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1.1 ��~�©�§Ð�¯K)��35Ú��5

�3��5½n�SNÚn)

ù�Ü©·�'5�´äkeã/ª���~�©�§�Ð�¯K y′ = f(x, y),

y (x0) = y0,
(x, y) ∈ R. (1)

Ù¥f´�½¼ê§Ù½Â�R´±:(x0, y0)�¥%�Ý/[x0− a, x0 + a]× [y0− b, y0 +

b]§AO/«m�°Ýa, b�±´Ã¡"�Ïf�½Â�´k��§ÏdÐ�¯K�)�

õ��3ÛÜ[x0 − a, x0 + a]k½Â"

/X(1)����§�¹
2�
¢SA^¥��Ü©��~�©�§§e¡�

½nw�·�Ð�¯K(1)�)�½�3���§·�Qã½n�^�Ú(Øµ

1.^̂̂��� ¼êf(x, y)3RëY�k.§�éykLipschitz^�§=�3~êL > 0§é?¿

�(x, y1), (x, y2) ∈ R§Ñk|f(x, y1)− f(x, y2)| ≤ L|y1 − y2|"
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2.(((ØØØ Ð�¯K3«m[x0 − h, x0 + h]�3��)y = y(x)§Ù¥

h = min

(
a,

b

M

)
, M = max

(x,y)∈R
|f(x, y)|. (2)

'uù�½n§·�Ö¿A:º¦

1.Lipschitz^̂̂���������OOOAO/§XJf(x, y)3y�� �ê�3�k.§@oLipschitz^

��½¤á"¤±·�~~ÑÏL�äf(x, y) �ê�k.55�äLipschitz^�¤

á"

2.)))������333«««mmm lK8(Ø�±w�§=Bf3Rþ½Â§·�é��Ð�¯K�

)y = y(x)�U�y3[x0 − h, x0 + h]ù�'[x0 − a, x0 + a]���«mþ�3���§

Ïdþã(Ø�¡ÛÛÛÜÜÜ���333������555"

3.)))���òòò���???ØØØ ��g,�¯K´§·�UÄò[x0 − h, x0 + h])ò��[x0 − a, x0 +

a]þº�f ≡M�§)y = y(x)´±M��Ç��g¼ê§�Ä�f�3Ý/Rk½Â§

Ïdy ∈ [y0 − b, y0 + b]¦�)�U3[x0 − h, x0 + h]�3"éu�����¹§ù´�

�'�E,�¯K§�Y·�¬{ü?Ø"

��§·�lAÛ*:þ5wÛÜ�3��5½n"XJ��y′ = f(x, y)ä

kÏ)y = y(x,C)§Ù¥C�±�H?¿¢ê"@o�3��5½nw�·�§L

?¿�:(x0, y0)�)�y = y(x,C)o�3§éA���~êC"�ó�§)�

xy = y(x,C)¢SX÷
����²¡§ÏdLz��²¡þ�:·�Ñ�±é��^

)�"

*�3��5½n�y²���n)

*)�ò��'�½n

1.2 p��5~�©�§)��35Ú(�

�5Úàg5

3d�c§·�Äk£Á��n�~�©�§�/ª

F
(
x, y, y′, · · · , y(n)

)
= 0, (3)

=��òy����êéXå5��ª"duF���E,5§·�éJ¡¦?¿n�~

�©�§"�d§·��Ä�a�{ü��§§=n������555~~~���©©©���§§§§ÙA:´3�

§(3)¥§y9Ù���ê�¤�5¦Ú�/ªµ

y(n)(x) + p1(x)y
(n−1)(x) + · · ·+ pn−1(x)y

′(x) + pn(x)y(x) = f(x). (4)
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Ù¥pj(x)(j = 1, 2, · · · , n)Úf(x)´�½¼ê"·��±w�§�5�§(4)¥§��

9y��ê��'ux�¼ê¦È�U\§Ø�¹y����ê�¦È�^"XJmà

¼êf(x) ≡ 0§K¡�5�§´àààggg���"ùp�5Úàg5�½Â�·�þ�Ù���

�5�§��'½Â¬Ü"

