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�NewtonÚLeibnizJÑ±§�¶i·¶�½n±�§Ø½È©Ú½È©â¤����
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∫ b
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1.kkk///©©©000 òÈ©«m[a, b]©�n�ã[xi−1, xi]§Ù¥i = 1, 2, · · · , nµ

a = x0 < x1 < x2 < · · ·xn−1 < xn = b. (1)

2.���///ÈÈÈ000 È´�O�z��±«m[xi−1, xi]�.�>F/�¡È"·�ò��¡È

Cq�f(ξi)(xi−1 − xi)§Ù¥ξi´?�g«m[xi−1, xi]�:"·�ò>F/¡È¦Ú

n∑
i=1

f(ξi)(xi−1 − xi), (2)

���Úª¡�iiiùùùÚÚÚ"

3.���444���I�5¿�´�4��IOµ½Â«my©�����∆ = maxi |xi − xi−1|"

�∆ªu0§Ù¢Ò´é«m©yÅì\��L§§·�½ÂiùÚ�4��½È©�

�§Cq¼êf(x)��e¡È§=∫ b

a
f(x)dx = lim

∆→0

n∑
i=1

f(ξi)(xi−1 − xi). (3)

·�¡4��
∫ b
a f(x)dx�f(x)3[a, b]�½½½ÈÈÈ©©©½iiiùùùÈÈÈ©©©"

ùpÓÆ��Uk��¯Kµ3½Â½È©�L§¥§·���¦y©���

�∆ªu0§¿vk��y©:{xi}�äN�{§�vk5½^uCq�¼ê�f(ξi)�

:ξi3[xi−1, xi]��{"éuØÓy©{xi}Ú:{ξi}�À�§¬Ø¬éiùÚ�Âñ5

E¤K�Qº~X§«m[xi−1, xi]þf(x)����Mi = f(ξMi )Ú���mi = f(ξmi )�

m��Lõ§kvk�U��iùÚ4�(3)3©OÀ�ξi = ξMi Úξi = ξmi �§O��i

ùÚ�åL�¦�4�(3)ØÂñQº¢Sþ§ù���¹´�UÑy�§ùÒ�9�

�È5�Vg§=¿�z��f(x)Ñ´�±diùÚ�4�(3)½È©�"·�¡�±

ÏLª(3)�iùÚ�4�½Â½È©�f(x)¡����ÈÈÈ���"~X·��±y²ëY¼ê

Ñ´�È¼ê§ù�:�±�*/n)�§ëY¼ê3z��«m[xi−1, xi]þ����

Ú�����Ï~Ø¬��§?Ø¬K�iùÚ�Âñ5"

