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1.1 ~�©�§XØ

~�©�§£{¡ODE¤´±������¼¼¼êêê�/��ê0��§§/ªþÏ~´d¼

êy(x)9Ù���¼ê�¤��ª§·�F"¦Ñ÷v�§���¼ê�y = y(x)§ù

��¼ê�¡�~�©�§�)))½AAA)))"·�¡~�©�§¤¹��¼ê�ê���g

ê�~�©�§����êêê§n�~�©�§���/ª´

F (x, y(x), y′(x) · · · y(n)(x)) = 0, (1)

Ù¥F´�½¼ê"

�{ü�~�©�§/Xy′(x) = f(x)§Ù¥f(x)´�½¼ê"ù��§�)w

,´Ø½È©y(x) =
∫
f(x)dx + C§Ù¥C�?¿~ê§�ó�C�?Û��éA

�y(x)Ñ´)"aq/§~�©�§�¤k)Ï~�XØ½È©��¹k�½ëê§=

~�©�§�¤k)¢Sþ�a)§ù��)�¡�ÏÏÏ)))"'uÏ)§·�kA:`

²µ

1.Ï)¤¹k��½ëê�ê7L��§�ê��"~Xn��§(1)�Ï)/Xy =

y(x,C1, C2, · · · , Cn)"

2.Ï)��¦n�ëêÕá§½Â´D(y,y′,··· ,y(n−1))
D(C1,C2,··· ,Cn)

6= 0"�Kþ¦ÑÏ)�7LO
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�Jacobi1�ªO�ëêÕá§�´¢S�K��{Ï~�±�y�����A)ëê

Õá§Ïd¢S�K�Õá5�y�~�Ñ"

3.3�õê�¹e§�½ëêC1, · · · , Cn�g��?¿¢ê§�´�kÜ©�¹ë

êC1, · · · , Cn�UØU�Ü©�"

4.XJ��½ëêC1, · · · , Cn��A½¢ê�§���)y = y(x)´�§(1)���A

)"

5.¿�¤kA)ÑU
ÏL3Ï)¥�\ëê�C1, · · · , Cn��§Ü©�§�UÑyA

)Ã{�¹3Ï)S��/",��§��¦´é�Ï)=�§ù�Ü©AÏ�A)

~~Ø��¦"

6.duÏ)~~ÏLé�§�Ø½È©��§Ï)�¡ÏÏÏÈÈÈ©©©"

7.�Ä��~�©�§�Ï)y = y(x,C)§Ù¥C´�½ëê"éuz��CxÑé

AA)3�IXþ�ã�§�±��²¡þ��x�"Ïd~�©�§�A)�¡

ÈÈÈ©©©���"·���§¿�¤k�Ñ�±�¤y = y(x)�/ª§~X²1uy¶�

��x = x0"$�~�©�§�Ü©)�U�¤Û¼ê�/ª"3�!¥§ùaØU

^y = y(x)L«Ñ5���÷v~�©�§§�¬�8\Ï)½A)��"

·���~�©�§��µ´ÔnÆ¥��§§3ÔnÆ¥��¼ê�gCþ

Ï~�L�m§^tL«"~X{��f3t��� �^x(t)L«§d��±�Ñ'

ux(t)��§x′′(t) = −x(t)"3ù�|µ¥§<�´��t = 0���f�&E�§¤±

·�¢SØI��§�Ï)§´÷v�½^��A)"

�ÏXd§·��n��§(1)�Ñn�ÐÐÐ���^̂̂����

y(x0) = y0, y
′(x0) = y1, · · · , y(n−1)(x0) = yn−1, (2)

Ù¥x0Úy0, · · · , yn−1��½"¦)�§(1)÷vÐ�^��¯K�¡�~~~���©©©���§§§ÐÐÐ���

¯̄̄KKK½~~~���©©©���§§§���ÜÜÜ¯̄̄KKK"w,§Ð�¯K�){´

1.¦Ñ(1)�A)"

2.�\Ð�^�¦Ñ�½ëêC1, · · · , Cn���"

d	§3)KL§¥§·��¬���a/ªAÏ�~�©�§§/X

XP (x, y)dx+Q(x, y)dy = 0§¤�������©©©���§§§"ÙSº�du¦)y′(x) = −P (x,y)
Q(x,y)Úx

′(y) =

−Q(x,y)
P (x,y)ü��§"'åüÕ��y

′(x) = −P (x,y)
Q(x,y)/ª§��©/ª��§#NQ(x, y) =

0��/§Ïd�¹�õ�)"�
k¿���²�K8§�U�¿ò~5/ª�~�

©�§�¤��©/ª§¦�K<é�§�a.Ø�"