���5�§Ð�¯K)��3��5

éu'�{ü����5�§�Ð�¯K§·��±�dc���§��y²)�

�3��5"Ð�¯K�/ª´ y′′ + p(x)y′ + q(x)y = f(x), x ∈ [a, b],

y (x0) = y0, y
′ (x0) = y1,

(5)

Ù¥x0 ∈ [a, b]"XJëê¼êp(x), q(x), f(x)3[a, b]ÑëY§@o���5�§Ð�¯

K(5)�3��)y = y(x)"

��dc���§�ÛÜ�3��5½n§ù�½n��Qã´�éZÀ�§)�

3��½Â�[a, b]�3��",��¡§'u���5�§�(Ø��±éN´/í2

�n��5�§"

���5�§�Ï)nØ

·��e5=?Ø���5�§Ø�Ð���/

y′′ + p(x)y′ + q(x)y = f(x), x ∈ [a, b]. (6)

ùp�?Ø�´�±��í2�n��5�§�§�
{üå�·��?Ø��"

·�3?Ø¥¦þ�Ø�5�êVg"XJ¦^�5�ê�ó�±�é{V)¤k

(Øµn�àg�5�§�Ï)�¤n��5�m§n��àg�5�m�Ï)�¤n�

�56/"

·�ÅÚÚ\eãVg!�{Ú(Øµ

� ���555ÃÃÃ'''ÚÚÚ���555���''' �Ä½Â3[a, b]�ü�¼êf1(x)Úf2(x)§XJ�3Ø

��0�ü�ëêC1ÚC2¦�C1f1(x) + C2f2(x) = 03x ∈ [a, b]¤á§K¡¼

êf1, f2�5�'§ÄK¡��5Ã'"�*5w§�5�'�¼êf1Úf23[a, b]�

�:¼ê�¤'~"XJò[a, b]þ�¼ê±Ù��:�¼ê�w�Ã¡���

þ§@o�5�'�¼êf1, f2´����þ"

� àààggg���555���§§§ÏÏÏ)))���(((��� 3ª(6)¥�f ≡ 0��àg�§§XJ�±é��

§(6)ü��5Ã'�)ϕ1(x)Úϕ2(x)§@o�§(6)�Ï)´C1ϕ1(x)+C2ϕ2(x)§
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Ù¥C1ÚC2´�½~ê"·�¡�5Ã'�)|{ϕ1, ϕ2}�àg�§(6)�ÄÄÄ:::)))

XXX"ùpkü�¯K§Ù���oàg�§�½�3ü��5Ã')�¤Ä:)

X§Ù���oÏLÏ)C1ϕ1(x) + C2ϕ2(x)�±L�Ñàg�§¤k)"ùü�

¯Kò3K2¥�)�"

� Wronski111���ªªª �ä¼ê��5Ã'5´'�æ��£cÙ��Äp��§I

��äõ�¼ê��5Ã'�¤§·�Ú\Wronski111���ªªªµ

W (x) =

∣∣∣∣∣∣ ϕ1(x) ϕ2(x)

ϕ′1(x) ϕ′2(x)

∣∣∣∣∣∣ . (7)

·��±y²§àg�§(6)�ü�)ϕ1(x)Úϕ2(x)�5Ã'�¿©7�^�´�

3W (x)3[a, b]þØð�0"£5µ�±y²W (x)XJ3�:�0@oÒ3[a, b]þ

::�0§¤±ü�)ϕ1(x)Úϕ2(x)�5Ã'�¿©7�^��IW (x)3�:�

�0=�§y²�K1¤

� ���àààggg���555���§§§ÏÏÏ)))���(((��� �Ä���àg�5�§(6)§·�k��éA�

àg�§�Ä:)X{ϕ1, ϕ2}§,�2é��àg�§�?¿A)y∗(x)§@o�

§(6)�Ï)´y∗(x) + C1ϕ1(x) + C2ϕ2(x)§Ù¥C1ÚC2´�½~ê"