��·�0�iùÚ3)K¥�A^§Ì�´|^iùÚ��{¦4�"3

ª(3)¥§·���
iùÚ�4�´½È©§�´·����I�Newton-Leibnizú

ªÒ�±O�½È©��ØI�iùÚ"Ïd§éu¦Úª�4�§XJ·�Ur§

�¤iùÚ�/ª§@oÙ4�Ò´½È©��"

~~~ 1. O�eã4�

1.limn→∞

(
1

n+1 + 1
n+2 + · · ·+ 1

n+n

)
.

2.2020cccpppêêêBÏÏÏ¥¥¥���ÁÁÁ limn→∞
∑n

i=1
i

n2+i2
.

©ÛµiùÚ{�Y%{!��{Ú¡�O�Úª.4��na��{"·��

�iùÚ�/ª´
∑n

i=1 f(ξi)(xi − xi−1)§·�F"ò¦Úª�¤iùÚ�/ª§=ò
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¦Ú��z��Ñ©)�¼ê�f(ξi)¦±«m�xi − xi−1"·����Ä��1�«m

þ��©�/§d�iùÚ
∑n

i=1
1
nf(ξn)"

Proof. 1.�Ä© 1
n+i = 1

n ·
1

1+ i
n

§Ïd

n∑
i=1

1

n+ i
=

n∑
i=1

1

n
· 1

1 + i
n

=

n∑
i=1

1

n
f

(
i

n

)
. (4)

Ù¥f(x) = 1
1+x"¤±

lim
n→∞

n∑
i=1

1

n+ i
=

∫ 1

0

1

1 + x
dx = ln(1 + x)|x=1

x=0 = ln 2. (5)

2.�Ä© i
n2+i2

= 1
n ·

i
n

1+( in)
2§Ïd

n∑
i=1

i

n2 + i2
=

n∑
i=1

1

n
·

i
n

1 +
(
i
n

)2 =

n∑
i=1

1

n
f

(
i

n

)
. (6)

Ù¥f(x) = x
1+x2
"¤±

lim
n→∞

n∑
i=1

i

n2 + i2
=

∫ 1

0

x

1 + x2
dx =

1

2
ln
(
1 + x2

)∣∣∣∣x=1

x=0

=
ln 2

2
. (7)

�È5��O

ff·�®²`²§¿Ø´¤k¼êÑ�È§�´ëY¼ê´�È�§����§

·�F"ÓÆ�Ø\y²�PÁe¡na�È¼ê§Ù¥¼ê½Â�þ�[a, b]

1.ëY¼ê"

2.üN¼ê"

3.3[a, b]þk.�´k�=kk��mä:½Ã½Â�:�¼ê"

d	�È¼ê7Lk.§Ã.¼êÑØ�È"

·�{�0�1na"~X§¼ê sinx
x w,3:x = 0vk½Â§�´limx→0

sinx
x =

1§¤±¼ê sinx
x ´[−1, 0) ∪ (0, 1]þ�k.�ëY¼ê§�3x = 0?áu��mä

:"du sinx
x 3[−1, 1]k�=k��mä:x = 0§¤± sinx

x 3[−1, 1]�È¶aq/¼

êsin 1
x�3x = 0?v½Â§�´3[−1, 0) ∪ (0, 1]þk.�ëY§3x = 0?áu1�a

mä:§Ïdsin 1
x3[−1, 1]�È",��¡§¼ê 1

x3[−1, 1]��kx = 0��Ã½Â�

:§�´Ï� 1
xÃ.§Ïd

1
x3[−1, 1]Ø�È"

����§20VÐ�êÆ[V��JÑ
�È5Úmä:�ê����'Xµ
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½½½nnn 1.1 (V��). �¼êf(x)3[a, b]´k.¼ê§@of(x)3[a, b]�È�¿©7�^

�´f(x)�mä:8/"ÿ0"

"ÿ�/ÿÝ�"0§ÙVg´E,�§�*n)Ò´`mä:'��§�õê:

ëY"k.�8ÜÑ´"ÿ8§ù�`²
k.�mä:k��¼ê´�È�"d

	§«m[0, 1]þ�knê8´"ÿ8"·��cÆS�)|�X¼êÚiù¼ê§cö

3[0, 1]z�:ÑØëY§�ö3[0, 1]¥�kn:8mä§3Ãn:ëY"Ïd§�,)

|�X¼êÚiù¼êÑ´<s�¾�¼ê§�´lëY55w§iù¼ê�3�Ü©

:é<s§¤±iù¼ê�È¶�´)|�X¼ê3z��:Ñé<s§¤±)|�X

¼êØ�È"

�Ï��þØëY¼ê��3§¦�½È©£(�`´iùÈ©¤3éõ¼êþØ

�È§3¦^iùÈ©�kNõ��"3iù½ÂiùÈ©�A�c�§êÆ[V��

½Â
±§¶i·¶�V��È©"'åiùÈ©§V��È©��*O
�È¼ê�

���NõëY5é��¼ê§��±3�4«m�Ù¦ê8þ½ÂÈ©"AO/§é

uiù�È�¼ê§ÙiùÈ©���V��È©���Ó"3VÇØ�Æ�p§·�

I�òÈ©í2��4«m���ê8þ§¤±æ^V��È©",iùÈ©�kÙ

��V��È©Ø�O��:§3uiùÈ©�±ÏLÚî4ÙZ]úªÚ�¼êéX

3�å¿¯�O�È©��"

C�È©!�¼êÚNewton-Leibnizúª

ù�!·�r:£��¼êù�Vg"·��cQJÑ§¿Ø´z��¼êÑ

�3�¼ê§�´ëY¼ê�½�3�¼ê"XJf(x)3[a, b]ëY§?�c ∈ [a, b]§C

�È©¼êF (x) =
∫ x
c f(t)dtÒ´f(x)����¼ê§=F ′(x) = f(x)é��x ∈ [a, b]¤

á"

'uC�È©§·��ÑA:`²

� �,·��±òëY¼ê��¼ê�¤C�È©§�´NõC�È©�L�ªØ

U�¤Ð�¼ê§~X
∫ x

0
sin t
t dtÒØ´Ð�¼ê§¤± sinx

x ��¼ê�ØÑL�

ª"

� C�È©F (x) =
∫ x
c f(t)dt´±x�gCþ�¼ê§duxÑy3½È©þ�§¤±

�È¼ê�gCþØUE,¦^t§=/X
∫ x
a f(x)dx�È©´�Ø�"

� XJf(x)´�È¼ê�Ø´ëY¼ê§C�È©F (x) =
∫ x
c f(t)dt�,E�½Â§

�´C�È©��Ø2´ØëY¼êf(x)��¼ê"

�e5�~K0�C�È©¦��O�E|
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~~~ 2. O� d
dx

∫ 2x

x3+1
sin t
t4+2

dt

©Ûµ�KÌ�´|^ d
dx

∫ x
a f(t)dt = f(x)ÚEÜ¼ê¦���{?1O�"d

	§du·�Ã{éþe�þ�C��È©?1O�§Ïd·�AÄk?1�êC/"

Proof. ½ÂF (x) =
∫ x

0
sin t
t4+2

dt" ·�w,k∫ 2x

x3+1

sin t

t4 + 2
dt =

∫ 2x

0

sin t

t4 + 2
dt−

∫ x3+1

0

sin t

t4 + 2
dt = F (2x)− F

(
x3 + 1

)
. (8)

�âF ′(x) = sinx
x4+2
§^EÜ¼ê¦�{

d

dx
F (2x) = F ′ (2x) · (2x ln 2) =

2x ln 2 sin (2x)

24x + 2
. (9)

Ó�
d

dx
F
(
x3 + 1

)
= F ′

(
x3 + 1

)
·
(
3x2
)

=
3x2 sin

(
x3 + 1

)
(x3 + 1)4 + 2

. (10)

dd
d

dx

∫ 2x

x3+1

sin t

t4 + 2
dt =

2x ln 2 sin (2x)

24x + 2
−

3x2 sin
(
x3 + 1

)
(x3 + 1)4 + 2

. (11)

éuØëY�¼ê§�¼ê�U�3��UØ�3§�´þ�!0��Darboux½

nw�·�§äk�¼ê�¼ê7Läk0�5"ã2���ãKL�
/äk�¼ê

�¼ê0§/�È¼ê0§/ëY¼ê0nö'X"·�¬3e¡��!Ö¿A��'

�~§øa,��Öö�Ö"ÓÆ��I�Ýº��ã�Sº=�µëY¼ê'X�

È§ëY¼ê'X�3�¼ê§�´ùü�(Ø��ÑØé"

éu��~^���ëY¼ê§Í¶�Úî4ÙZ]úª£�ùÂ{¡NLú

ª¤ò½È©Ú�¼êùü���vk'X�VgGé3
�å∫ b

a
f(x)dx = F (b)− F (a). (12)

¦¦¦���NLúúúªªª¤¤¤ááá���f(x)´́́ëëëYYY¼¼¼êêê§§ u��ã��8§´Qk�¼êq�È�

¼ê"

*Ö¿SNµn��~

·�e¡�Ñ'uã2�n��~§n��~�Ñ�§�¦§·��I�Ä�
)

(Ø=�"ùp·��Ñn��~¼êf1, f2, f3§`²�È�Ø�3�¼ê�¼ê!�
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ã 2: /äk�¼ê�¼ê0§/�È¼ê0§/ëY¼ê0nö'XÚn��~¼

êf1, f2, f33��ã¥� �"

3�¼ê�Ø�È�¼ê!Qk�¼êq�È�ØëY�¼êÑ�3µÄk´¼êf1½

Â�

f1(x) =

0 , x ∈ [0, 1],

1 , x ∈ (1, 2].
(13)

duf13[0, 2]k�=k��mä:x = 1§¤±f13[0, 2]�È"�´f1¿Ø�3�¼

ê§Ï�f13a�mä:x = 1NCvk0�5",�«n)�ª´§XJeã¼

êF1´f1�¼ê§@oÙ7LäkXe/ª

F1(x) =

C , x ∈ [0, 1],

C + x− 1 , x ∈ (1, 2],
(14)

Ù¥C�,�½~ê",·��±u���F13:x = 1Ø��§��ê�0m�ê

�1§ÏdF1Ø´f1�¼ê"u´f1´�È�ØëY�¼ê§1

¼êf2Ú¼êf3½Â�

f2(x) =

2x sin 1
x − cos 1

x , x 6= 0,

0, x = 0.
f3(x) =

2x sin 1
x2
− 2

x cos 1
x2
, x 6= 0,

0, x = 0.
(15)

�â�ê�½Â§ØJ�yf2Úf3©Oäk�¼ê

F2(x) =

x
2 sin 1

x , x 6= 0,

0, x = 0.
F3(x) =

x
2 sin 1

x2
, x 6= 0,

0, x = 0.
(16)

Ïd¼êf3�3�¼êF3§�´Ï�f3Ã.§Ïdf3Ø�È§ddf3´äk�¼ê�Ø

�È�¼ê¶¼êf2�3�¼êF2§�k�=kmä:x = 0§Ó�f2k.§Ïdf2Q

�3�¼êq�È§�´%ØëY"
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1.2 ½È©�O�

duiùÚLuE,§·���¦^NLúª±9û)Ñ�©ÜÈ©{!��{O

�½È©"d	§½È©�k�«�~��é¡{§�±Ø�6NLúªÚ¦)�¼

êO�½È©"·�e¡0�ù
�{"

©ÜÈ©{

½È©¦^©ÜÈ©{��n�Ø½È©Ä��Ó:∫ b

a
f(x)g′(x)dx = f(x)g(x) |x=b

x=a −
∫ b

a
f ′(x)g(x)dx. (17)

�´I�5¿�´§½È©����¡7L´È©Cþ¶§~X
∫ b
a f(x)d(g(x))ù�/

ª´Ø5��§7L��
∫ b
a f(x)g′(x)dx"�´3¦^©ÜÈ©{�§·��,rNn

�©��5"

~~~ 3. ¦^½È©©ÜÈ©4í{O�

1.�n´g,ê§O�In =
∫ π

2
0 sinn xdx"

2.�m,n´��ê§O�Jm,n =
∫ 1

0 x
m(lnx)ndx"

Proof. 1.��Ø½È©©ÜÈ©{O�µ

In =

∫ π
2

0
sinn xdx = −

∫ π
2

0
sinn−1 x(cosx)′dx

= − sinn−1 x cosx
∣∣π2
0

+

∫ π
2

0
cosx

(
sinn−1 x

)′
dx = (n− 1)

∫ π
2

0
sinn−2 x cos2 xdx

= (n− 1)

∫ π
2

0
sinn−2 x

(
1− sin2 x

)
dx = (n− 1)In−2 − (n− 1)In, (18)

dd

In =
n

n− 1
In−2. (19)

duI0 = π
2ÚI1 = 1§U¦��

In =

∫ π
2

0
sinn xdx =


(n−1)!!
n!! , k´Ûê,

(n−1)!!
n!! · π2 , k´óê,

(20)

Ù¥n!!´V�¦"

2.^©ÜÈ©{

Jm,n =

∫ 1

0
xm(lnx)ndx =

1

m+ 1

∫ 1

0

(
xm+1

)′
(lnx)ndx

=
xm+1(lnx)n

m+ 1

∣∣∣∣1
0

− 1

m+ 1

∫ 1

0
xm+1 [(lnx)n]′ dx

=
xm+1(lnx)n

m+ 1

∣∣∣∣1
0

− n

m+ 1

∫ 1

0
xm(lnx)n−1dx =

xm+1(lnx)n

m+ 1

∣∣∣∣1
0

− n

m+ 1
Im,n−1.(21)

7



5¿� xm+1(lnx)n

m+1

∣∣∣
x=1

= 0§�´xm+1(lnx)n

m+1 3x = 0Ã½Â§·�±4��O

lim
x→0+0

xm+1(lnx)n = 0. (22)

ù�4��O��±ÏLþ?�O©Û§��0×∞�Ø½ª§xm+1'(lnx)näk�p

�þ?§Ïdxm+1(lnx)n´��Ã¡�þ§î��y²��±¦^â7�{K"dd

I(m,n) = − n

m+ 1
I(m,n− 1) =

(−1)nn!

