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1.1 �ê�½Â

�ê�î�4�½Â

�ê�êÆî�½Â´Å:�§·�Äk�Ñî�½Âµ

½½½ÂÂÂ 1.1. �f(x)3��Ur(a)½Â§XJ4�limx→a
f(x)−f(a)

x−a Âñu¢êl§K¡f(x)3

:x = a?��������ê�l§P�f ′(a) = l"

Ïd§�·��ä�:´Ä��§���ä4�limx→a
f(x)−f(a)

x−a ´Ø´Âñ=�"

·�ÙG�AaÄ�Ð�¼êÑ3½Â�z��:äk��5§·���~ÙGù
¼

ê��¼ê"�´ÖöØÏ#P3ù
¼ê��/��0ù�Vg�Ä�½Â§éuE

,¼ê�¦�¯K�ÆATl½ÂÑu"

|^üý4�5�§·���±½Â��êÚm�êµ

f ′−(a) = lim
x→a−0

f(x)− f(a)

x− a
, f ′−(a) = lim

x→a+0

f(x)− f(a)

x− a
. (1)

/Ï¼ê4�nØ§·�ØJ�y���du�m�êþ�3���"

~~~ 1. O�¼êf(x) =


x

e
1
x +1

, x 6= 0,

0 , x = 0,

3x = 0���êÚm�ê§¿�äf(x)3x =

0´Ä��"

©Ûµ�K�9�4�limx→0
1

e
1
x +1
´²;�ØÂñ4�§I�ÓÆ��	5¿"
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ã 1: ~1�f(x)«¿ã

Proof. O��4�

f ′−(0) = lim
x→0−0

x

e
1
x +1
− 0

x
= lim

x→0−0

1

e
1
x + 1

= 1. (2)

ùp�x→ 0− 0k 1
x → −∞§Ïde

1
x → 0§�Ñf ′−(0) = 1",��¡§O�m4�

f ′+(0) = lim
x→0+0

x

e
1
x +1
− 0

x
= lim

x→0+0

1

e
1
x + 1

= 0. (3)

ùp�x→ 0 + 0k 1
x → +∞§Ïde

1
x → +∞§�Ñf ′+(0) = 0"du�m�êØ��§

¤±4�Ø�3"¼êf(x)�«¿ãXã1¤«"

�ê��*n)

3p¥êÆÆS¥§duvkî�½Â4�§Ü©Ööéu�ê�n)Ê33�{

~�¼ê�ê�¡§½ò�ên)�����Ç"�!·�òl���Ç�ÝÚCzÇ

�Ý�*n)�ê"

\\·��±±�f(x)3x = a���Ur(a)�ã�§éx 6= a§©ªf(x)−f(a)
x−a L«ë

�:(a, f(a))Ú(x, f(x))�����Ç§ù����¡�������¶��CþxªCa�§�

���Ç�ØäCz§�ª���^L:(a, f(a))�Ç�f ′(a)���§ù����¡�

������"XJf(x) =
√

1− x2§d�¼êã��Lü ¥�þ�¥§@o���L�^�

ã�kü��:���§���L�^�ã�k�=k���:���"éu���

�f(x)9Ùã�§��Ø�½�ÓÆk�=k���:§Ï��êf ′(a)�UNyf(x)3

��Ur(a)�ÛÜ5�"

,�«n)�ê��ª´CzÇ�."�
�Bå�§·�ògCþ¶i�t§

�L�m¶�3t��,Ô���þ�y = f(t)§�X�mCzÔ���þCz"3�
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m«m[t0, t1]§Ô���þdf(t0)C�f(t1)§@o3�m«m[t0, t1]Ô��þ²þCz

Ç�f(t1)−f(t0)
t1−t0 §ù�ê����K§Ny
Ô��þ�²þCz"�·�Åì á

�m«m[t0, t1]§¦�t1ªCt0§Ô��CzÇ4�limt1−t0
f(t1)−f(t0)

t1−t0 = f ′(t0)Ny�´

3t0ù���]mÔ��þ�CzÇ§Ny�´/]�0Cz5�"Ïd�ê��«�

*n)§Ò´]�CzÇ"

�Q�©��ê

��·�{ü0��©��ê�'X"�©��ê�½ÂÄu��ØÓ�Ñu:§

�ê�Ä�´/CzÇ0�©Äu/z��0��{"

�Ä¼êy = f(x)3x = a���Ur(a)�ã�"3gCþ��[a, a + ∆x]�L§

¥§ÏCþydf(a)Cz�f(a+ ∆x)§PCzþ�∆y = f(a+ ∆x)− f(a)"lã�w§

ã�3(a, f(a))Ú(a + ∆x, f(a + ∆x))�m�Ü©�U´��"�´§�∆x'��

�§·�F"òùã�Cq���§=F"ã�3(a, f(a))Ú(a + ∆x, f(a + ∆x))�

m�Ü©�±^,���Cq§=�3,�¢êA¦�µ

∆y = A∆x+ o(∆x), ∆x→ 0, (4)

d�·�¡f(x)3x = a?������"·�¡∆yÚ∆x����©©©"

3∆x → 0�À�e§∆yÚ∆xÑ´Ã¡�þ§§�w,´Ó��Ã¡�þ§

Ï�∆yÚA∆x�m��´�p��Ã¡�þo(∆x)"�Ñp�Ã¡�þ§·��Ñ