ÏdXJ��¦)àg�5�§�Ï)§·��Ié��§�Ä:)X"XJ��

¦)�àg�5�§�Ï)§·�7Lk¦ÑéAàg�§�Ä:)X§2ßÑ�§�

��A)"¦)Ä:)X¤��5�§¦)¯K�Ø%§éu����5�§Ä:)X

�´Ø�¦�§¤±�e5·�?Ø�AÏ�~Xê�5�§"

1.3 n�~Xê�5~�©�§�){

�!�9�n�~Xê�5�§/X

y(n)(x) + p1y
(n−1)(x) + · · ·+ pn−1y

′(x) + pny(x) = f(x), (8)

Ù¥pj(j = 1, 2, · · · , n)´~Xê§f(x)´�½¼ê"ù��àg�§éA�àg�§´

y(n)(x) + p1y
(n−1)(x) + · · ·+ pn−1y

′(x) + pny(x) = 0. (9)

�§�¦Ýº?¿�àg~Xê�5�§�){Ú���àg~Xê�5�§�){"

Ä:)X�O�

�Än�àg~Xê�5�§(9)§O�Ä:)X���´é�§n��5Ã'�

)"e¡�AAA������§§§{{{�Ñ
¦)Ä:)X�Ï{§¿��y
é��)�½´�5

Ã'�"·�Äk¦)�§(9)éA�AAA������§§§

λk + p1λ
k−1 + · · ·+ pn−1λ+ pn = 0 (10)

4



A��§�)¡�AAA������§ùp�§�)�)Eê)"�âA���ØÓ§·��±�

�(½Ä:)X�/ª§z��A��éAÄ:)X���¼ê§©�o«�¹µ

1.üüü¢¢¢���λ éA¼êeλx"

2.m¢¢¢���λ éAm�¼êeλx, xeλx, · · · , xm−1eλx.

3.üüüJJJ���a± bi ©OéA¼êeax cos(bx), eax sin(bx)"

4.mJJJ���a±bi©OéAm�¼ê eax cos(bx), eax sin(bx) · · ·xm−1eax cos(bx), xm−1eax sin(bx)"

'uA��·�kA:º¦µ

1.JJJ���¤¤¤ééé���nnn ·��ÑA��§(10)´¢Xêõ�ª�§§ùa�§��5�´

J�¤é�n§=XJJêa+bi´�§(10)��§@oÙ�ÝJêa−bi�´�§(10)�

�"ù�´·�3?ØJA������Äü�Jêa± bi��d"

2.¢¢¢JJJAAA������éééAAA¼¼¼êêê������ddd555 ·�òJ�a ± bi�\e��ê§|^î.úª�±O

�e(a±bi)x = eax(cos bx± i sin bx)"�Ä�Ä:)X7L´¢�¼ê§·��E�5�d

�Ä:)X¼êeax cos(bx), eax sin(bx)"dd§¢A��ÚJA��éAÄ:)X¥�

¼ê/ªþ¢S�d"