1.2 �a~�©�§�){

�!o(~�©�§��a){§Ì�©�o�X�eZ�a§·�©O0�Ù�

{"
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Cþ©lX�

Cþ©lX��{·^u���§§Ì�g´´ò�§ÏLÜ·���ò��§C

þ©l�§"äN�±©¤o«�¹§z«�¹·��²){¿�Ñ~K"

CCCþþþ©©©lll���§§§

�§/ªµy′ = f(x)g(y)½ dy
g(y) = f(x)dx"

¦)g´µüýØ½È©��
∫ dy
g(y) = C +

∫
f(x)dx"

àààggg���§§§

�§/ªµy′ = f(x, y)§Ù¥�½¼êf�àg¼ê§=�±�Ñ/ªf(x, y) = g( yx)"

¦)g´µ��u = y
x§z�'uu = u(x)�Cþ©l�§u′ = xy′−y

x2
= g(u)−u

x "

�5µ·�ùpJ��àg¼êÚàg�§��YÆS����5àg�§§/àg0

�c�¿Â��ØÓ§�Ø�· "

CCCþþþ©©©lllXXX���1

�§/ªy′ = f(ax+ by + c)§Ù¥a, b, c�~ê"

¦)g´µ��z = ax + by + c§z�'uz = z(x)�Cþ©l�§z′ = a + by′ =

a+ bf(z)"

CCCþþþ©©©lllXXX���2

�§/ªµy′ = f
(
a1x+b1y+c1
a2x+b2y+c2

)
§÷v∆ =

∣∣∣∣∣∣ a1 b1

a2 b2

∣∣∣∣∣∣ = 0§Ù¥ai, bi, ci�~êi =

1, 2"

¦)g´µ��z = a1x+ b1y§z�'uz = z(x)�Cþ©l�§"

CCCþþþ©©©lllXXX���3

�§/ªy′ = f
(
a1x+b1y+c1
a2x+b2y+c2

)
§÷v∆ =

∣∣∣∣∣∣ a1 b1

a2 b2

∣∣∣∣∣∣ 6= 0§Ù¥ai, bi, ci�~êi = 1, 2"

¦)g´µ[1]¦)�§|

 a1x+ b1y + c1 = 0

a2x+ b2y + c2 = 0
�)(x0, y0)¶[2]��u = x − x0Úv =

y − y0§z�'uu = u(v)�àg�§"

�e5�o�~K©O�éþ¡��{§ÓÆ�I5¿�{3¢S)K¥�5¿¯

�"

~~~ 1. ¦)~�©�§(x2 + 1)(y2 − 1)dx+ xydy = 0"

©Ûµ�Ka.�Cþ©l�§"�K���~{ü§�´ÏL*	È©�§·

��±
)Ï)�AÛ¿Â"
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Proof. ò���©�§�¤Cþ©l�üÜ©

x2 + 1

x
dx = − y

y2 − 1
dy. (3)

©OO�üý�Ø½È©�� ∫
x2 + 1

x
dx =

x2

2
+ ln |x|, (4)

Ú ∫
− y

y2 − 1
dy = −1

2

(∫
dy

y − 1
+

∫
dy

y + 1

)
= −1

2
ln |y2 − 1|. (5)

ùp�5¿¼ê 1
x��¼ê´ln |x|�lnx§Ï�lnx�3�¢êk½Â"aq/§¼

ê 1
−x��¼ê´− ln |x|�ln(−x)"dd�ÑCþ©l�§�ÏÈ©�

x2 + ln(x2) + ln |y2 − 1| = C, (6)

XJéþãÏÈ©�Òüý�e���

ex
2
x2|y2 − 1| = eC , (7)

�Ä�ýé���±Ðm§·��±z{ÏÈ©

ex
2
x2(y2 − 1) = C1, (8)

Ù¥ëêC1 = ±eC§��ÒÚÎÒ�ü«�¹éAýé��Ðm"5¿�~êC1 6=

0§�´C1 = 0�éAu)x ≡ 0Úy ≡ ±1§�´�§�A)"òù
A)8\ª(8)(

½�Ï)¥£O�C1 = 0¤§�§kÏÈ©

ex
2
x2(y2 − 1) = C1, (9)

Ù¥C1´?¿¢~ê"

'u�K·�kA:`²µ

1.�K3Cþ©l�{�µee¢¦
)x ≡ 0Úy ≡ ±1§´Ï��Cþ©l�ª(3)L

§¥3�Ò�müàØ±
x(y2 − 1)"

2.�K���)(9)Ò´dÛ¼ê(½�Ï)§§éAu�m¥��x�"Xã1¤

«§éuz��½�C§)(9)ÑéA
²¡þ��"Ïd~�©�§Ð�¯K§Ò´

é�L�½:(x0, y0)£éAÐ�^�y(x0) = y0¤�È©�"

3.·��±w�§ã1¥�^È©��õÑØ´dx = −∞ò��x = +∞�§¿�Ñ

ØU���¤¼êL�ª�/ª"ïÄ~�©�§)�ò�5�´��(J�§�õê

�¹·��U���§�)3,�½Â�S�3"
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ã 1: ~1�§Ï)�ã�«¿ã