∆y ≈ A∆x�(Ø§ùÒ¦�·��±òCzþ∆xÚ∆yw¤äk�5'X�¤'~

�þ"Ó�§'~XêA = dy
dx

∣∣∣
x=a
¡����ûûû§=�©∆yÚ∆x�û"

|^�ê�½Â§·�ØJ�y��Ú���d§¿�

dy

dx

∣∣∣∣
x=a

= f ′(a). (5)

�,Xd§�©Ú�ê�½ÂÄu��ØÓ�ng§3�YÆSõ�¼ê��©��ê

�§·�Uw�õ�¼ê���Ú��´ü���ØÓ�Vg"

·��Ñ§�´du��/��¼ê�±/z��0§·�@���gê�õ�

¼êäk�p�/1w50§¿�ã��1w"ØJw�"ã1¥~K1�¼êf(x)3�

:NCäk²w�=ò§B´/Ø1w0�Ny"3A^êÆÆ�¥§·�~~^/¿

©1w�¼ê0ù«`{¿��±¦�?¿g�¼ê§

d	§k��ò�êPÒÚ�ûPÒ·^§�´·ïÆÖöæ^êÆLãþ�î

���ªf ′(x)"�ùØL«�û�PÒvk¿Â§3í�óª{K�¦�úªÚÔn

$��L§¥§�û�Lã/ª��*�B"AO/§·��IOP§XJ·���

3



Ñdy
dx§@o·�%@§´��'ux�¼ê§XJ��L�

dy
dx3,:x = a�¼ê�K

P� dy
dx

∣∣∣
x=a
"

��5�ëY5

'u��5ÚëY5§·�ke�(Ø

½½½nnn 1.1. �f(x)3��Ur(a)½Â§XJf(x)3x = a��§@of(x)3x = aëY"

5¿§þã(Ø´ü:��íÑü:ëY�(Ø"Ùy²�I��ê�½Â=

��¤§·�Ø�Ðm"I�5¿�´§ëY�¼ê¿ØUíÑ��§~Xã1¤«

~1�f(x)§B´ã�3x = 0ëY§�´dux = 0�müýf(x)äkØÓ�CzÇ§

Ïdf(x)3x = 0Ø��"

«mþ���5Úp���

�ëY5aq§Å:�����±í2�«mþµ

½½½ÂÂÂ 1.2. �f(x)3(a, b)½Â§¡f(x)3(a, b)������§XJf(x)3?¿x0 ∈ (a, b)��"

�
©zP�f(x) ∈ D1(a, b)"

«m����±34«m½Â§·�I�ò>.���U�üý��"XJ¼

êf(x)3(a, b)��§@of ′(x)3«m(a, b)k½Â"AO/§XJf ′(x)ëY§·�P

�f(x) ∈ C1(a, b)"3f ′(x)3«m(a, b)k½Â�Ä:þ§·���±½Â���êµ

½½½ÂÂÂ 1.3. �f(x)3(a, b)��§��¼ê3f ′(x)���§K¡f(x)������������"f ′(x)�

�êP�f ′′(x)"

w,§½Â��¼ê����êI�T¼ê��3��«m�±½Â���ê"�

[�±'5*ÐSK1�¯K"

ÏL�a¾�¼ê�\n)�ê�½Â

�,·��Ñ�ê��*n)�CzÇ§�´éu�
Ä��¼ê§CzÇéJl

¼ê��*	��"·�ò½Â�À�?Ø�a¾�¼ê��êÚp��ê§\�éu

�ê�n)"

�m ∈ N§·�'5eã¾�¼ê

fm(x) =

 xm sin 1
x , x 6= 0,

0, x = 0.
(6)
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ã 2: nÜã¡l��m�g�¼êf1(x)§f2(x)Úf ′2(x)�ã�

ùpm��¢ê"��§fm(x)3x = 0NCpª��§�´Ù�Ì�Xx→ 0~��0"

AO/§ùpòsin 1
xO��cos 1

x5�aq§·��?Ø�u��/"

3þ�ÙÆS¥·���§x = 0´¼êf0(x)�1�amä:§Ï�limx→0 sin 1
xØ

�3"x = 0´¼êf1(x)�ëY:§Ï�limx→0 x sin 1
x = 0"���/§�x 6= 0�k

�êf ′1(x) = sin 1
x −

1
x cos 1

x"éu:x = 0§·�ØU{üÏLÐ�¼ê��ê5�O

�f ′1��ê§�¦^½Â

f ′1(0) = lim
x→0

f1(x)− f1(0)

x
= lim

x→0
sin

1

x
. (7)

ddf(x)30?¿Ø��"Ïdf1(x)3x = 0ëY%Ø��"

,�·��Äf2(x)�§éx 6= 0§·��,�±O�f ′2(x) = 2x sin 1
x − cos 1

x"

3x = 0?�½ÂO��¼ê

f ′2(0) = lim
x→0

f2(x)− f2(0)

x
= lim

x→0
x sin

1

x
= 0. (8)

ddf2(x)3R::���

f ′2(x) =

 2x sin 1
x − cos 1

x , x 6= 0,

0, x = 0.
(9)

�,Xd§�¼êf ′2(x)3:0?´mä:§áu1�amä:"·�òn�¾�¼

êf1(x)§f2(x)Úf ′2(x)�ã�±�3ã2¥"

lã2�±w�"3:x = 0NC§¼êf1(x)Úf2(x)��ÌÂñ�0§�´f1(x)�

��%'f2(x)ì��õ§ù�*Ny
��of1(x)3x = 0Ø��3f2(x)��"

f ′2(x)�ã�¥0NC��Ì�±½�ØÂñu0§ù`²
��ox = 0´f ′2(x)�1

�amä:"

·�we¡�~Kµ