3.¦¦¦)))AAA������§§§������{{{ ¦)õ�ª�§/ª�A��§��{´Ïª©){§=ò�

§(10)�ý�õ�ª¼êÏª©)��u�u2g�õ�ª�¤1"ùp�Ñ��Ïª

©)½n§XJõ�ªP (x)äk¢�x0§@oP (x)�½�±Ïª©)Ñ�x− x0§dd

ÏLÏª©)JÑ�g�"

~~~ 1. ¦)àg�5~�©�§�Ï)µ

1.y′′′ − y′′ − 2y′ = 0"

2.y(5) − 3y(4) + 4y′′′ − 4y′′ + 3y′ − y = 0"

©Ûµ¦)àg~Xê�5~�©�§��{Ñ´ÏL)A��§��Ä:)X§

,�|ÜÑàg�§A)�/ª"ÏLù�~K��[Ð«A��éAÄ:)X¥�¼

ê��{"

Proof. 1.�Ñ�KA��§�

λ3 − λ2 − 2λ = 0, (11)

éA��§?1Ïª©)

λ(λ− 2)(λ+ 1) = 0, (12)

ÏdA��§kn�ØÓ�¢A��0,2,-1£=z�A���ê�1¤§¤±�§�Ä

�)|�1, e−x, e2x"Ïd�§àgÏ)´

y(x) = C1 + C2e
−x + C3e

2x, (13)

Ù¥C1, C2, C3´�½~ê"

5



2.�Ñ�KA��§�

λ5 − 3λ4 + 4λ3 − 4λ2 + 3λ− 1 = 0, (14)

éA��§?1Ïª©)

(λ− 1)3(λ2 + 1) = 0, (15)

ÏdA��§k��n¢A��1Úü�ØÓ�JA��±i§¤±�§�Ä�)|

�ex, xex, x2ex, cosx, sinx"Ïdàg�§Ï)´

u =
(
C1 + C2x+ C3x

2
)
ex + C4 cosx+ C5 sinx, (16)

Ù¥C1, C2, C3, C4, C5´Ê��½ëê"

�àg�§A)�O�

·���Ä����àg~Xê�5�§"��àg�§§·�I��	ßÑ�à

g�§���A)"b½·��Ä����§´

y′′(x) + py′(x) + qy(x) = f(x). (17)

��A)��{����½½½XXXêêê{{{§Ùg´´�â�à�àg�f(x)�/ª/k�â

/0ßÑ�àg�§A)Aäk�/ª§��ÏL�²Xê�Ñ�àg�§�A)"

XJ�§(17)¤á§@oA)y = y∗(x)9Ù���êy′Ú���êy′′�/ª7Luf�

C"dd�±ßÿÑA)�/ª"3��þòf(x)©�Êa§éuØÓa��àg�§

�I��ÄA���K�§����193��L�"

~~~ 2. ¦)~�©�§2y′′ − 4y′ − 6y = 3exÚ2y′′ − 4y′ − 6y = 3e−x"

©ÛµduA��−1, 3§�K�1���§A)/ª�y∗(x) = Aex§1���§

�A)/ª�y∗(x) = Axe−x"·�3O�1���§�A)�§òü«XJ�Ø��

\A)/ªAe−x¬u)�o�¹"

Proof. �Äü��§éA�àg�§

2y′′ − 4y′ − 6y = 0, (18)

ÙA�õ�ª2λ2 − 4λ− 6 = 0kA��−1, 3§Ïdàg�§Ï)

y(x) = C1e
−x + C2e

3x, (19)
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Ù¥C1, C2´¢ê"

�e5©O^�½Xê{¦�àg�§A)"du1Ø´A��§1���§A)

/ª�y∗(x) = Aex§Ù¥A´�½Xê"�\�§��

−8Aex = 3ex, (20)

¦)�A = −3
8§����A)

y∗(x) = −3

8
ex, (21)

(Üàg�§Ï)(19)��1���àg�§Ï)

y(x) = C1e
−x + C2e

3x − 3

8
ex. (22)

du-1´üA��§1���§A)/ª�y∗(x) = Axe−x§Ù¥A´�½Xê"�

\�§��

Ae−x [2x− 4(1− x)− 6(x− 2)] = 8Ae−x. (23)

¦)�A = 3
8§����A)

y∗(x) =
3

8
xex, (24)

(Üàg�§Ï)(19)��1���àg�§Ï)

y(x) = C1e
−x + C2e

3x +
3

8
xex. (25)

ùpXJ·�Ø�l193�L��5Æ§r1ò1���àg�§�A)½

�y∗(x) = Ae−x"�Ä�àg�§(18)�Ä:)X¥�¹)e−x§ÏdA)y∗(x) =

Ae−xÒ�¹3àg�§�Ï)¥§àg�§�Ï)7,ØU´�àg�§�A)"