~~~ 2. ¦)~�©�§ydx+ (2
√
xy − x)dy = 0"

©Ûµ�K/ª�àg�§§Aò�§d��©/ªz���/ª¿�Cþ©l"

Proof. ò��©��§z���/ª

y′ =
y

x− 2
√
xy
, (10)

��u = y
x��

u′ =
y′x− y
x2

=
y′ − u
x

=

u
1−2
√
u
− u

x
=

2u
3
2

1−2
√
u

x
. (11)

u´�±��Cþ©l�§ (
1

2
u−

3
2 − u−1

)
du =

dx

x
, (12)

©OØ½È©��ÏÈ©

C − u−
1
2 − ln |u| = ln |x|, (13)

�e�����

uxe
1√
u = C1, (14)

Ù¥C1 = ±eC�?¿�0¢ê"�\u = y
x¿z{

ye

√
x
y = C1. (15)

AO5¿§·�¿ØUòC1 = 0��/8\(15)¥"

���ÄA)"�Ä�ò��§z�àg�§(10)��mÓØx− 2
√
xy§·�I�

Ö¿x − 2
√
xy = 0��¹"XJx = 0�§z�dx = 0§éAA)x ≡ 0¶XJx

y = 4§

d��kdx = 0§ù«�¹Ã{��A)"d	��Cþ©l�§(12)�b½u 6= 0§

�Äu = 0��y = 0§éAA)y ≡ 0"A)x ≡ 0Úy ≡ 0ÑÃ{8\(15)¥"
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~~~ 3. ¦)~�©�§y′ = (8x+ 2y + 1)2"

©Ûµ�K��z�©lCþ�§��§"

Proof. ��z = 8x+ 2y + 1§�O��©

z′ = 8 + 2y′ = 8 + 2z2, (16)

z�Cþ©l�§/X
dz

8 + 2z2
= dx. (17)

¦)Cþ©l�§�ÏÈ©��

1

4
arctan

(z
2

)
= x+ C, (18)

Ù¥C�?¿~ê"2òz����\����§�ÏÈ©

arctan

(
4x+ y +

1

2

)
= 4x+ C. (19)

