∣∣∣ ≤ e

n · n!
, ∀x ∈ [δ, 1], (82)

^D’Alembert�O{ê�?ê
∑∞

n=1
e

n·n!Âñ§¦^¼ê�?ê
∑∞

n=0
xn lnx
n! 3[δ, 1]��

Âñ§�kÅ�È©nØ∫ 1

δ
ex lnxdx =

∞∑
n=0

1

n!

(∫ 1

δ
xn lnxdx

)
, ∀δ ∈ (0, 1] (83)

½Â

Gn(δ) =

∫ 1

δ
xn lnxdx, (84)

·��e5¢S�O�4�∫ 1

0
ex lnxdx = lim

δ→0+0

( ∞∑
n=1

Gn(δ)

)
(85)

ª(85)�mý��ué½Â3δ ∈ [0, 1]�¼ê�?ê
∑∞

n=1Gn(δ)�4�§�Ä�È

©
∫ 1
0 x

n lnxdx = − 1
(n+1)2

�:x = 0Ø´×:§¦^Gn(δ)3[0, 1]ëY",��¡§¼ê

�?ê
∑∞

n=1Gn(δ)��Âñ§Ï�

|Gn(δ)| ≤
∣∣∣∣∫ 1

0
xn lnxdx

∣∣∣∣ = 1

(n+ 1)2
, (86)

ê�?ê
∑∞

n=1
1

(n+1)2
Âñ§Ïd¼ê�?ê

∑∞
n=1Gn(δ)34«m[0, 1]��Âñ§Ï

d4�¼ê´ëY¼ê§k∫ 1

0
ex lnxdx = lim

δ→0+0

( ∞∑
n=1

Gn(δ)

)
=

∞∑
n=1

(
lim

δ→0+0
Gn(δ)

)

=
∞∑
n=1

∫ 1

0
xn lnxdx = −

∞∑
n=0

1

(n+ 1)(n+ 1)!
. (87)
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2.2 °ÀÖ¿K

ÖÖÖ 1. 2021SSSGGGÏÏÏ"""���ÁÁÁKKK. ¦¼êf(x) = 1
2 ln

1+x2

1−x2�Maclaurin?ê"

ÖÖÖ 2. ¦�?êS(x) =
∑∞

n=1
(−1)n−1

n(2n−1)x
2n�4�¼êS(x)�wªL�ª"

ÖÖÖ 3. XJ�?ê
∑∞

n=0 anx
n�Âñ�»´R§@oÅ�¦��?ê

∑∞
n=1 nanx

n−1�

3(−R,R)S4��Âñ"

ÖÖÖ 4. ��?ê
∑∞

n=0 anx
n�Âñ�»´�¢ê§¦yµ�?ê

∑∞
n=0

an
n! x

n�Âñ�»

´+∞"
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