�Ï�/Xy∗(x) = Ae−x�)Ø´A)§¤±·�3ßÿ1���àg�§A)/ª

�§3ex�¦þx"

~~~ 3. ¦)~�©�§y′′ + 2y′ = 3 + 4 sin 2x"

©Ûµ�K��àg�3 + 4 sin 2x¾wØáu193�L�Êa�?�a§�´·�

�±ò�àg�¤ü�§©OÏé�àg�§y′′ + 2y′ = 3Úy′′ + 2y′ = 4 sin 2x�A

)§§��A)Ñ´�¦�"ù«�E|3¦A)¥�~�"

Proof. �ÄéA�àg�§

y′′ + 2y′ = 0, (26)
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ÙA�õ�ªλ2 + 2λ = 0kA��−2, 0§Ïdàg�§Ï)

y(x) = C1 + C2e
−2x, (27)

Ù¥C1, C2´¢ê"

·�ò�àg�¤üÜ©©OO�A)µ1�Ü©�àg�§y′′+2y′ = 3��à

g��~ê3§�Sú*	ÙA)y∗1(x) =
3
2x"1�Ü©�àg�§y

′′+2y′ = 4 sin 2x§

du2iØ´A��§�b�äkA)

y∗2(x) = A sin 2x+B cos 2x, (28)

Ù¥A,B´�½Xê"�\�§��

(−4A− 4B) sin 2x+ (4A− 4B) cos 2x = 4 sin 2x, (29)

¦)�A = B = −1
2§����A)

y∗(x) = −sin 2x+ cos 2x

2
, (30)

(Üàg�§Ï)(27)���àg�§Ï)

y(x) = C1 + C2e
−2x +

3

2
x− sin 2x+ cos 2x

2
. (31)

~~~ 4. ¦)~�©�§y′′ − 5y′ + 6y = (12x− 7)e2x"

©Ûµ�K�àg��(12x− 7)e2x§áuP (x)eax�/ª§Ù¥P (x)´õ�ª"d

u2´A��§I�b�A)/ªy∗(x) = x(Ax+B)e2x"

Proof. �ÄéA�àg�§

y′′ − 5y′ + 6y = 0, (32)

ÙA�õ�ªλ2 − 5λ+ 6 = 0kA��2, 3§Ïdàg�§A)

y(x) = C1e
2x + C2e

3x, (33)

Ù¥C1, C2´¢ê"

du2´�§A��§�A)

y∗1(x) = x(Ax+B)e2x, (34)

Ù¥A,B��½Xê"2ò#A)�\��§

e2x [−2Ax+ (2A−B)] = (12x− 7)e2x. (35)
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¦)�A = −6, B = −5§����A)

y∗(x) = −x(6x+ 5)e2x, (36)

(Üàg�§Ï)(33)���àg�§Ï)

y(x) = C1e
2x + C2e

3x − x(6x+ 5)e2x. (37)

ùpXJ·��Ø/À^XeA)/ª

y∗(x) = (Ax+B)e2x, (38)

Ù¥A´�½Xê"�\�§��

−Ae2x = (12x− 7)e2x, (39)

ù`²ØØA,B�Û�)(38)ÑØ¬´�àg�§�A)§ÏdA)(38)�#b��ª

´�Ø�"ÄÙ�Ï§´A)(38)��Be2x�¹3àg�§�Ä:)Xp§¿vkå�

^"��O�§·�âÀJ
/X(34)�A)/ª"

~êCÉ{

·�ùp0��~êCÉ{§´,�«¦)���àg~Xê�5�§��{"�

�u�½Xê{ßÿA)�g´§~êCÉ{��b�ÑÏ)�àg�§(17)�/ª"

·�b½�àg�§(17)éA�àg�§äkA)

y(x) = C1ϕ1(x) + C2ϕ2(x), (40)

Ù¥C1, C2´ü��½~ê"·�/d��b��àg�§(17)�Ï)�/ª´

ŷ(x) = C1(x)ϕ1(x) + C2(x)ϕ2(x), (41)

ùpC1(x), C2(x)l�½~êC¤
�½¼ê§·�ò)(41)�\�àg�§(17)§g,

�±��'uC1(x)ÚC2(x)�'Xª"

XJ�\O�Ò¬uy'uC1(x)ÚC2(x)�'Xª�~E,§�ü����¼

ê^���§(½§Ïd��¼êC1(x)ÚC2(x)�À��ªØ��"�d·�O�^

�C ′1(x)ϕ1(x) + C ′2(x)ϕ2(x) = 0§|^ù�Ö¿A)·��±��'uC1(x)ÚC2(x)�

�§|  C ′1(x)ϕ1(x) + C ′2(x)ϕ2(x) = 0,

C ′1(x)ϕ
′
1(x) + C ′2(x)ϕ

′
2(x) = f(x).