~~~ 2. £�e�ü�¯K
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1.�ëêa ∈ R§¼ê

f(x) =

 xa cos 1
x , x > 0,

0, x = 0.
(10)

¦ëêa�����§¦�f(x)3x = 0mëY�´m�êØ�3"

2.�¼ê

f(x) =

 x4 sin 1
x , x 6= 0.

0, x = 0.
(11)

¦���êf ′′(0)"

Proof. 1.Äkf(x)´mëY�§Ïd4�

lim
x→0+0

xa cos
1

x
= 0, (12)

ù`²a > 0§=�Ìxa30?Âñu0"�Xf(x)Ø�3m�ê§¤±4�

lim
x→0+0

xa cos 1
x − 0

x
= lim

x→0+0
xa−1 cos

1

x
, (13)

´uÑ�§ù�¦a− 1 ≤ 0§d��Ìxa−1ØÂñu0"nþa ∈ (0, 1]"

2.·�©O3x 6= 0Úx = 0O�f(x)��¼ê§��

f ′(x) =

 4x3 sin 1
x − x

2 cos 1
x , x 6= 0,

0, x = 0.
(14)

ddO�

f ′′(0) = lim
x→0

f ′(x)− f ′(0)

x
= lim

x→0

(
4x2 sin

1

x
− x cos

1

x

)
= 0. (15)

�âþã©Û§·��±�Ñ'u¾�¼êfm(x)��5���(Ø

½½½nnn 1.2. �m ∈ N, n ∈ N∗§@o

1.¼êfm(x)30?n����¿©7�^�´m ≥ 2n§�f
(n)
m (0) = 0"

2.¼êfm(x)�n��ê30?ëY�¿©7�^�´m ≥ 2n+ 1"

�½n�(Ø�Ñ
�§�¦§ØI�P4"�[�I�²x§¾�¼

êfm(x)3x 6= 0�?�:Ñ´Ã¡g���§éux = 0��ê½ëY57L¦^½

Â�y"¿�3x 6= 0�:éfm(x)¦�§���¼ê´/Xxα sin 1
xÚx

β cos 1
x���\

~§�,�g�êf
(n)
m (x)����Ìxα½xβ��ê�u�u0�§ù`²f

(n)
m (x)3x =

0ØëY"
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1.2 �a�ê�O�E|

·�ùpÌ�0�EÜ¼ê!�¼ê!ëê�§!Û¼êoa¼ê�¦�E|"±

eA«¼ê�¦�úªÏ~k�ûP{Ú�êP{§�ûP{�~�*%Ø
î�§�

êP{´�î��"£oK$���¼ê´¥ÆSN§·�Ø�Kã¤

EÜ¼ê

·�b½y = f(x)Úz = g(y)§·�½ÂEÜ¼êz = g(f(x)) = h(x)±x�gC

þ§@o���EÜ¼êh(x)��êúª�

h′(x) = g′(f(x)) · f ′(x), (16)

Ù¥�g′(f(x))´�¼êg′3:f(x)?�¼ê�§ù´I�5¿�"

|^�û�Lã/ª§��±�ÑXe/ª{ü�úª§�¡�óª{K

dz

dx
=

dz

dy
· dy

dx
, (17)

=z'ux��û�uz'uy��û¦±y'ux��û"þþþãããLLL���wwwqqq���~~~���***§§§���±±±

999ÏÏÏnnn)))§§§���´́́%%%kkkÜÜÜ666���ØØØ"""Ï�·�O�Ñ��û½�ê dz
dx´gCþ�x�¼ê§

dz
dy�,´±gCþ�y�¼ê§�7LÏLy = f(x)�/ªEÜ�x�¼ê"î��ó

ª{KAT��
dz

dx

∣∣∣∣
x=x0

=
dz

dy

∣∣∣∣
y=f(x0)

· dy

dx

∣∣∣∣
x=x0

. (18)