AO/§�KvkA)"

~~~ 4. ¦)~�©�§y′ = x+2y+1
2x+4y−1"

©Ûµ�K��5©ª�§�Xê�5�'£©lCþ�/2¤§d�¦^�

�z = x+ 2y=�=zCþ©l�§"

Proof. ��z = x+ 2y��

z′ = 1 + 2y′ = 1 +
2z + 2

2z − 1
=

4z + 1

2z − 1
, (20)

�z�Cþ©l�§
2z − 1

4z + 1
dz = dx, (21)

O�ÏÈ©
z

2
− 3

8
ln

∣∣∣∣z +
1

4

∣∣∣∣ = x+ C, (22)

Ù¥C�?¿~ê"�\z = x+ 2yz{

y − x

2
− 3

8
ln

∣∣∣∣x+ 2y +
1

4

∣∣∣∣ = C. (23)

2éü>�e���

e8y−4x
(
x+ 2y +

1

4

)−3
= C1, (24)

Ù¥C1 = ±e8C�?¿�0~ê"ùp�C1 = 0Ã{Ö¿A)"

e¡�ÄÙ¦A)"��§z�Cþ©l�§(21)�ÓØ4z + 1§eb�z = −1
4�

§z�dz = 0§��A)z ≡ −1
4§=y = −x

2 −
1
8"
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~~~ 5. ¦)~�©�§y′ = 2
(

y+2
x+y−1

)2
"

©Ûµ�K��5©ª�§�Xê�5Ã'£©lCþ�/3¤§d�¦^�

�u = x− 3Úv = y + 2§ÏL'Xª dv
du = d(y+2)

d(x−3) = dy
dx=�=zCþ©l�§"

Proof. ÏL)�§(½��u = x− 3Úv = y + 2§d dv
du = dy

dx§����àg�§

dv

du
=

2v2

(u+ v)2
, (25)

2��z = v
u��

dz

du
=
u dv
du − v
u2

=

2z2

(1+z)2
− z

u
, (26)

z�Cþ©l�§

− (z + 1)2

z(z2 + 1)
dz =

du

u
, (27)

ü>©OÈ©§5¿� (z+1)2

z(z2+1)
= 1

z + 2
1+z2
§Ïd�§(27)�ÏÈ©´

C − 2 arctan z − ln |z| = ln |u|, (28)

Ù¥C�?¿~ê"2éü>�e���

uze2 arctan z = C1, (29)

Ù¥C1 = ±eC�?¿�0¢ê"�\��z = y+2
x−3�

(x− 3) exp

[
2 arctan

(
y + 2

x− 3

)]
= C1. (30)

AO5¿§3ª(30)�C1 = 0§éAA)y ≡ −2§�±8\Ï)¥§Ïd�KÏ)�

(x− 3) exp

[
2 arctan

(
y + 2

x− 3

)]
= C1, (31)

C1�?¿¢ê"

���5�§X�

���5�§©�n«�¹§·�©O0�Ù){"

àààggg���������555���§§§

�§/ªµy′ + P (x)y = 0"

¦)g´µÏ~Sú*	=��)y = C exp
(
−
∫
P (x)dx

)
"

�5µ[1]Öþ(9.18)ª�Ñ)§/ªþæ^
C�½È©
∫ x
x0
P (t)dtO�Ø½È©§�ö
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Sº��§Ï�C�½È©
∫ x
x0
P (t)dt�´P (x)���¼ê"[2]ÀJØÓ�¼ê���

~ê�/+C0%¹3Ï)�Xêëêp"

���àààggg���������555���§§§

�§/ªµy′ + P (x)y = Q(x)"

¦)g´µ~êCÉ{§=Äk¦)éA�àg�§y′ + P (x)y = 0¶,�òàg�§

�)U��y = C(x) exp
(
−
∫
P (x)dx

)
�\�àg�§§Ù¥C(x)´�½¼ê¶��ò

�kC(x)�)�\�àg�§¥§�±ÏL�gØ½È©¦)C(x)"

Bernoulli���§§§

�§/ªµy′ + P (x)y = Q(x)yα§Ù¥α 6= 0, 1�~ê"£Xα�0½1Kz����5

�§ÃIAO?Ø¤

¦)g´µ��z = y1−α§z�'uz(x)����5�§"

~~~ 6. ¦)~�©�§y′ + y tanx = secx"

©Ûµ�K����5�§§){�~êCÉ{§Äk¦)àg�§§,�¦)�

àg¯K

Proof. Äk¦)àg�§

y′ + y tanx = 0, (32)

N´�yàg�§äkÏ)

y = C exp

(
−
∫

tanxdx

)
= C| cosx|, (33)

�Ä��§¥���¼ê3:kπ + π
2vk½Â§ÏdïÄ�§�)�U3��±

Ï(kπ − π
2 , kπ + π

2 )?Ø=�§3z��«mpcosx�ÎÒÑ´ØC�§Ïdàg�

§(32)�Ï)�±��

y = C cosx, (34)

Ù¥C�?¿¢ê"

�X¦^~êCÉ{¦)K8��àg�§§��àg�§�)äk/ª

y = C(x) cosx, (35)

�\��§k

C ′(x) cosx =
1

cosx
, (36)