(m+ 1)n
I(m, 0). (23)

duI(m, 0) = 1
m+1§¤±I(m,n) = (−1)nn!

(m+1)n+1"

·��Ñ§��þ~1�¯�4í{§·��±y²

In =

∫ π
2

0
cosn xdx =

∫ π
2

0
sinn xdx =


(n−1)!!
n!! , k´Ûê,

(n−1)!!
n!! · π2 , k´óê,

(24)

þãúª¡�:::»»»úúúªªª½���|||dddúúúªªª§3È©O�¥�~k^§ïÆÖöPe5"

��{

½È©���{´½È©Ü©���´�:§ÓÆ�I@ýn)½È©�����

â�±;�3O�¥��"Ø½È©���{==´ògCþxO��,�gCþy§

�´½È©¥�È¼ê�gCþx´3È©«m¥���§Ïd��¤��,�gC

þy�Ak��§ù´�ö���ØÓ"·�ÄkQã½È©���{µ

½½½nnn 1.2. �¼êf(x) ∈ C[a, b]§½Â¼êx = ϕ(t) : [α, β]→ [a, b]äkëY��¼ê§

÷vϕ(α) = aÚϕ(β) = b"������tlllαOOO������β���§§§ϕ(t)dddaCCCzzz���b§§§ÓÓÓ���ϕ(t)ùùù���CCCzzz

©©©ªªª333«««mmm[a, b]§@o·�kXe��(Ø∫ b

a
f(x)dx =

∫ β

α
f(ϕ(t))ϕ′(t)dt. (25)

·�Äk�*/
)þã½n§È©
∫ b
a f(x)dx´�Ä¼êf(x)3xlaCz�bù�

L§�/È\0"��{�¢�´/,8¿»0§·�,ÀgCþt§t�xÏL�

�¼êϕ(t)'é"�tlα$Ä�β�§x = ϕ(t)�laCz�b§Ïd·�Ò�±ò±x�

gCþ�È©
∫ b
a f(x)dx���±t�gCþ�È©/

∫ β
α f(ϕ(t))dx0§=^f(ϕ(t))�

/È\0�Of(x)�/È\0"�´·�EI�ò�©dxO��dt§ùÒI��û$

�dx = ϕ′(t)dt§dd����úª(25)"

·�Äk5w��{�ü�A^§§�©OéAØ½È©��{�n�©{Ú1�

a��{§�´·�7L^½È©��{��ó5£ãµ
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~~~ 4. O�e�½È©

1.2021ppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁ O�
∫ π

2
0

sinx cosx
1+sin2 x

dx"

2.2020ppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁ O�
∫ 1

0 x
4
√

1− x2dx"

3.O�
∫ 1

2
0

1

(1−x2)
5
2

dx"

Proof. 1.3Ø½È©��Æp§?nùan�¼ê.È©��{´n�©{"·���

n�©g´§ò©f�cosxdxn¤d(sinx)§±����¹sinx�È©"^½È©��

{5£ã§�Ä��t = sinxµ∫ π
2

0

sinx cosx

1 + sin2 x
dx =

∫ 1

0

t

1 + t2
dt =

1 + t2

2

∣∣∣∣t=1

t=0

=
ln 2

2
. (26)

2.du�ª��3§·�?1n���x = sin tµ�xÐ�u[0, 1]�§gCþt��

u[0, π2 ]µ∫ 1

0
x4
√

1− x2dx =

∫ π
2

0
sin4 t cos2 tdt =

∫ π
2

0
sin4 tdt−

∫ π
2

0
sin6 tdt = I4 − I6, (27)

Ù¥In�½ÂX~K3"d�|dúª�I4 = 3
16π±9I6 = 15

96π"u´∫ 1

0
x4
√

1− x2dx = I4 − I6 =
π

32
. (28)

3.�,A^n��óx = sin t�∫ 1
2

0

1

(1− x2)
5
2

dx =

∫ π
6

0

1

cos4 t
dt. (29)

éun�¼êÈ©
∫ π

6
0

1
cos4 t

dt§��¦^n�©Úkn©ªÈ©��{�~æ�§·�

À^©ÜÈ©4í��{∫ π
6

0

1

cos4 t
dt =

∫ π
6

0

(tan t)′

cos2 t
dt =

tan t

cos2 t

∣∣∣∣t=π
6

t=0

−
∫ π

6

0
tan t

(
1

cos2 t

)′
dt

=
4
√

3

9
−
∫ π

6

0

2 sin2 t

cos4 t
dt =

4
√

3

9
− 2

∫ π
6

0

1

cos4 t
dt+ 2

∫ π
6

0

1

cos2 t
dt.(30)

5¿� ∫ π
6

0

1

cos2 t
dt = tan t|t=

π
6

t=0 =

√
3

3
, (31)

¦^ ∫ π
6

0

1

cos4 t
dt =

1

3

(
4
√

3

9
+ 2

∫ π
6

0

1

cos2 t
dt

)
=

10
√

3

27
. (32)

·��Ñ§��/X
∫ a

0
dt

cosn t�È©§A��üg4í��{"