×ØùÕ§óª{K�/ª�´�~kd��"

~~~ 3. 2021ppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK. O�¼êf(x) = xarcsinx��¼êf ′(x)"

©Ûµéu.êÚ�êÑ�6x�¼ê§¦����éê?n"

Proof. �éê$�

f(x) = xarcsinx = exp (lnx · arcsinx) . (19)

Pg(x) = lnx · arcsinx§w,k

g′(x) =
arcsinx

x
+

lnx√
1− x2

. (20)

¤±

f ′(x) =
(

eg(x)
)′

= eg(x)g′(x) = xarcsinx

(
arcsinx

x
+

lnx√
1− x2

)
. (21)
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�¼ê

�y = f(x)´½Â�þ�ü�§dd�±½Â�¼êx = g(y)"·��\ü«�Ý

g��¼ê�¦�¯KµÄk§¼êy = f(x)Ú¼êx = g(y)'u��y = xé¡§Ï

d¼êy = f(x)3:(x, f(x))?����ÇÚ¼êx = g(y)3:(f(x), x)?���Ç¦È

�1§¤±

g′(f(x)) =
1

f ′(x)
. (22)

d	§lEÜ¼ê��Ýg�§^�¼ê5��x = g(f(x))éz��x¤á§3�ªü

>©O¦��

1 = g′(f(x)) · f ′(x). (23)

w,§þãü«À���'ux = g(y)�Ó�(J"

ØL·�I�5¿§�¼êx = g(y)´'ugCþy�¼ê§¤±�¼êg′(y)�g

Cþ�7L´y§¤±�¼êg3y?��ê�

g′(y) =
1

f ′(g(y))
. (24)

aq·�ØJ�Ñ�û/ª��¼ê¦�úª

dx

dy
=

(
dy

dx

)−1

, (25)

�´·�7L'5�û�gCþ¶i

dx

dy

∣∣∣∣
y=y0

=
1

dy
dx

∣∣∣
x=g(y0)

. (26)

ëê�§

·�b½¼êy = f(x)´dëê�§(½�§=x = x(t),

y = y(t),
t ∈ [a, b]. (27)

��È���{´�ªy(t) = f(x(t))é��t¤á§��mÓ�¦�

y′(t) = f ′(x(t))x′(t), (28)

Ïd��ëê�§¦�úª

f ′(x) =
y′(t)

x′(t)
, (29)
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Ù¥x = x(t)"Öö�U¬¦¾§²²f ′(x)�gCþ´x§��omý¼ê�gC

þ´tQ"¢Sþz��xÚtÑ�âëê�§'Xx = x(t)�3éA'X§·��

Äx = x(t)��¼êÒkt = t(x)§@oëê�§¦�úª�O(/ªAT´

f ′(x) =
y′(t(x))

x′(t(x))
. (30)

�´�¼êt(x)�L�ª~~Ã{wª�Ñ§¤±·�#Nf ′(x)�Ø�ª�¹gC

þt"

l�û��Ý��±O�

dy

dx
=

dy

dt
·
(

dx

dt

)−1

. (31)

dd��¦�úª

dy

dx

∣∣∣∣
x=x0

=

dy
dt

∣∣∣
t=t0

dx
dt

∣∣
t=t0

, (32)

Ù¥x0 = x(t0)"

·�ÏLe¡�~K�*n)ëê�§�¦�$�

~~~ 4. �a > 0§�Äëê�§

 x = a cos3 t,

y = a sin3 t.
¦dy

dxÚ
d2y
dx2
"

©Ûµ�K�ëê�§¦�¯K§ÓÆ�I�	'5ëê�§���ê�O��

{"

Proof. N´O����ê

dy

dx
=

3a sin2 t cos t

3a cos2 t(− sin t)
= − tan t. (33)

�O�ëê�§���§AÄk3(33)�Ä:þrdy
dx�¤'ux�L�ª§,�^

EÜ¼ê¦�{"·�b½t'ux�'Xª�t = t(x)£·�6�ØI�§�äNL�

ª¤§§´x = a cos3 t��¼ê§d�¼ê¦�{KO�

t′(x) =
1

−3a cos2(t(x)) sin(t(x))
(34)

ddy
dx = − tan t(x)éx2¦�g�ê

d2y

dx2
= − t′(x)

cos2(t(x))
= − 1

(−3a cos2 t sin t) cos2 t
=

1

3a cos4 t sin t
. (35)

9



Û¼ê

duÛ¼ê�î�½Â�6õ�¼ê�5�§�!==ÒÛ¼ê¦��Ä�

0�"¤¢Û¼ê§´�ØdäNL�ª§d,��ª(½"~X�ªh(x, y) =

y2−2xy−x2 +2x−4 = 0§éuz���½�x§XJ�±)Ñ��y(x)¦�(x, y(x))÷

v�ª§duy(x)¿vk�ÑwªL�ª§Ò¡y(x)´��Û¼ê"

éu����ªh(x, y) = 0(½�Û¼ê§�o��x·��±)ÑÎÜ�ª�y§

±9éu�½�x·�kvk�U)Ñü�y¦�x�y�éA'X´�é�lØ´¼

ê§ùü�¯K�£��6õ�¼ê��£�ØKã"3�!O�Û¼ê�ê�§·�

�Æ%@Û¼ê3½Â�p�3"d	·��!¿Ã{é��/ª�Û¼ê¦�§·�

B±h(x, y) = y2 − 2xy − x2 + 2x− 4 = 0�~ü«Û¼ê��ê�O��{"

b½h(x, y) = y2− 2xy− x2 + 2x− 4 = 0(½
Û¼êy = y(x)§@o'ux��ª

ð¤áµ

G(x) = (y(x))2 − 2xy(x)− x2 + 2x− 4 = 0. (36)

ddéx¦��

2y(x)y′(x)− 2y(x)− 2xy′(x)− 2x+ 2 = 0, (37)