(42)
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²�y§��C1(x)ÚC2(x)÷v�§|(42)§���)(41)Ò�½´�àg�§(17)�

)"�§|(42)�¦)�±ÏL�5�§|���êC ′1(x)ÚC
′
2(x)§©O�Ø½È©

Ò�±��÷v^��C1(x)ÚC2(x)"

nþ§·�3do(^~êCÉ{¦)���àg~Xê�5�§(17)�g´µ

1.���§(17)éAàg¯K�Ï)(40)"

2.b��àg�§(17)�Ï)äk/ª(41)"

3.¦)�§|(42)���êC ′1(x)ÚC
′
2(x)"

4.Ø½È©¿�\Ï)(41)���àg�§(17)�Ï)"

���J�´§~êCÉ{�O�þ���u��ÏL�½Xê{ßA)§Ïd~

êCÉ{~A^u�àg�ØáuÊa~�/ª§½´¢3Ã{ßÑ�àg�§A)�

�/"

~~~ 5. �ëêβ > 0§f(x)´ëY¼ê§¦)~�©�§y′′ − β2y = f(x)"

©Ûµ�K��àg��f(x)´��¼ê§ÏdÃ{¦^�½Xê{O�A)§·

�æ^~êCÉ{"

Proof. Äk�ÄéA�àg�§

y′′ − β2y = 0, (43)

¦)A��§λ2 − β2 = 0§Ïdkü�A��λ = ±β§�ÑO�àg�§(43)Ï)

y = C1e
βx + C2e

−βx, (44)

Ù¥C1, C2´ü�~ê"

�X¦)K8��àg�§§æ^~êCÉ{�±���àg�§Ï)�/ª

ŷ(x) = C1(x)e
βx + C2(x)e

−βx, (45)

�\�§|(42)��'uC ′1(x)ÚC
′
2(x)��§ C ′1(x)e
βx + C ′2(x)e

−βx = 0,

βC ′1(x)e
βx − βC ′2(x)e−βx = f(x).

(46)

)�

C ′1(x) =
1

2β
e−βxf(x), C ′2(x) = −

1

2β
eβxf(x). (47)

ÏdÏLC�È©�ÑC1(x)ÚC2(x)�/ª

C1(x) =
1

2β

∫ x

0
e−βtf(t)dt+D1, C2(x) = −

1

2β

∫ x

0
eβtf(t)dt+D2, (48)
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Ù¥D1, D2´�½~ê"�\���§�Ï)

y(x) = D1e
βx +D2e

−βx +
1

2β

∫ x

0
f(t)

(
eβ(t−x) − eβ(x−t)

)
dt. (49)

1.4 ~Xê�5~�©�§|�){

��·�ïÄ�a~Xê�5~�©�§|�){§ü��§�~Xê�5~�©

�§|�±ÏL��{=z���~Xê�5~�©�§?n"�ÄXe~�©�§| dx
dt = a1x+ a2y + f1(t),

dy
dt = b1x+ b2y + f2(t).

(50)

·��±ÏL����{�����¹x(t)Ø¹y(t)��§"�{´Äk�â1���

§��'uy(t)�L�ª

y(t) =
1

a2

(
x′(t)− a1x(t)− f1(t)

)
, (51)

,��\1���§

1

a2

(
x′′(t)− a1x′(t)− f ′1(t)

)
= b1x+

b2
a2

(
x′(t)− a1x(t)− f1(t)

)
+ f2(t). (52)

AO/XJa2 = 0K1���§ÒØ�6y
§¤±þã��{��éa2 6= 0��¹"

dd��'ux′′(t)����§

x′′(t)− (a1 + b2)x