·��Ñ§3��úª(25)JÑ��¦/�tlαO��β�§ϕ(t)©ª3«m[a, b]C

z0´7L�§§�y
f(ϕ(t))3[α, β]�/È\0(¢��CX
f(x)3[a, b]�/È

\0"�
O\n)§·�wü��~N´�)�~Kµ

9



~~~ 5. O�e�½È©

1.
∫ π

0
1

2 sin2 x+cos2 x
dx.

2.
∫ 1

2

− 1
2

1+x2

1+x4
dx.

Proof. 1.·�Äk0��«Ï��Ø¦^��{E¤�Ø)"·�¦^��t = tanx§

�È¼ê��
1

sin2 x+ 2 cos2 x
=

1
cos2 x

2 tan2 x+ 1
=

(tanx)′

2 tan2 x+ 1
. (33)

dutan 0 = tanπ = 0§Ü©ÓÆ��¦^��∫ π

0

1

2 sin2 x+ cos2 x
dx =

∫ 0

0

dt

2t2 + 1
= 0. (34)

,�È¼ê´�¼ê§7,k
∫ π

0
1

2 sin2 x+cos2 x
dx > 0§Ïd��ª(34)´Øé�"

·��Ñ§ª(34)�Ø��Ï§´Ø÷v��{^�/�tlαO��β�§ϕ(t)©

ª3«m[a, b]Cz0"gCþx3È©L§¥H{«m[0, π]§éA�t = tanx�AT

d0Cz�+∞§,�Cz�−∞£�0,"ª(34)3�\��ªt = tanxL§¥�wÈ©

þe�§¿vk'5È©CþCz�L§"u´§�(���(J´∫ π

0

1

2 sin2 x+ cos2 x
dx =

∫ +∞

0

dt

2t2 + 1
+

∫ 0

−∞

dt

2t2 + 1
. (35)

du�È¼ê 1
2t2+1

��¼ê´
√

2
2 arctan

(√
2x
)

+ C§¤±

∫ +∞

0

dt

2t2 + 1
=

√
2

2
arctan

(√
2t
)∣∣∣∣∣
t=+∞

t=0

=

√
2

4
π − 0 =

√
2

4
π, (36)

Ù¥�¼ê
√

2
2 arctan

(√
2x
)
3t = +∞���^4�limt→+∞

√
2

2 arctan
(√

2x
)
O�"Ó

n ∫ 0

−∞

dt

2t2 + 1
=

√
2

2
arctan

(√
2t
)∣∣∣∣∣
t=0

t=−∞

= 0−

(
−
√

2

4
π

)
=

√
2

4
π, (37)

¤± ∫ π

0

1

2 sin2 x+ cos2 x
dx =

∫ +∞

0

dt

2t2 + 1
+

∫ 0

−∞

dt

2t2 + 1
=

√
2

2
π. (38)

2.ù�È©´·�3Ø½È©Ü©ÆL�§·��±�Xe��∫
1 + x2

1 + x4
dx =

∫
d
(
x− 1

x

)(
x− 1

x

)2
+ 2

=

√
2

2
arctan

(√
2

2

(
x− 1

x

))
+ C. (39)
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ã 3: ��¼êy = x− 1
x�«¿ã

k
ÓÆ�ÏLNLúª��O�∫ 1
2

− 1
2

1 + x2

1 + x4
dx =

√
2

2
arctan

(√
2

2

(
x− 1

x

))∣∣∣∣∣
1
2

− 1
2

= −
√

2

2
arctan

(
3
√

2

4

)
−
√

2

2
arctan

(
3
√

2

4

)

= −
√

2 arctan

(
3
√

2

4

)
. (40)

ùò��
∫ 1

2

− 1
2

1+x2

1+x4
dx < 0ù��¸(Ø"

·�©Û�¬uy§·�é��/�¼ê0F (x) =
√

2
2 arctan

(√
2

2

(
x− 1

x

))
3

:x = 0��Òvk½Â§�Ò´`F (x)��ÒØ´1+x2

1+x4
3[−1

2 ,
1
2 ]z��:��¼ê"

éuØ½È©$�(39)§·��±�N(Jqù���ä:x = 0"�´éuI�î�

/¦^NLúª�½È©$�ó§ä:x = 0ØU��É"ddddddïïïÆÆÆÓÓÓÆÆÆ���ØØØ���æææ^̂̂

ØØØ½½½ÈÈÈ©©©������{{{���½½½ÈÈÈ©©©§§§;;;���ØØØ777���������ØØØ"""

·��e5î�/�Ä½È©��{"�xl−1
2$Ä�

1
2�§Cþy = x −

1
x§yl

3
2Ñu$Ä�+∞§2d−∞$Ä�−3

2§dd∫ 1
2

− 1
2

1 + x2

1 + x4
dx =

∫ +∞

3
2

dy

y2 + 2
+

∫ − 3
2

−∞

dy

y2 + 2

=

√
2

2
arctan

(√
2

2
y

)∣∣∣∣∣
+∞

3
2

+

√
2

2
arctan

(√
2

2
y

)∣∣∣∣∣
− 3

2

−∞

=

√
2

2

(
π

2
− arctan

(
3
√

2

4

)
− arctan

(
3
√

2

4

)
+
π

2

)

=
√

2

(
π

2
− arctan

(
3
√

2

4

))
. (41)
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é¡{

é¡{´�Á�7��£:§ÙnØÄ:´Û¼êÚó¼ê�½È©5�µb

Xf(x)3é¡«m[−a, a]�È§@o

1.XJf(x)´Û¼ê§@o
∫ a
−a f(x)dx = 0§Ï�f(x)ã�'u�:¥%é¡§y¶üý

�ã/�±p�-�¡È"

2.XJf(x)´ó¼ê§@o
∫ a
−a f(x)dx = 2

∫ a
0 f(x)dx§Ï�f(x)ã�'uy¶¶é

¡§y¶üý�ã/¡È�Ó"

éu�
LuE,½�È¼ê��¼êØ´Ð�¼ê�½È©§·��±¦^é¡

�g�¯�O�½È©"����{©�/ÛÜé¡0Ú/«m2y0üa¯K"Äk

´/ÛÜé¡0µ

~~~ 6. 2020ppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK O�½È©
∫ 1
−1

x2(1+arcsinx)
1+x2

dx.

Proof. �K�È¼ê�vké¡5§�´·��±ò�È¼ê©�üÜ©

x2(1 + arcsinx)

1 + x2
=

x2

1 + x2
+
x2 arcsinx

1 + x2
. (42)

��Ü©��È¼êx2 arcsinx
1+x2

´Û¼ê§dd∫ 1

−1

x2 arcsinx

1 + x2
dx = 0. (43)

dd ∫ 1

−1

x2(1 + arcsinx)

1 + x2
dx =

∫ 1

−1

x2

1 + x2
dx = (x− arctanx)|1−1 = 2− π

2
. (44)