ù�Ú�AO5¿y(x)´'ux�¼êØ´üX���Cþy"dd)�

y′(x) =
y(x) + x− 1

y(x)− x
. (38)

·��Ñ§���Û¼ê�ê(38)E,�¹vkwªL�ª�Ü©y(x)§ù´Ã{;�

�"k���±Ñ�yéx��6��

y′ =
y + x− 1

y − x
. (39)

XJ�éÛ¼ê¦���ê§�I�±ª(38)�Ä:òyw�'ux�¼êy = y(x)^E

Ü¼ê¦�úªO�â�±"

1.3 p��ê�O��{

p��ê�O�´���~E,�¯K§ùp�p��êÏ~��¦O�,¼

ên��ê½n��ê¼ê��¯K§Ù¥n�±´��g,ê"·�ò3�!X0�

�«E|§ØLEk�
K8I��çç"

p��êw,äkeã\~$�úª

(af + bg)(n) = af (n) + bg(n), a, b ∈ R. (40)

¦{$�¼ê�p��êK�Ìeã4ÙZ]úª

10



½½½nnn 1.3. �f(x)Úg(x)3(a, b)�3n��ê§@oh(x) = f(x)g(x)3(a, b)�3n��

ê§¿�

h(n)(x) =

n∑
k=0

Cknf
(k)(x)g(n−k)(x). (41)

þã$�{K´O�p��ê�nØÄ:"

úª{

Ü©'�~��¼ê§�±��O�Ùn��ê§·�o(Xe

(sinx)(n) = sin
(
x+

nπ

2

)
, (42)

(cosx)(n) = cos
(
x+

nπ

2

)
, (43)(

1

x

)(n)

= (−1)n
n!

xn+1
, (44)

(ln(1 + x))(n) = (−1)n−1 (n− 1)!

(1 + x)n
, (45)

(ex)(n) = ex. (46)

·��ò�
/ª{ü¼ê�¤ª(42)-(46)¥¼ê\~¦�/ª§ÏL�ê\~5

�ÚLeibnizúªO�Ùn��ê"e¡w�~Kµ

~~~ 5. �f(x) = 2x
1−x2§¦f

(n)(x)§Ù¥n ∈ N∗"

Proof. ²L�êC/

f(x) =
2x

1− x2
=

1

1− x
− 1

1 + x
. (47)

�âª(44)�� (
1

1 + x

)(n)

= (−1)n
n!

(x+ 1)n+1
,(

1

−1 + x

)(n)

= (−1)n
n!

(x− 1)n+1
.

ùp·�Ø��é 1
1−x¦�ÀJé

1
x−1¦�§´�
;�−xé�ê�K�"Ïd

f (n)(x) = (−1)n+1n!

(
1

(x+ 1)n+1
+

1

(x− 1)n+1

)
. (48)

?nùaúª{¯K�§Ì��8I´r�¦�¼ê)�·��±��O�n�

��¼ê"
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é5ÆÚêÆ8B{

éu�
éE,�¼êØU^úª?n§·��±�Þ¼ê����êo(5Æ§

,�¦^êÆ8B{O�Ùn��ê"ùa�{·^¡é2§·�we~µ

~~~ 6. �f(x) = xn−1e
1
x§¦f (n)(x)§Ù¥n ∈ N∗"

Proof. �n = 1�k
(

e
1
x

)′
= − 1

x2
e

1
x"�n = 2�k

(
xe

1
x

)′′
= 1

x3
e

1
x"�n = 3�

k
(
x2e

1
x

)′′′
= − 1

x4
e

1
x"·�F"y²

(
xne

1
x

)(n)
=

(−1)n

xn+1
e

1
x . (49)

·�^êÆ8B{"ª(49)w,én = 1¤á"bXª(49)én = k¤á§=(
xke

1
x

)(k)
=

(−1)k

xk+1
e

1
x . (50)

·��O�
(
xk+1e

1
x

)(k+1)
"du8Bb��O�¼ê´xke

1
x§�·��O��xk+1e

1
x�

p��ê¼êØ��§¤±·�¦^LeibnizúªO�(
xk+1e

1
x

)(k)
=

(
x · xke

1
x

)(k)

= x ·
(
xke

1
x

)(k)
+ k ·

(
xke

1
x

)(k−1)

=
(−1)k

xk
e

1
x + k ·

(
xke

1
x

)(k−1)
. (51)

2é�müà¦�ê(
xk+1e

1
x

)(k+1)
= (−1)ke

1
x

(
−k
xk+1

− 1

xk+2

)
+ k ·

(
xke

1
x

)(k)