′(t) + (a1b2 − a2b1)x(t) = f ′1(t) + a2f2(t)− b2f1(t). (53)

·��Ñ�§(53)ØI�PÁ§ÓÆ��IÝºò~Xê~�©�§|(50)=z���

~�©�§(53)���{=�"

2 ²;SK

�!�K8�õ�þã®²Þ~��§A)O�K"�e5·�¬Ö¿�
���

�5�§5�k'�y²K"ù
y²Kk
I�^����5�§)�nØ§k
K

�I����È©�£Ò�±y²"

2.1 ~K

KKK 1. �Ä(a, b)þ����5àg~�©�§

y′′(x) + p(x)y′(x) + q(x)y(x) = 0. (54)

XJàg�§äkü�ØÓ)ϕ1(x)Úϕ2(x)§^W (x)L«ÙWronski1�ª§y²µX

JW (x)3(a, b)�3":x0§@oW (x)3(a, b)ð�0"

11



©Ûµ�K`²Wronski1�ªW (x)�kü«�¹§½öW (x)ð�0§½öW (x)3

z�:þ�0",��¡§?ØWronski1�ª�cJ´ϕ1(x)Úϕ2(x)Ñ´��àg�§

�)§ÄK?ØWronski1�ªvk¿Â"

Proof. ·��ÑWronski1�ª�/ª

W (x) = ϕ1(x)ϕ
′
2(x)− ϕ′1(x)ϕ2(x). (55)

¦�¿�\��àg�§

W ′(x) = ϕ1(x)ϕ
′′
2(x)− ϕ′′1(x)ϕ2(x)

= ϕ1(x)
(
−p(x)ϕ′2(x)− q(x)ϕ2(x)

)
−
(
−p(x)ϕ′2(x)− q(x)ϕ1(x)

)
ϕ1(x)

= −p(x)(ϕ1(x)ϕ
′
2(x)− ϕ′1(x)ϕ2(x)) = −p(x)W (x). (56)

¦)���5�§��

W (x) =W (x0) exp

(∫ x

x0

p(s)ds

)
. (57)

ÏdXJx0´W (x)�":§@oW (x)�½ð�0"

KKK 2. �Ä(a, b)þ����5àg~�©�§

y′′(x) + p(x)y′(x) + q(x)y(x) = 0, (58)

Ù¥p(x), q(x), r(x)Ñ´(a, b)þ�ëY¼ê§y²µ

1.�§�3ü��5Ã'�)ϕ1(x)Úϕ2(x)"

2.?¿ü��5Ã'�)ϕ1(x)Úϕ2(x)vkú�":"

3.�§�?¿)Ñ�¹3Ï)C1ϕ1(x) + C2ϕ2(x)S"

©ÛµÚ�5�§Ï)(�k'�SK§Ù)Kg´�õ´ïá)ÚÐ��éX§

¿/Ï�5�ê�{¦)"XJvkÆL�5�ê§n)å5�U¬k
OÛ"

Proof. ?�x0 ∈ (a, b)§·��ÄÐ�¯K y′′ + p(x)y′ + q(x)y = 0, x ∈ (a, b),

y (x0) = y0, y
′ (x0) = y1.

(59)

�â)��3��5nØ§?��|(y0, y1) ∈ R2§Ð�¯K(59)�½�3�|���

)y(x)§dd·��±�Ek²¡:(y0, y1)�àg�§Ð�¯K�)y(x)�N�

T : R2 →àg�§)�m, (y0, y1) 7→ y(x). (60)

/ÏN�T§·��±y²�K�n�(Ø"
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1.·��²¡þ�:(y0, y1)Ú(y0, y2),Ù¥y0 6= 0�y1 6= y2§N�T7,�±òü�

:N¤÷vÐ�^��ü�¼êϕ1(x) = T (y0, y1)Úϕ2(x) = T (y0, y2)"§�Ñ´àg

�§(58)�)§©O÷vÐ�^� ϕ1(x0) = ϕ2(x0) = y0

ϕ′1(x0) = y1, ϕ
′