�e5�/«m2y0{·^uäk�E,é¡5�¼ê§�ó�ù
È©��È

¼ê¿�{ü�Û¼ê½ó¼ê"·��}ÁÏL�È¼ê�C/Ïéé¡5µ

~~~ 7. O�½È©
∫ π

4
0 ln(1 + tanx)dx"

Proof. ù��È¼ê��¼êØU�¤Ð�¼ê�/ª"��È¼êf(x) = ln(1 +

tanx)§·�?1eãO�

f
(π

4
− x
)

= ln
(

1 + tan
(π

4
− x
))

= ln

(
1 +

1− tanx

1 + tanx

)
= ln 2− ln(1 + tanx). (45)

�n�f(x) + f
(
π
4 − x

)
= ln 2"(Üã4§'u��x = π

8é¡�ü�:x�
π
4 − x�¼

ê�Ú�ln 2§½=¼ê�¼êf(x) = ln(1 + tanx)�ã�'u:(π8 ,
ln 2
2 )¥%é¡"d

d§¼êln(1 + tanx)���y = ln 2
2 YÑ�3é¡¥%(π8 ,

ln 2
2 )�eÚmþ�üÜ©¡È
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ã 4: ¼êf(x) = ln(1 + tanx)�ã�

��µ3O�¼êf(x) = ln(1 + tanx)�ã���e¡È�§�±òmþ�¡Èé��

e§l¦�o¡È¤�����π
4p�

ln 2
2 �Ý/¡Èµ∫ π

4

0
ln(1 + tanx)dx =

π

4
· ln 2

2
=
π ln 2

8
. (46)

XJ�;mAÛ�*��O�È©§�±¦^/«m2y0��{µA^�

�t = π
4 − x§½È©

∫ π
4

0 f(x)dx�È©«mØC§�´�È¼ê%C�
/é¡0�:

�¼ê�∫ π
4

0
f(x)dx =

∫ π
4

0
f
(π

4
− t
)

dt =

∫ π
4

0
(ln 2− f(t)) dt =

π ln 2

4
−
∫ π

4

0
f(t)dt. (47)

£�� ∫ π
4

0
f(x)dx =

π ln 2

8
. (48)

·�¦^/«m2y0{�§Ø%´È4Ïé�È¼ê�é¡'X§X�

Kf(x) + f
(
π
4 − x

)
= ln 2¿�Xã�'u:(π8 ,

ln 2
2 )¥%é¡"�Ïé�ù��é¡

'X§·�Ï~�±l}ÁO�¼ê�f
(
π
4 − x

)
\Ã"éu���È©

∫ b
a f(x)dx§K

Ï~�	'uÈ©«m¥R�x = a+b
2 �ü�:f(a + b − x)Úf(x)�'XXÃ§}Á

^f(x)L«f(a+ b− x)"

1.3 |^½È©��{O�AÛ¯K

3m©�c§·��k²(�ù�Vg"AÛ¿Âþ��¿�²¡½�m¥ë

0��§3p�êÆ��Æp§·�æ^)ÛAÛ��ªïÄ�µ=^�IXþ��

§¿��"���§kn«µ���§!ëê�§§4�In«§·�©O±ü 

�x2 + y2 = 1�þ���~0�"AO5¿§???ØØØ������§§§���777LLL555¿¿¿gggCCCþþþ���½½½ÂÂÂ

���"

1.���§y = f(x)§gCþx�����[a, b]§d��´��¼ê"±ý�þ��

13



�~§���§y =
(
1− x2

) 1
2§gCþ����=ý��¶[−1, 1]"

2.ëê�§

x = x(t),

y = y(t),
gCþt ∈ [α, β]"ëê�§U�x��´�´L�§�éu

Ó��ëê�§~~Ø��"±ü ý�þ���~§ëê�§

x(t) = cos t,

y(t) = sin t,
g

Cþ����t ∈ [0, π]"

3.4�Ir = r(θ)§Ù¥%@r ≥ 0§gCþθ ∈ [α, β]���¦´[0, 2π]�f8"w,

4�IéAëê�§

x = r(θ) cos θ,

y = r(θ) sin θ.
±ü ý�þ���~§4�I�§r = 1§Ù

¥θ ∈ [0, π]"

Ù¥·�é4�I�§�½Â�Ö¿`²µ~X��þ·�ïÄLn�p4

�r(θ) = sin(3θ)§XJ�¦r ≥ 0§gCþ

θ ∈ [0,
π

3
] ∪ [

2π

3
, π] ∪ [

4π

3
,
5π

3
]. (49)

XJ�Ø©Û
4�I��§�½Â�§¬éO�E¤¤«5K�"

ØÓ��§Ün/ÀJ·Ü��§�±~�O�þ"~Xéý��O�5`§ë

ê�§Ò´��B�§4�I�§Ú���§%éæ�"

½È©�AÛúª�n

|^½È©O�AÛ¯K�Ä�µe©�/�Ñ��§-�âúª�ÑÈ©-O�

½È©0"3/�Ñ��§0�Ú�§7L�ÑgCþ�½Â�¶3/�âúª�Ñ

È©0�Ú�§·�I��âgCþ�½Â��	'5È©þe��ÀJ§��±ÏL

xãÏéã/�é¡55{zO�"~Xn�p4�äkn�é¡��§O�Ù¡È

Ò�±O���¡È¦±3"XJaúã/'�Ä�§�±2�Ñ��§�xÑ«¿

ã"

�e5·��nl�!ý¡ÈÚ¡È3ØÓ�§�¹e�O�úªµ

���lll���

� ���§µL =
∫ b
a

√
1 + f ′(x)2dx"

� ëê�§µL =
∫ β
α

√
x′(t)2 + y′(t)2dt.

� 4�I�§µL =
∫ β
α

√
r(θ)2 + r′(θ)2dθ"

^̂̂===NNN���NNNÈÈÈÚÚÚýýý¡¡¡ÈÈÈ
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� ���§�^=NNÈµV = π
∫ b
a f

2(x)dx"

� ���§�^=Ný¡ÈµS = 2π
∫ b
a f(x)

√
1 + f ′(x)2dx"

� ëê�§�^=Ný¡ÈµS = 2π
∫ β
α y(t)

√
x′(t)2 + y′(t)2dt"

� 4�I�§�^=Ný¡ÈµS = 2π
∫ β
α r(θ) sin θ

√
r(θ)2 + r′(θ)2dθ"

²²²¡¡¡ããã///���¡¡¡ÈÈÈ

� ü^�y = f(x)�y = g(x)YÑã/¡ÈµS =
∫ b
a |f(x)− g(x)|dx§Ù¥È©þ

e�a, bI�dã/¤?«��î�I��û½"

� 4�I�§��¤ã/¡ÈµS = 1
2

∫ β
α r

2(θ)dθ"

�e5��Ì§·�5wA�Ä��A^K"Öö�3A^K¥'5ÀJ�o��

�§O���{B"

~~~ 8. ¦^½È©O�

1.2021cccppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK ¦���IX��Ô�y = 1
2x

2l(0, 0)�(1, 1
2)�m�

l�"

2.2021cccppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK �½Ûên ≥ 3§n�p4�d4�I�§r =

sin(nθ)½Â§¦n�p4�¤�Ü©¡È"

3. ¦µ4�
(
x
a

) 2
3 +

(y
b

) 2
3 = 1l�§Ù¥a > 0, b > 0"£5µ��¯O�þé�§�

±��âõO�Uå�SK¦^¤

Proof. 1.Äk(½�Ô.����§y = 1
2x

2§gCþ½Â�x ∈ [0, 1]§Ïd�±��

@^���§l�úª

L =

∫ 1

0

√
1 +

[(
x2

2

)′]2

dx =

∫ 1

0

√
1 + x2dx. (50)

3þ�ù·���Xe�¼ê£ù�Ø½È©O�'��¡§�±�e(Ø¤∫ √
1 + x2dx =

1

2

(
x
√

1 + x2 + ln
(√

1 + x2 + x
))

+ C. (51)

¤±∫ 1

0

√
1 + x2dx =

[
1

2

(
x
√

1 + x2 + ln
(√

1 + x2 + x
))]∣∣∣∣x=1

x=0

=

√
2 + ln

(
1 +
√

2
)

2
.

(52)

2.Äk(½n�p4�d4�I�§r = sin(nθ)§gCþ½Â�

θ ∈
[
0,
π

n

]
∪
[

2π

n
,
3π

n

]
∪ · · · ∪

[
(2n− 2)π

n
,
(2n− 1)π

n

]
, (53)
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¿�z���«méA�p4�¡È��§¤±

S = n

∫ π
n

0

sin2(nθ)

2
dθ. (54)

A^��t = nθ�

S = n

∫ π
n

0

sin2(nθ)

2
dθ =

1

2

∫ π

0
sin2 tdt =

π

4
. (55)

3.�K�
(
x
a

) 2
3 +

(y
b

) 2
3 = 1����§�9m�Ò§·�=�Ñ�ëê�§x = a cos3 t,

y = b sin3 t,
, (56)

Ù¥t ∈ [0, 2π)"5¿�ã�´3o���é¡�§·��I�O�1���Ü©l�

,�¦±4"ëê�§���úªµ

L = 4

∫ π
2

0

√
(3a cos2 t sin t)2 +

(
3b sin2 t cos t

)2
dt

= 12

∫ π
2

0

√
cos2 t sin2 t

(
a2 cos2 t+ b2 sin2 t

)
dt

= 12

∫ π
2

0
sin t cos t

√
a2 cos2 t+ b2 sin2 tdt. (57)

)ûþã�©������B´n��cos tdt = d sin t§^��z = sin tk∫ π
2

0
sin t cos t

√
a2 cos2 t+ b2 sin2 tdt =

∫ 1

0
z
√
a2 + (b2 − a2) z2dz. (58)

�e5�©Û�©�b 6= aÚb = a?Ø§·��?Øb 6= a��/§,�«�¹�Y�

�"5¿�ª(58)E�±n�©§·�^��w = z2∫ 1

0
z
√
a2 + (b2 − a2) z2dz =

1

2

∫ 1

0

(
a2 +

(
b2 − a2

)
w
) 1

2 dw

=
1

3 (b2 − a2)

(
a2 +

(
b2 − a2

)
w
) 3

2

∣∣∣∣w=1

w=0

=
1
(
b3 − a3

)
3 (b2 − a2)

.(59)

(Ü(57)k

s(L) = 12

∫ π
2

0
sin t cos t

√
a2 cos2 t+ b2 sin2 tdt =

4
(
a2 + b2 + ab

)
a+ b

. (60)

1.4 ½È©�5�Ú3y²K�¦^

�!·�0�½È©�A��5�±9ù
5�3y²K¥�A^"~��½È

©y²K^ù
E|Ñ�±�¤"
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½È©�A��5�

·�ò½È©�A��Ø�ª5�o(Xe

1. ½½½ÈÈÈ©©©���üüüNNN555��� XJf(x), g(x) ∈ R[a, b]�f(x) ≤ g(x)éx ∈ [a, b]¤á§@

o
∫ b
a f(x)dx ≤

∫ b
a g(x)dx"