Ïd

C(x) =

∫
1

cos2 x
dx = tanx+ C1, (37)
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Ù¥C1´?¿~ê§Ïd��§Ï)�

y = C1 cosx+ sinx. (38)

~~~ 7. ¦)Bernoulli�§y′ + y = y2(cosx− sinx)"

©ÛµBernoulli�§´�±z����5�§��§§�,Ù��Ø´�5�§"

Proof. �Ä��z = y−1§z{�

z′ =
−y′

y2
=
y − y2(cosx− sinx)

y2
= z − (cosx− sinx), (39)

Ïd�����5�àg�§

z′ − z = sinx− cosx. (40)

Äk¦)àg�§z′ − z = 0��)z = Cex§Ù¥C´?¿~ê"�X¦^~êCÉ{

¦)K8��àg�§§�Ä�§(40)�)äk/ª

z = C(x)ex, (41)

�\�§(40)�

C ′(x) = e−x(sinx− cosx), (42)

�Ø½È©��£ù�Ø½È©�þþØ½È©ùÂ���~K¤

C(x) = −e−x sinx+ C1, (43)

Ù¥C1�?¿¢ê"Ïd�§(40)Ï)�

z = − sinx+ C1e
x, (44)

Ïd��§Ï)

y =
1

C1ex − sinx
. (45)

T��§X�

�cü�X���{Ñ�é��~�©�§§T��§X��{�é�cüa�{

?nØ
���~�©�§"
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TTT������§§§£££������©©©���§§§¤¤¤

�§/ªµP (x, y)dx + Q(x, y)dy = 0§Ù¥�§�à´,��¼ê���©§�d

u∂yP = ∂xQé��(x, y)¤á"

¦)g´µé�¼êu(x, y)¦���©du(x, y) = P (x, y)dx + Q(x, y)dy¤á§�§�

Ï)�u(x, y) = C§Ù¥C´~ê"

�5µ[1]÷vdu = Pdx + Qdy���©�§§Ù�½�{´ÏL∂yP = ∂xQ§ù�:

´�È©´»Ã'5Ü©�(Ø"���È©Ã'5�·K¥î��¦3üëÏ«

��Ä§~�©�§�)Ï~�'%ÛÜ5�§¤±ÃI�ÄP,Q¤3½Â�´Äüë

Ï¶[2]O��¼ê��{�)È©{!n�©{Ú*	{§3��8.3!k�[`²"

ÈÈÈ©©©ÏÏÏfff{{{

�§/ªµØáuþã�a����§§b½äk/ªM(x, y)dx+N(x, y)dy = 0"

¦)g´µÏéÈ©Ïfµ(x, y)§ò�§z��d�T��§(Mµ)dx+ (Nµ)dy = 0§

,�¦)T��§"ÏéÈ©Ïf��{kü«µ[1]úª{§XJF =
∂yM−∂xN

N �

�xk'§@oµ = exp
(∫
F (x)dx

)
´��È©Ïf¶XJG =

∂xN−∂yM
M ��yk'§

@oµ = exp
(∫
G(y)dy

)
´��È©Ïf¶[2]*	{§¦^�«�{nÑÜ·�È©Ï

f"

�5µÈ©ÏfÏ~Ø��§�Ié���=�"

~~~ 8. ¦)~�©�§2x−1
y dx+ x−x2

y2
dy = 0"

Proof. �P (x, y) = 2x−1
y ÚQ(x, y) = x−x2

y2
"²�y

∂yP = ∂xQ =
1− 2x

y2
. (46)

Ïd�K�T��§§I�O��¼ê"ÏLn�©��ª*	�

2x

y
dx− x2

y2
dy = d

(
x2

y

)
, −1

y
dx+

x

y2
dy = d

(
−x
y

)
. (47)

Ïd�KÏÈ©�
x2

y
− x

y
= C. (48)

z{�

x2 − x = Cy. (49)