= (−1)ke
1
x

(
−k
xk+1

− 1

xk+2

)
+
k(−1)k

xk+1
e

1
x

=
(−1)k+1

xk+2
e

1
x . (52)

dd8B{¤á"

zw�Û

zw�Û´�a'�p?�p��êO��{§·���w~K5o(5Æ

~~~ 7. �f(x) = arctanx§¦f (n)(0)§Ù¥n ∈ N∗"

Proof. ·��y = arctanx§�±O����ê

y′(x) =
1

1 + x2
. (53)
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£��

(1 + x2)y′(x) = 1. (54)

ª(54)´é��xþ¤á�§¿�´(½x�y′'X�Û¼ê"·�é�ª(54)��mü

ýëY¦ng�ê (
(1 + x2)y′

)(n)
= 0, ∀n ∈ N∗. (55)

2^LeibnizúªÐm

(1 + x2)y(n+1) + 2nxy(n) + n(n− 1)y(n−1) = 0, ∀n ≥ 2. (56)

�\x = 0�

y(n+1)(0) = −n(n− 1)y(n−1)(0), ∀n ≥ 2. (57)

(Üy′(0) = 1Úy′′(0) = 0�

y(n)(0) =

0 , n´óê,

(−1)
n−1
2 (n− 1)! , n´Ûê.

(58)

·��Ñ§O�y = arctanx�n��êÌ�JÝ3uÙ���ê 1
1+x2
'�J�

�^úª{½8B{O�§Ïd·�òy′Úx�w'Xz�Û'X(54)§,�2é

ª(54)¦n��ê§(ÜLeinbizúªO�y��ê�m�S�'X"·��Ñ§ù��{

U
¤á�Ì��Ï´y′Úx�Û'X(54)'�{ü§¦�¦^Leibnizúª���n��

êL�ª�kn�§Xy′Úx�Û'X�Û'X'�E,§K�UI�Ïé�p��ê

�Û'X"

d	�~k�«,)"òy′��y′ = 1
x2+1

= 1
2i

(
1
x−i −

1
x+i

)
§Ù¥i´Jêü §,

�^úª{¦)"

2 *Ðò�

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"

� *ÐSK1µ¥�JÝ§¾�¼ê��EÚn)"

� *ÐSK2µ{üJÝ§ýé�¼êÚ©ã¼ê��êO�"

� *ÐSK3µ¥�JÝ§�ê½ÂnÜK§¼ê4�O��E,"
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� *ÐSK4µ(JJÝ§zw�ÛO�p��ê"

� *ÐSK4µ(JJÝ§êÆ8B{O�p��ê"

� *ÐÖ¿K1µ{üJÝ§�a�êO�K§rNO�O(Ç"

� *ÐÖ¿K2µ{üJÝ§�ê½ÂÚn)"

� *ÐÖ¿K3µ¥�JÝ§|^na�{O�p��ê"

� *ÐÖ¿K4µ(JJÝ§�ê½Ây²K"

� *ÐÖ¿K5µ(JJÝ§�ê½Ây²K"

2.2 *ÐSK

KKK 1. �äÎÜ±e�¦�¼ê´Ä�3§¿`²nd

1.3�N¢ê½Â�¼ê§Ù=3�:����§Ù{:þØëY"

2.3�N¢ê½Â�¼ê§Ù=3�:����§Ù{:þØëY"

©Ûµ�K�3ÏL¾�¼ê��E\�é�êÚ���ê�½Â�n)"

Proof. 1.�3§�E¼êf(x) = x2D(x)§Ù¥D(x)´Dirichlet¼ê"@o�âþ�Ù

ùÂ�©Û��f(x)3x 6= 0þØëY§e¡y²f(x)3x = 0��

f(x) = lim
x→0

x2D(x)− 0

x
= lim

x→0
xD(x) = 0. (59)

¤±f(x)=3x = 0�:��§Ù{:ØëY"

2.Ø�3"���ê�½Â´

f ′′(a) = lim
x→a

f(x)− f(a)

x− a
. (60)

�ó�§XJf ′′(a)�3§@o���êf ′(x)A��3a�����Ur(a)k½Â§

ØU=3x = a�:k½Â"dd§f(x)7L3��Ur(a)��§?�Úf(x)3�

�Ur(a)ëY"dd��§XJf(x)3x = a����§Ò7L3,��Ur(a)ëY§d

dØ�33�:����§3Ù¦:þØëY�¼ê"

KKK 2. O�K

1.�f(x) = |ln |x||§¦f ′(x)"

2.3[0, 1]þ½Âü�©ã¼ê

g1(x) =

 1
22n
, x = 1

2n , n ∈ N∗,

0, Ù¦:,
Ú g2(x) =

 1
2n+1 , x = 1

2n , n ∈ N∗,

0, Ù¦:.
(61)
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¯g1(x)Úg2(x)3x = 0´Äm��º

©Ûµ�KÌ��Äýé�¦�Ú©ã¼ê¦�"ýé�¦��¯KI�	5¿½

Â�§¿©ã)ýé�ïÄ"

Proof. 1.Äkf(x)�½Â�´x 6= 0"·�I��âýé��ÎÒ©a"

·�5¿�x = ±1�ln |x| = 1§Ïd·�±±1Ú0©¤nãµ

f(x) =


lnx, x > 1,

− lnx, 0 < x < 1,

− ln(−x), −1 < x < 0,

ln(−x), x < −1.

(62)

O��ê