2. ½½½ÈÈÈ©©©���üüüNNN555���íííØØØ1 XJf(x) ∈ R[a, b]�m ≤ f(x) ≤Méx ∈ [a, b]¤á§@

om(b− a) ≤
∫ b
a f(x)dx ≤M(b− a)"

3. ½½½ÈÈÈ©©©���üüüNNN555���íííØØØ2 XJf(x) ∈ R[a, b]�f(x) ≥ 0éx ∈ [a, b]¤á§@oé

ua < c < d < bk
∫ d
c f(x)dx ≤

∫ b
a f(x)dx"

4. ½½½ÈÈÈ©©©���ýýýééé���555��� XJf(x) ∈ R[a, b]§@o
∫ b
a |f(x)|dx ≥

∣∣∣∫ ba g(x)dx
∣∣∣"

þã5��½È©��Jø
´L�Ø�ª�O"éu�
K8¥�½È©§XJ

Ù�Ã{�Ñ§¦^þãØ�ª?1� �O´éØ���{"

��·�5g���¯K§XJf(x) ∈ R[a, b]�f(x) > 0éx ∈ [a, b]¤á§�â½

È©üN5�k
∫ b
a f(x)dx ≥ 0"@okvk�U?�ÚíÑ

∫ b
a f(x)dx > 0Qº�Y´

�½�§�´y²�6
V��½n"éuf(x) ∈ C[a, b]§XJf(x) > 0éx ∈ [a, b]¤

á§·��±3p�êÆ�§��Æy²
∫ b
a f(x)dx > 0µ?�x0 ∈ (a, b)§�A =

f(x0) > 0§/Ïf(x)3:x = x0�ëY5§�3δ > 0¦�

f(x) ≥ A

2
, x ∈ [x0 − δ, x0 + δ], (61)

dd ∫ b

a
f(x)dx ≥

∫ x0+δ

x0−δ
f(x)dx ≥ 2δ ·

(
A

2

)
= Aδ > 0. (62)

¤±��ëY�¼ê�½È©�½´��"dd§½È©üN5��±Xe\rµX

Jf(x), g(x) ∈ R[a, b]�f(x) > g(x)éx ∈ [a, b]¤á§@o
∫ b
a f(x)dx >

∫ b
a f(x)dx"£ï

ÆØ�3Lu{ü�K8��¦^ù�(Ø§ëY���(Ø�±\±y²3¦^¤

½È©¥�½n

·���éuÄ��¼êf(x)§·�Ã{�O½È©
∫ b
a f(x)dxäN��§/Ï½

È©¥�½n§·��±é½È©
∫ b
a f(x)dx��O(�O"Ïd½È©¥�½n´½

È©�'y²K¥���)K�{"

½È©¥�½n©�ü���µ{z��Ú����"·���þ=ù)
{z�

�§�´3NõK8I�^������½È©¥�½n"·�k5w{z��µ
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ã 5: ½È©¥�½nAÛ«¿ã

½½½nnn 1.3 ({z). �¼êf(x) ∈ C[a, b]§@o�3ξ ∈ [a, b]÷v

f(ξ)(b− a) =

∫ b

a
f(x)dx. (63)

·�ÄklAÛþn){z�½È©¥�½n"b½f(x) ≥ 0§f(x)�x = a, x =

b, y = 0Ü3�å/¤�¬/7�0§Xã5¤«"XJ·�^��ºf§3�x¶²1

���éà�f£f(x)ã�¤�$:§3��p:é£�/ëY0CzL§p§ºf±

e�Ý/¡Èf(ξ)(b− a)ok��Ú�f�¡È��"

���½È©¥�½nXeµ

½½½nnn 1.4 (��). �¼êf(x) ∈ C[a, b]Úg(x) ∈ R[a, b]§�g(x)3[a, b]«mSØCÒ

£=��½�K¤§@o�3ξ ∈ [a, b]÷v

f(ξ)

∫ b

a
g(x)dx =

∫ b

a
f(x)g(x)dx. (64)

�Ä�����¥�½n§ÙCz¢Sþ´�/7�03x���ØÓ �þV\


ØÓ/�Ý0g(x)§Ïd7��o�þC�
∫ b
a f(x)g(x)dx"3d�¹e§·�El

�$:é£ºf�L§§d�,���ºfe�Ý/�þ´f(ξ)
∫ b
a g(x)dx§·��,

�±é���Ý/�þ�u7��þ"

ü�²;~K

~~~ 9. 2020cccppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK �f(x) ∈ C1[0, 1]§¦yéu��x ∈ [0, 1]Ñk

|f(x)| ≤
∫ 1

0
|f(t)|dt+

∫ 1

0

∣∣f ′(t)∣∣ dt. (65)
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©Ûµdu�Kü�È©��Ã{O�Ñ5§·�^È©¥�½n��{òÈ©�

�LãÑ5§¿/Ïn�Ø�ªÚ½È©ýé�5�)ûýé�È©� "

Proof. �âÈ©¥�½n§du|f |�ëY5§�3ξ ∈ [0, 1]¦�∫ 1

0
|f(t)|dt = |f(ξ)|. (66)

Ïd·���y²§é��x ∈ [0, 1]Ñk

|f(x)| − |f(ξ)| ≤
∫ 1

0
|f ′(t)|dt. (67)

Ø��ξ ≥ x§du�È¼ê|f ′(t)|´��§Ïd∫ 1

0
|f ′(t)|dt ≥

∫ ξ

x
|f ′(t)|dt ≥

∣∣∣∣∫ ξ

x
f ′(t)dt

∣∣∣∣ = |f(x)− f(ξ)|. (68)

2�ân�Ø�ªk ∫ 1

0
|f ′(t)|dt ≥ |f(x)− f(ξ)| ≥ |f(x)| − |f(ξ)|. (69)

éuξ < x��¹y²�{�IN��eÈ©þe�"

·��Ñnnn���ØØØ���ªªª3�Ky²pu���^"n�Ø�ª´�|A + B| ≤

|A|+ |B|§Ù¥A,B ∈ R",�«n�Ø�ª´�ª�/ª|A−B| ≥ ||A| − |B||"n�

Ø�ª3p�êÆ�~��A^§´·���Oª|A − B|�§��J±�O§ÒÏé

a�µ

|A−B| ≤ |A− C|+ |B − C|, (70)

,�©O�Oª|A− C|Ú|B − C|"d	§éõÚýé�k'�y²K§�K<�úN

´�Ñ(Ø��(5§�´%ØU�î�§ù�/Ï/n�Ø�ª0ù�{ü´Ã�(

Ø§�±òE,�ýé�©a?Ø¯�`�Ù"

~~~ 10. �f(x)´[0, 1]�ëY¼ê§¿�∫ 1

0
f(x)dx =

∫ 1

0
xf(x)dx = 0. (71)

¦yf(x)3[0, 1]��kü�":"

©Ûµ�â
∫ 1

0 f(x)dx = 0(ÜÈ©¥�½n§éN´��f3[0, 1]7�3��

":§·���f":��§Kã�Xã6¤«"d�f(x)3x¶±þÚ±eüÜ©

¡È7,���§Kg,E¤
¼êxf(x)3x¶±þÚ±eüÜ©¡ÈØ��§�

�
∫ 1

0 xf(x)dx = 0Ø¤á"·�òrùã©Û�¤î��QãI�\r��½È©üN

5�"�K�k�«'�|©��{"

19



ã 6: b½¼êf(x)k�=k��":�§¼êf(x)Úxf(x)ã��«¿ã"

Proof. ���{{{1: �â
∫ 1

0 f(x)dx = 0ÚÈ©¥�½n§�3ξ ∈ [0, 1]¦�f(ξ) = 0"·�

¦^�y{§bXξ´[0, 1]þ���":§ÏdØ�f(x) > 0 , x ∈ [0, ξ),

f(x) < 0 , x ∈ (ξ, 1].
(72)