Ù¥C�?¿¢ê"

~~~ 9. ¦)~�©�§ydx+ (x− 1− xy)dy = 0"

©Ûµ�KØáuþã?Û�a�§§�}Á¦^È©Ïf{"
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Proof. �M(x, y) = yÚN(x, y) = x− 1− xy§O���

∂yM − ∂xN = y, (50)

Ïd∂xN−∂yM
M = −1��yk'§Ï��È©Ïf´

µ(x, y) = exp

(∫
(−1)dy

)
= e−y. (51)

¦±È©Ïf���§

ye−ydx+ e−y(x− 1− xy)dy = 0, (52)

�±�yd�§�T��§

∂y
(
ye−y

)
= ∂x

(
e−y(x− 1− xy)

)
= e−y(1− y). (53)

æ^n�©©�{£XaúnØÑ5��±^È©{§�´'�æ�¤5¿�

ye−ydx+ xe−y(1− y) = d
(
xye−y

)
, 0dx− e−ydy = d

(
e−y
)
. (54)

Ïd��T��§(52)�ÏÈ©´

(xy + 1)e−y = C, (55)

Ù¥C´?¿¢ê"

ü�X�

��·�5w�a���§�¦)�{§ù
AÏ����§�±=z����

§§,�ÏLdcn�X�����§¦)�{�Ñ(J"

���¹¹¹y′, y′′ØØØ¹¹¹y������������§§§

�§/ªµG(x, y′, y′′) = 0"

¦)g´µ[1]��p = y′§z�'up(x)����§G(x, p, p′) = 0¶[2]�âp(x) =

y′(x)�/ªÈ©��y(x)"

�5µdu1�Ú¦)�p(x)�A)¹ëêC§XJ�ép(x)Ø½È©��y(x)§k�

I��âëêC���©a?Ø"

ØØØ¹¹¹x������������§§§£££ggg£££���§§§¤¤¤

�§/ªµH(y, y′, y′′) = 0"

¦)g´µ[1]��y′ = p§z�'uy′ = p(y)����§§Ù¥p´±y�gCþy′�

ÏCþ�¼ê§d�gCþx��^�Ûõ3¼êp��¶[2]|^óª{Kdp
dy =

dp
dx · (

dy
dx)−1 = y′′

y′§��'up(y)����§"
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~~~ 10. ¦)~�©�§(y′)2 = x2y′′"

©Ûµ�K´���§§�´��9x, y′Úy′′Ø�9y§´1�a�ü����

�§�~�©�§"

Proof. ��p = y′�§z{�

p′x2 = p2, (56)

d��§�'up(x)�Cþ©l�§

dp

p2
=

dx

x2
, (57)

kÏ)

p =
x

C1x+ 1
, (58)

Ù¥C1�?¿¢ê"�\z = y′�

y′(x) =
x

C1x+ 1
, (59)

·��I�Ø½È©¦)y(x)",5¿ùpk��´�:§Ò´é�§(59)mà�È

©´�6C1�"XJC1 6= 0§È©��

y =

∫ (
1

C1
− 1

C1(C1x+ 1)

)
dx =

x

C1
− 1

C2
1

ln |C1x+ 1|+ C2, (60)

Ù¥C2´?¿¢ê"XJC1 = 0È©��

y =
x2

2
+ C2, (61)

Ù¥C2´?¿¢ê"d�)(60)´Ï)§)(61)k�=k��ëêC2§�Ø´���

§�Ï)´�|A)"

��©ÛÙ¦A)§�Ä���Cþ©l�§(57)��mÓØx2p2"XJ�Äb

�x2p2 = 0�±�A)y ≡ C§Ù¥C�?¿¢ê"

~~~ 11. ¦)~�©�§Ð�¯K

 1 + y′2 = 2yy′′,

y(1) = 1, y′(1) = −1.
"

©Ûµ�K´Ø�¹x��§§-p = y′¿òy′w�y�gCþ�¼ê�±ò���

§z{����§"·��Ñ§duy′(x)Úy(x)��Ñ´x�¼ê§O�y′'uyCz�

�©I�Ìóª{Kdp
dy = dp

dx · (
dy
dx)−1 = y′′

y′§dd�±�Ñ'u
dp
dyÚp, y����§"

Proof. -p = y′¿òpw�y�gCþ�¼ê"�Ä�

dp

dy
= y′′(y′)−1 =

1 + (y′)2

2yy′
=

1 + p2

2py
. (62)

12



Ïd�±��Cþ©l�§
2pdp

1 + p2
=

dy

y
, (63)

)�ÏÈ©

ln
(
1 + p2

)
= ln |y|+ C, (64)

éüý�éê�

1 + p2 = C1y, (65)

Ù¥C1 = ±eC´?¿�0¢ê"£�p = y′�±��'uy(x)����§

1 + (y′)2 = C1y (66)

·�òy′�¤�¹yØ¹x�L�ªÒ�±��d�§(66)����Cþ©l�§

y′ = ±
√
C1y − 1 (67)

�
;��KÒK�§·�k�\Ð�^�y′(1) = −1Úy(1) = 1§��ëêC1 = 2�

ÎÒ�KÒ

y′ = −
√

2y − 1, (68)

?�Ú��Cþ©l�§

dx = − dy√
2y − 1

, (69)

¦�ÏÈ©

x+ C = −
√

2y − 1. (70)

(ÜÐ�y(1) = 1�ëêC = −2§z{��)

y =
1

2

(
x2 − 4x+ 5

)
. (71)

2 ²;SK

2.1 K.¯�¢Ú

3dc~K¥·�®²o(
�a�IO�{§�e5�Ü©·�{ü0��
?