2(x) = y2.

(61)

�\Wronski1�ª

W (x0) =

∣∣∣∣∣∣ ϕ1(x0) ϕ2(x0)

ϕ′1(x0) ϕ′2(x0)

∣∣∣∣∣∣ = y0y2 − y0y1 6= 0. (62)

ÏdÐ�^�(y0, y1)Ú(y0, y2)éA�ü�)ϕ1Úϕ2´�5Ã'�"

2.XJ�§�ü��5Ã')ϕ1(x)Úϕ2(x)�3�Ó�":x0§=ϕ1(x0) =

ϕ2(x0) = 0"�\Wronski1�ª

W (x0) =

∣∣∣∣∣∣ ϕ1(x0) ϕ2(x0)

ϕ′1(x0) ϕ′2(x0)

∣∣∣∣∣∣ = 0. (63)

�âK1(Ø§XJWronski1�ª�3":x0§@oWronski1�ª7,ð�0§d

dϕ1(x)Úϕ2(x)´�5�'�§ùíÑgñ"

3.�KXJØ¦^�5�ê��óQã§ÃØXÛÑ´�~OÛ�§Ïd·�k�

Ñ/Ï�5�ê�{��{"�Ädc�Ñ�N�(60)§�±�yT´�5�mR2�)

8�m��5N�",��¡§/ÏÐ�¯K(59))��3��5§·���àg�

§(58)�)ÚÐ�(y0, y1)´��éA�§ÏdN�T´�5�m�m�Ó�"�âÓ�

�5�§�5�mR2Ú)8�m�½äk�Ó��Ý§=Ñ´��"¤±�§�?¿

)Ñ�¹3Ï)C1ϕ1(x) + C2ϕ2(x)S"

KKK 3. �Ä[a, b]þ����5~�©�§>�¯Kµ y′′(x) + p(x)y′(x) + q(x)y(x) = f(x), x ∈ (a, b)

y(a) = A, y(b) = B.
(64)

Ù¥p(x), q(x), r(x), f(x)Ñ´(a, b)þ��½¼ê§A,B��½¢ê"XJq(x) < 0é�

�x ∈ (a, b)¤á§@o�§�õ�k��)y(x)"

©Ûµ�K¦^�y{y²§y²¿vk^�~�©�§��£§´���È©

nØ�A^"

Proof. ·�b½>�¯K(64)�3ü�ØÓ�)y1(x)Úy2(x)§P�¼êD(x) = y2(x)−

y1(x)"rü�ØÓ�)y1(x)Úy2(x)�\>�¯K(64)�±��'uD(x)��§µ D′′(x) + p(x)D′(x) + q(x)D(x) = 0, x ∈ (a, b)

D(a) = 0, y(b) = 0.
(65)
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duD(x)´Øð�0�¼ê§@oD(x)3(a, b)�3�����§�D(x)3:x0�

����D(x0) =M§�â4�:�nkD′(x0) = 0ÚD′′(x0) ≤ 0§Ïd

D′′(x) + p(x)D′(x) + q(x)D(x) ≤ q(x)D(x) < 0. (66)

ù�D(x)¤÷v����5�§gñ"Ïd>�¯K(64)Ø�3ü�ØÓ�)y1(x)Úy2(x)

KKK 4. ÏL~�©�§nØ�±�xzÆ�A¥�AÔßÝ�Cz"�ÄV�zÆ�

AA 
 B§·�^¼êA1(t)ÚA2(t)L«�AÔßÝ��m�Cz"XJV���A~

ê��êk1, k2§@o�AÔßÝ÷veã�§ d
dtA = −k1A+ k2B,

d
dtB = k1A− k2B.

(67)

b½�AÔ�Ð©ßÝ�A(0) = A0 > 0ÚB(0) = B0 > 0§£�e�¯K

1.O��AÔßÝA(t)ÚB(t)"

2.zÆ�A¥��¼ê½Â�G(t) = −A (1 + ln(k1A)) − B (1 + ln(k2B))§y² d
dtG ≥

0"
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