Ïd�âK�·�k ∫ ξ

0
f(x)dx+

∫ 1

ξ
f(x)dx = 0. (73)

·�ÄküØξ = 0��U§XJ0´f(x)3[0, 1]��":§@o
∫ 1

0 f(x)dx = 0�f(x) <

0é��x ∈ (0, 1]¤á§�â\r��½È©üN5��íÑgñ"Ónξ 6= 1"

d��âf(x)�ÎÒ§·�©Okxf(x) < ξf(x), x ∈ (0, ξ),

xf(x) > ξf(x), x ∈ (ξ, 1).
(74)

2�â
∫ 1

0 xf(x)dx = 0Ú\r��½È©üN5���∫ ξ

0
xf(x)dx < ξ

∫ ξ

0
f(x)dx = −ξ

∫ 1

ξ
f(x)dx < −

∫ 1

ξ
xf(x)dx. (75)

ù`²
∫ 1

0 xf(x)dx < 0§�K�gñ"Ïdf3[0, 1]Ø�Uk�=k��":§=��

kü�":"

���{{{2 �,b�f(x)3[0, 1]k��k��":ξ§¿�Ø��f��K'XX

ª(72)"@o ∫ 1

0
(x− ξ)f(x)dx =

∫ 1

0
xf(x)dx− ξ

∫ 1

0
f(x)dx = 0. (76)
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�Ä�ξ´f(x)��":§�´��gõ�ªx−ξ���":§@o¼ê(x−ξ)f(x) <

0éz��x 6= ξÑ¤á§Ïd ∫ 1

0
(x− ξ)f(x)dx < 0. (77)

ù�ª(76)/¤gñ"

*Ö¿SNµ�Ü-��]Ø�ª

�e5·�0���È©Ø�ªµ�Ü-��]Ø�ª§ù�Ø�ª´p¥��

ÜØ�ª�ëY��"b½f(x), g(x) ∈ R[a, b]§ÙÈ©äkXe'X(∫ b

a
(f(x))2dx

)
·
(∫ b

a
(g(x))2dx

)
≥
(∫ b

a
f(x)g(x)dx

)2

. (78)

XJòëY�È©$�Cq�lÑ�¦Ú§·�k(
n∑
k=1

(f(xk))
2

)(
n∑
k=1

(g(xk))
2

)
≥

(
n∑
k=1

f(xk)g(xk)

)2

, (79)

ùÒ´lÑ����ÜØ�ª"�e5·�òþãllÑ�ëY�L§�¤y²µ

Proof. ·�ò½È©
∫ b
a (f(x))2dx�¤iùÚ�4�§Ù¥«m[a, b]ÀJn�©�y©µ

xi = a+
i(b− a)

n
, i = 0, 1, · · · , n, (80)

z��ξiÑÀ�«m�mà:xi = a+ i(b−a)
n §@o∫ b

a
(f(x))2dx = lim

n→∞

[
1

n

n∑
i=1

(f(xi))
2

]
,

∫ b

a
(g(x))2dx = lim

n→∞

[
1

n

n∑
i=1

(g(xi))
2

]
, (81)

Ó� ∫ b

a
f(x)g(x)dx = lim

n→∞

[
1

n

n∑
i=1

f(xi)g(xi)

]
. (82)

�dÓ�§·�¦^lÑ��ÜØ�ªµéu?¿�½�g,ênk[
1

n

n∑
i=1

(f(xi))
2

]
·

[
1

n

n∑
i=1

(g(xi))
2

]
≥

[
1

n

n∑
i=1

f(xi)g(xi)

]2

, (83)

·�3Ø�ª(83)üý�n→∞§,�/Ïª(81)Úª(82)�(Øµ(∫ b

a
(f(x))2dx

)
·
(∫ b

a
(g(x))2dx

)
≥
(∫ b

a
f(x)g(x)dx

)2

. (84)

éuõ�È©¦ÈØ�ª§�Ü-��]Ø�ª´�~�B��{§�±ë\*Ð

SK¥��'~K"
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2 *Ðò�

2.1 *ÐKVA

*Ðò�KJÝ��§AO´��y²K§�ÓÆ��â¢S�¹ÀJ5�Ö"

� *ÐSK1µ{üJÝ§^iùÚE|O�¦È.4�"

� *ÐSK2µ¥�JÝ§é¡{Ú«m2y{O�½È©"

� *ÐSK3µ¥�JÝ§V�C�È©�©ÜÈ©E|"

� *ÐSK4µ(JJÝ§½È©4��ü«O��{µ©ã{Ú©ÜÈ©{"

� *ÐSK5µ(JJÝ§½È©4�nÜK"

� *ÐSK6µ(JJÝ§��.½È©4�O��{"

� *ÐSK7µ(JJÝ§�Ü-��]Ø�ª�A^"

� *ÐÖ¿K1µ{üJÝ§�«½È©O�E|�¦^"

� *ÐÖ¿K2µ¥�JÝ§½È©üN55����A^"

� *ÐÖ¿K3µ(JJÝ§©ã{ïÄ½È©4�§aqSK411�¯"

� *ÐÖ¿K4µ(JJÝ§��.½È©4�O��{§aqSK6"

� *ÐÖ¿K5µ(JJÝ§�Ü-��]Ø�ª�A^§I(Ü©ÜÈ©E|"

2.2 *ÐSK

KKK 1. O�¦4�limn→∞
n
√
n(n+1)···(2n−1)

n

©Ûµ�K�¦ÈªÈ©§�
MEÑiùÚ�/ª§·�Äk�éê"

Proof. �éê

ln

(
n
√
n(n+ 1) · · · (2n− 1)

n

)
=

1

n

[
n−1∑
k=0

ln

(
1 +

k

n

)]
. (85)

diùÚCqk

lim
n→∞

1

n

[
n−1∑
k=0

ln

(
1 +

k

n

)]
=

∫ 1

0
ln(1+x)dx = [(x+ 1) ln(x+ 1)− x]|10 = 2 ln 2−1. (86)
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ã 7: �ãµ¼êy = x ln(1 + ex)�¼êy = x2

2 �ã�¶mãµ�ã�¼ê��y =

ln(1 + ex)− x2

2 �ã�"

��ê�

lim
n→∞

n
√
n(n+ 1) · · · (2n− 1)

n
= e2 ln 2−1 =

8

e
. (87)

KKK 2. ^é¡5O�È©
∫ 2
−2 x ln(1 + ex)dx"

Proof. �f(x) = x ln (1 + ex)"�Ïéé¡5§O�

f(−x) = −x ln
(
1 + e−x

)
= −x

[
ln
(
e−x
)

+ ln (1 + ex)
]

= x2 − f(x). (88)

dd�'Xªf(x) + f(−x) = x2"¾wdªéØ�f?Ûé¡5§�´(Üã7·�u

y§éu���ü�:x�−x§¼êf3x?õÑx2

2 �Ü©Úf3−x?�u
x2

2 Ü©��

õ"�ó�§¼êg(x) = x ln (1 + ex)− x2

2 ´Û¼ê§Xã7¤«"½=

f(x)− x2

2
=
x2

2
− f(−x). (89)

lAÛþw§¼êf(x) = x ln (1 + ex)�y = x2

2 YÑ�üÜ©£mþÚ�e¤¡È��

�§·��±rmþÜ©é��eO�§=∫ 2

−2
x ln(1 + ex)dx =

∫ 2

−2

x2

2
dx =

8

3
. (90)

^/«m2y0��óî�Qã§|^��x = −y�∫ 2

−2
f(x)dx =

∫ 2

−2
f(−y)dy =

∫ 2

−2

(
y2 − f(y)

)
dy =

16

3
−
∫ 2

−2
f(y)dy, (91)

dd
∫ 2
−2 f(y)dy = 8

3"

KKK 3. ^©ÜÈ©{y²
∫ x

0

[∫ y
0 f(t)dt

]
dy =

∫ x
0 (x− t)f(t)dt"
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ã 8: ¼êy = 1
1+nx5

3n = 10, 1000, 100000�§3x ∈ [0, 1]�«¿ã"

©ÛµéuE,�õ�È©§Ù�È¼ê�±È©/ªÑy"ÏLòÈ©�N��

��ª§�±^©ÜÈ©{z{ïÄ"

Proof. �F (y) =
∫ y

0 f(t)dt,�^©ÜÈ©∫ x

0

[∫ y

0
f(t)dt

]
dy =

∫ x

0
F (y)dy = yF (y) |y=x

y=0 −
∫ x

0
yF ′(y)dy. (92)

duF ′(y) = f(y)§¤±∫ x

0
F (y)dy = xF (x)−

∫ x

0
yf(y)dy =

∫ x

0
xf(y)dy −

∫ x

0
yf(y)dy =

∫ x

0
(x− y)f(y)dy.