�){§ÚÜ©Ú~�©�§¦)�'�kJÝ�y²K"
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2.2 ~K

KKK 1. ¦)~�©�§
(

1 + e
x
y

)
dx+ e

x
y

(
1− x

y

)
dy = 0"

©ÛµN´uy�K�àg�§§¿�Ñy�þ��x
y"·���àg�§���

�u = y
x§du�K��§¥�

x
y�õ§·��±=¦)±y�gCþ�¼êx(y)§¿

¦^��t = x
y{zO�"

Proof. ·�¦)¼êx = x(y)§Äkz{

x′ =
dx

dy
=

e
x
y

(
x
y − 1

)
1 + e

x
y

, (72)

�\��t = x
yµ

dt

dy
=
yx′ − x
y2

=
x′ − t
y

. (73)

,��\x′�L�ª

dt

dy
=

et(t−1)
1+et − u

y
= −

t+et

1+et

y
. (74)

u´�±�¤Cþ©l�§�/ª

−1 + et

t+ et
dt =

dy

y
. (75)

,���ÏÈ©

C − ln
∣∣t+ et

∣∣ = ln |y|, (76)

Ù¥C´?¿~ê",���±éþãÏÈ©�e���

y
(
t+ et

)
= C1, (77)

Ù¥C1 = ±eC�?¿�0~ê"�\��t = x
y

y

(
x

y
+ e

x
y

)
= C1. (78)

��·�?ØA)"3A)(78)�ÄC1 = 0§�±��A)x
y + e

x
y = 0§d�x

y�

½�§=)��5¼ê"nþ§�KÏÈ©�

y

(
x

y
+ e

x
y

)
= C1, (79)

Ù¥C1�?¿~ê"

KKK 2. �y = y(x)3[0,+∞)þ÷v�©Ø�ªy′+a(x)y ≤ 0§y²3[0,+∞)þky(x) ≤

y(0) exp
(
−
∫ x
0 a(s)ds

)
"
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©Ûµ�K�ên�§²;Ø�ªGronwallØ�ª�{z�"l/ªþw§

�©Ø�ªy′ + a(x)y ≤ 0����5àg�§y′ + a(x)y = 0k
aq§�ö�)

�y(x) = y(0) exp
(
−
∫ x
0 a(s)ds

)
"·��!I�î�//Ï�§�){§í�·�I�

�Ø�ª"

Proof. ·�/Ïí����5àg�§)��{§3�©Ø�ª�m¦±�K�È©

Ïfexp
(
−
∫ x
0 a(s)ds

)
��

y′(x) exp

(
−
∫ x

0
a(s)ds

)
+ a(x)y(x) exp

(
−
∫ x

0
a(s)ds

)
≤ 0. (80)

Ø�ªé�ý�±w�¼ê

F (x) = y(x) exp

(
−
∫ x

0
a(s)ds

)
, (81)

��¼ê§=F ′(x) ≤ 0"dd¼êF (x)´��3[0,+∞)üN4~�¼ê§=

y(x) exp

(
−
∫ x

0
a(s)ds

)
= F (x) ≤ F (0) = y(0). (82)

£�Ò�±��K8�¦�(Ø"

KKK 3. �Ä���5�§y′ + p(x)y = q(x)§XJp(x)Úq(x)´3Rþ½Â�±T > 0�

±Ï�±Ï¼ê§XJ
∫ T
0 p(s)ds 6= 0§y²µ�§�3���±T�±Ï�)"

©Ûµdu�þêÆï�|µ¥�¼êäk±Ï5§ÏdïÄ~�©�§�±Ï)

´é��êÆ�K"ù�K8?Ø���5�§Xê±Ï5Ú)±Ï5�'X§��

JÝØ�§I�·�Äk�âúª�Ñ)�/ª�©Û"�Ä�·��é)�½n©

Û§ò)¥�Ø½È©�ÑC�È©´'�·¨�"

Proof. ·��±�Ñ���5�§y′ + p(x)y = q(x)Ï)�/ª�µ

y(x) = exp

(
−
∫ x

0
p(s)ds

)[
C +

∫ x

0
q(s) exp

(∫ s

0
p(t)dt

)
ds

]
, (83)

Ù¥C��½~ê"�
�Bå�§C�È©�e�Ñ��0"3Ï)¥�\x = 0�

�y(0) = C§XJy(x)´±Ï)Ò7,ky(T ) = C§�\��

C = exp

(
−
∫ T

0
p(s)ds

)[
C +

∫ T

0
q(s) exp

(∫ s

0
p(t)dt

)
ds

]
. (84)