f ′(x) =



1
x , x > 1,

− 1
x , 0 < x < 1,

1
x , −1 < x < 0,

− 1
x , x < −1.

(63)

�x = ±1�§·�©OO��m�ê"du

f ′+(1) = lim
x→1+0

lnx− 0

x− 1
= lim

y→0+0

ln(1 + y)

y
= 1, (64)

ùp^��y + 1 = x",��¡

f ′−(1) = lim
x→1−0

− lnx− 0

x− 1
= − lim

y→0−0

ln(1 + y)

y
= −1. (65)

ddf(x)3x = 1Ø��"Ónf(x)3x = −1�Ø��"

2.·�ÄkO�

g1(x)− g1(0)

x
=

 1
2n , x = 1

2n , n ∈ N∗,

0, Ù¦:,
(66)

dd ∣∣∣∣g1(x)− g1(0)

x

∣∣∣∣ ≤ x, (67)

�x→ 0 + 0�

g′1+(0) = lim
x→0+0

g1(x)− g1(0)

x
= 0. (68)

,��¡§·�O�

g2(x)− g2(0)

x
=

 1
2 , x = 1

2n , n ∈ N∗,

0, Ù¦:,
(69)
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�
y²limx→0+0
g2(x)−g2(0)

x uÑ§�Âñu0�S�xn = 1
2nÚyn = 1

3n§�\

lim
n→∞

g2(xn)− g2(0)

xn
=

1

2
, lim
n→∞

g2(yn)− g2(0)

yn
= 0. (70)

dd¼ê4�limx→0+0
g2(x)−g2(0)

x uÑ"

KKK 3. ¦ëêa, b, c¦�f(x)3�N¢êþ��§Ù¥

f(x) =

 e
1

x2−1 , |x| < 1

ax4 − bx2 + c. |x| ≥ 1
(71)

©Ûµduf(x)´©ã¼ê§·��I�a, b, c¦�f(x)3à:±1ëY���=

�§ùI��y�m�ê����"

Proof. du�K�¼ê´ó¼ê§·�=3x = 1??Øf(x)�ëY5Ú��5"

Äk�
f(x)3R��§Äkf(x)7L3x = 1ëY§=

lim
x→1−0

(
e

1
x2−1

)
= 0 (72)

dd·���'Xª

a− b+ c = 0. (73)

duf(1) = 0§O���ê

f ′−(1) = lim
x→1−0

e
1

x2−1 − 0

x− 1

= lim
y→+∞

−ye
y2

1−2y£��y = − 1

x− 1
¤

= − lim
y→+∞

y

e
y2

2y−1

. (74)

�y → +∞�w,k y2

2y−1 → +∞§Ïdlimy→+∞ e
y2

2y−1 = +∞§4�(74)´∞∞.Ø½

ª"��ódu�ê�þ?��§�
`²�Ù·�|^

y2

2y − 1
≥ y

2
, y > 0, (75)

dd

0 <

∣∣∣∣∣ y

e
y2

2y−1

∣∣∣∣∣ ≤ y

(
√

e)
y , (76)

du
√

e > 1§¤±

f ′−(1) = − lim
y→+∞

y

e
y2

2y−1

= 0. (77)
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,��¡§·��±O�Ñf ′+(1) = 0§�âf ′(1− 0) = f ′(1 + 0)��

4a− 2b = 0, (78)

(Ü(73)Ú(78)����a, b, c÷va : b : c = 2 : 1 : −1=�"

·��Ñ¼ê4�limx→1−0
e

1
x2−1−0
x−1 ´0

0�Ø½ª4�§ù�4��O�JÝ�~

�§��dÃ¡��{J±¦^"·��g´´¦^��y = − 1
x−1�8�´ò4�

l0
0Ø½ªz�

∞
∞Ø½ª§æ^þ?�O��{"

KKK 4. 2020ppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK. �f(x) = (arcsinx)2§¦f (n)(0)§Ù¥n ∈ N∗"

©Ûµ�Kæ^zw�Û��{§�´Ïé�±¦^4ÙZ]úª�Ûª�L§´

'�E,�"

Proof. �y = (arcsinx)2§?1�g¦��

y′ =
2 arcsinx√

1− x2
= 2

√
y

1− x2
. (79)

éþª�m²�

(y′)2(1− x2) = 4y. (80)

ª(80)�,´'ux, y, y′�Ûª§�´�(y′)2��3¦�·�ØU��éª(80)^4Ù

Z]úªO�p��"�d·�2¦�g�ê

2y′y′′(1− x2)− 2x(y′)2 = 4y′. (81)

���y′Ò�±��'ux, y′, y′′�Ûª

y′′(1− x2)− xy′ = 4. (82)

·�3ª(82)üý^4ÙZ]úªO�n��ê

y(n+2)(1− x2)− 2nxy(n−1) − n(n− 1)y(n) − xy(n+1) − ny(n) = 0, ∀n ≥ 2. (83)

�\x = 0�

y(n+2)(0) = n2y(n)(0). (84)