éá¦)��

C

(
exp

(∫ T

0
p(s)ds

)
− 1

)
=

∫ T

0
q(s) exp

(∫ s

0
p(t)dt

)
ds. (85)
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du
∫ T
0 p(s)ds 6= 0§¤±ëêCk����

C =

(
exp

(∫ T

0
p(s)ds

)
− 1

)−1 [∫ T

0
q(s) exp

(∫ s

0
p(t)dt

)
ds

]
. (86)

,ëêXª(86)��§�´(83)¥�)�±Ï)���7�^�"·�I�y

²§�ëêXª(86)���§(83)¥�)´��±Ï)"Äk�Ñ

y(x+ T ) = exp

(
−
∫ x+T

0
p(s)ds

)[
C +

∫ x+T

0
q(s) exp

(∫ s

0
p(t)dt

)
ds

]
. (87)

�
y²y(x+ T ) = y(x)§�û'�´O�þ¯¨�"·�5¿�

y(x+ T )

y(x)
= exp

(
−
∫ x+T

x
p(s)ds

)
C +

∫ x+T
0 q(s) exp

(∫ s
0 p(t)dt

)
ds

C +
∫ x
0 q(s) exp

(∫ s
0 p(t)dt

)
ds

. (88)

�
y²�ª�mà�1�I�

C

[
exp

(∫ x+T

x
p(s)ds

)
− 1

]
= − exp

(∫ x+T

x
p(s)ds

)[∫ x

0
q(s) exp

(∫ s

0
p(t)dt

)
ds

]
+

∫ x+T

0
q(s) exp

(∫ s

0
p(t)dt

)
ds. (89)

�â¼êpÚq�±Ï5k
∫ x+T
x p(s)ds =

∫ T
0 p(s)ds§¤±�âª(85)§ª(89)��ý�

LHS = C

[
exp

(∫ x+T

x
p(s)ds

)
− 1

]
=

∫ T

0
q(s) exp

(∫ s

0
p(t)dt

)
ds. (90)

�e5?nª(89)�mý�¦È�§·�k^½È©��{��

exp

(∫ x+T

x
p(s)ds

)[∫ x

0
q(s) exp

(∫ s

0
p(t)dt

)
ds

]
= exp

(∫ x+T

x
p(s)ds

)[∫ x+T

T
q(s) exp

(∫ s−T

0
p(t)dt

)
ds

]
=

∫ x+T

T
q(s) exp

(∫ s

s−T
p(t)dt

)
exp

(∫ s−T

0
p(t)dt

)
ds

=

∫ x+T

T
q(s) exp

(∫ s

0
p(t)dt

)
ds, (91)

Ù¥1���Ò¦^±Ï5q(s) = q(s − T )§1���Ò¦^±Ï5
∫ x+T
x p(t)dt =∫ s

s−T p(t)dté��s¤á"�n��ª(89)�mý�

RHS = −
∫ x+T

T
q(s) exp

(∫ s

0
p(t)dt

)
ds+

∫ x+T

0
q(s) exp

(∫ s

0
p(t)dt

)
ds

=

∫ T

0
q(s) exp

(∫ s

0
p(t)dt

)
ds. (92)

Ïdª(89)��müý��"ù`²§ëêCXª(86)���§(83)¥�)´��±Ï

)§¿�´���±Ï)"
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2.3 °ÀÖ¿K

ÖÖÖ 1. 2021SSSGGGÏÏÏ¥¥¥���ÁÁÁKKK. ¦~�©�§A)y′ = xy + 3x+ 2y + 6"

ÖÖÖ 2. ¦)~�©�§y′ =
√

1−y2
1−x2§5¿�K�3Ã{8a�Ï)�A)"

ÖÖÖ 3. �P (x, y)dx + Q(x, y)dy = 0´àg�§§y²µ¼êµ(x, y) = 1
xP+yQ´�§�

��È©Ïf"

ÖÖÖ 4. �Ä���5�§y′ + p(x)y = 0§XJp(x)´3Rþ½Â�±T > 0�±Ï�±Ï

¼êy²µ�§�?¿)Ñ´±T�±Ï�±Ï¼ê�¿©7�^�´
∫ T
0 p(s)ds = 0"

ÖÖÖ 5. �f(x)´Rþ�k.¼ê§¦�§y′ + y = f(x)3Rþ¤k�k.¼ê)"
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