(Üy′(0) = 0Úy′′(0) = 2�

y(n)(0) =

[(n− 2)!!]2 , n´óê,

0 , n´Ûê,
(85)

Ù¥n!!´V�¦§�n´óê�§n!! = n · (n− 2) · · · 2"
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KKK 5. �Ä©ã¼ê

f(x) =

 e−
1
x2 , x 6= 0,

0, x = 0.
(86)

¦p��êf (2021)(0)"

©ÛµÏL��é5Æ��{§ØJßÿf (n)(0) = 0é��n ∈ N∗¤á§�´X

Û|^êÆ8B{òù�¯K`�Ù´�J�"·�5¿�f(x)30?�½Â´üÕÖ

¿�§Ïdéuz��p��êf (n)(x)§Ù30?Ñ´Ö¿½Â�0§3O�f (n+1)(0)�

KI�O�4�limx→0
1
xf

(n)(x)"dd·���ép��êf (n)(x)3x 6= 0�L�

ª?18B"ØL�KÀJ�8B·K¿Ø´8Bf (n)(x)�äN/ª§´8

Bf (n)(x)´e−
1
x2¦±��'u 1

x�õ�ª"

Proof. ·�F"y²f (n)(0) = 0é��n ∈ N∗¤á"

XJx 6= 0§·��Äp��êf (n)(x)L�ª"ØJ��f ′(x) = 2
x3

e−
1
x2§f ′′(x) =(

− 6
x4
− 4

x6

)
e−

1
x2±9f ′′(x) =

(
24
x5

+ 36
x7

+ 8
x9

)
e−

1
x2"·�8By²§é?¿n ∈ N§X

Jx 6= 0§·��±òf (n)(x)�¤Xe/ª

f (n)(x) = Pn

(
1

x

)
e−

1
x2 , (87)

Ù¥Pn´��õ�ª"

�n = 0�§f(x) = e−
1
x2§Ïdõ�ªP0 = 1"·�b½n = k��±òf (k)(x)�

¤ª(87)/ª§=

f (k)(x) = Pk

(
1

x

)
e−

1
x2 . (88)

·�UYO��êf (k+1)(x)�

f (k+1)(x) = e−
1
x2

[
− 2

x3
Pk

(
1

x

)
− 1

x2
P ′k

(
1

x

)]
. (89)

�Ä�Pk9Ù�êP
′
kE,´õ�ª§@o

Pk+1

(
1

x

)
= − 2

x3
Pk

(
1

x

)
− 1

x2
P ′k

(
1

x

)
, (90)

�´'u 1
x�õ�ª"dd�x 6= 0§�±òf (k)(x)�¤ª(87)/ª"

/Ïf (n)(x)3x 6= 0�L�ª§·��±O�f (n+1)(0)§|^8B{§·�E,b

�f (n)(0) = 0"u´

f (n+1)(0) = lim
x→0

1

x
Pn

(
1

x

)
e−

1
x2 = lim

y→∞

yPk(y)

ey2
, (91)
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1���Ò|^
¼ê4���y = 1
x"duyPk(y)´'uy�õ�ª§Ùþ?´'�ê

.Ã¡�þey
2
��§¤±

lim
y→∞

yPk(y)

ey2
= 0. (92)

��/§f (2021)(0) = 0"

2.3 *ÐÖ¿K

�gÖ¿Ka.�õ§�âI¦ÝºÜ©=�"cn�K´'�Ä��K8§�ü

�K´ékJÝ�y²K"

ÖÖÖ 1. O�K

1.�f(x) = xx
x
§¦f ′(x)"

2.�f(x) = 2 arctan
(
x2−1√

2x

)
− ln x2−

√
2x+1

x2+
√

2x+1
§¦f ′(x)"

3.½Âg(x) = f
(
x−1
x+1

)
§Ù¥f(x)���f ′(x) = arctanx§¦g′(x)"

4.�Û¼êy = y(x)dxy
2

+ y2 lnx+ 4 = 0§Ù¥x > 0§¦y′(x)"

ÖÖÖ 2. �f(x)´3x = 0�,���½Â�¼ê§£�e�¯Kµ

1.XJf ′(0)�3§y²lim∆x→0
f(∆x)−f(−∆x)

2∆x = f ′(0)"

2.XJ4�lim∆x→0
f(∆x)−f(−∆x)

2∆x �3§UÄ`²f ′(0)�3º

ÖÖÖ 3. O�n��ê§Ù¥n ∈ N∗

1.f(x) = sin3 x"

2.f(x) = xn

1−x"

3.f(x) = xn−1 lnx"

ÖÖÖ 4. �f(x)´3R½Â�¼ê§�f ′(0)�3§£�e�¯Kµ

1.XJ�S�{xn}ÚKS�{yn}þÂñu0§y²limn→∞
f(xn)−f(yn)

xn−yn = f ′(0)"

2.XJü��S�{xn}Ú{zn}þÂñu0§¯limn→∞
f(xn)−f(zn)

xn−zn = f ′(0)´Äo¤áº

ÖÖÖ 5. �f(x)´3[−1, 1]½Â�¼ê§�f ′(0)�3§£�e�¯K

1.y²µlimn→∞
[∑n

k=1 f
(
k
n2

)
− nf(0)

]
= f ′(0)

2 .

2.|^þ�¯�(ØO�4�limn→∞
∏n
k=1

(
1 + k

n2

)
.
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