(93)

KKK 4. O�e�4�

1.limn→∞
∫ 1

0
dx

1+nx5
"

2.limx→0+0
1
x

∫ x
0 sin 1

tdt"

©Ûµ�Kü��¯Ñ´�½È©k'�4�¯K§¿�ÑØU{ü/ÏL�ÑÈ

©O�"1�¯¦^©ã� ��{(Üε −N�ó§1�¯Kæ^©ÜÈ©"F"Ó

Æ��±lü�K8Æ��
3ØU¦)½È©äN����È©����{"5¿§

�K1�¯Ø�±¦^

lim
n→∞

∫ 1

0

dx

1 + nx5
=

∫ 1

0

(
lim
n→∞

dx

1 + nx5

)
dx =

∫ 1

0
0dx = 0, (94)

Ï�4�limn→∞ÚÈ©
∫ 1

0Ø�±�S"

Proof. 1.(Üã8§·�uy�XnC�§¼êy = 1
1+nx5

ly(0) = 1m©§ª�u0��

Ý�5�¯"Ïd·�F"y²limn→∞
∫ 1

0
dx

1+nx5
= 0"·�5¿�y = 1

1+nx5
�ã�
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3[0, 1]���±©�üãµÙ�´3[0, δ]§Ù¥δÏ~é�§d�y = 1
1+nx5

�¼ê��

�E�u1¶Ù�´[δ, 1]§d�y = 1
1+nx5

¯��0eü£¿Ø´Âñ�0¤"�âù��

n)§·�(Üε−N�óy²limn→∞
∫ 1

0
dx

1+nx5
= 0"

é∀ε > 0§·�F"é���N§¦�n > N�k
∫ 1

0
dx

1+nx5
< ε£5µÈ©�´�

ê¤"·�Äk�δ = ε
2§¿3[0, δ]Ú[δ, 1]üÜ©©O?ØÈ©

∫ 1
0

dx
1+nx5

"Äk∫ ε
2

0

dx

1 + nx5
≤
∫ ε

2

0
1dx =

ε

2
. (95)

Ùg ∫ 1

ε
2

dx

1 + nx5
≤
∫ 1

ε
2

dx

nx5
= − 1

4n

1

x4

∣∣∣∣x=1

x= ε
2

= − 1

4n
+

1

nε2
≤ 1

nε2
. (96)

Ïd§éu�½�ε > 0§·���éÈ©
∫ 1

0
dx

1+nx5
��O∫ 1

0

dx

1 + nx5
≤ ε

2
+

1

nε2
. (97)

�

∫ 1

0
dx

1+nx5
< ε§2�N =

[
2
ε3

]
+ 1§�n > N�k∫ 1

0

dx

1 + nx5
≤ ε

2
+

1

nε2
<
ε

2
+
ε

2
= ε. (98)

(Ü4��½Â§·�y²
limn→∞
∫ 1

0
dx

1+nx5
= 0"

2.�Kw,ØU¦^â7�{K"·�^©ÜÈ©{?n©1�È©∫ x

0
sin

1

t
dt =

∫ x

0
t2 ·
(

1

t2
sin

1

t

)
dt =

∫ x

0
t2 ·
(

cos
1

t

)′
dt

= t2 cos
1

t

∣∣∣∣t=x
t=0

− 2

∫ x

0
t cos

1

t
dt

= x2 cos
1

x
− 2

∫ x

0
t cos

1

t
dt. (99)

@o©OO�k

lim
x→0+0

x2 cos 1
x

x
= 0. (100)

d	du ∣∣∣∣∫ x

0
t cos

1

t
dt

∣∣∣∣ ≤ ∫ x

0

∣∣∣∣t cos
1

t

∣∣∣∣ dt ≤ ∫ x

0
tdt =

x2

2
. (101)

dY%�n

lim
x→0+0

∫ x
0 t cos 1

tdt

x
= 0. (102)

Ïd

lim
x→0+0

1

x

∫ x

0
sin

1

t
dt = lim

x→0+0

x2 cos 1
x − 2

∫ x
0 t cos 1

tdt

x
= 0 (103)
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KKK 5. 2020cccppp���êêêÆÆÆCÏÏÏ"""���ÁÁÁKKK �I´��m«m§f(x) ∈ C(I)§�a, b ∈ I�a <

b¦yµ

lim
h→0

∫ b

a

f(x+ h)− f(x)

h
dx = f(b)− f(a). (104)

©Ûµ�K�½Ø�±^Xe��{�µ

lim
h→0

∫ b

a

f(x+ h)− f(x)

h
dx =

∫ b

a

[
lim
h→0

f(x+ h)− f(x)

h

]
dx =

∫ b

a
f ′(x)dx = f(b)−f(a).

(105)

�Ïkü�µÄkf==ëY§ØU�y�êf ′(x)�3¶Ùg§vvvkkk???ÛÛÛnnnØØØ���yyy¦¦¦

444���ööö���ÚÚÚ¦¦¦½½½ÈÈÈ©©©ööö������±±±������gggSSS§=é���f(x, h)§·�ØU�y

lim
h→h0

∫ b

a
f(x, h)dx =

∫ b

a

[
lim
h→h0

f(x, h)

]
dx, (106)

¤á"¢Sþ§XJI��yÈ©Ú4�ö��±�S§�6eÆÏ�Æ�Vg/��

Âñ0"

Proof. ·�éÈ©?1C/∫ b

a

f(x+ h)− f(x)

h
dx =

∫ b

a

f(x+ h)

h
dx−

∫ b

a

f(x)

h
dx, (107)

�
?�Úz{§·�éþ¡�1��È©ª���y = x + h¦�ü�È©ª��È

¼ê�� ∫ b

a

f(x+ h)

h
dx

y=x+h
===

∫ b+h

a+h

f(y)

h
dy, (108)

duª(107)ü�È©ª�È¼ê�Ó§·��±#O�¦���∫ b

a

f(x+ h)

h
dx−

∫ b

a

f(x)

h
dx

=

∫ b+h

a+h

f(x)

h
dx−

∫ b

a

f(x)

h
dx

=

[∫ b+h

b

f(x)

h
dx+

∫ b

a+h

f(x)

h
dx

]
−
[∫ a+h

a

f(x)

h
dx+

∫ b

a+h

f(x)

h
dx

]
=

∫ b+h

b

f(x)

h
dx−

∫ a+h

a

f(x)

h
dx. (109)

�e5¦^È©¥�½n§éuz��h§Ñ�3ξ1, ξ2 ∈ I¦�∫ b+h

b

f(x)

h
dx = h · f(ξ1)

h
= f(ξ1) ,

∫ a+h

a

f(x)

h
dx = h · f(ξ2)

h
= f(ξ2), (110)

Ù¥ξ1 ∈ [b, b+ h], ξ2 ∈ [a, a+ h]"�\��∫ b

a

f(x+ h)

h
dx−

∫ b

a

f(x)

h
dx = f(ξ1)− f(ξ2). (111)
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d�·��Ä4�h → 0§�âëY5�½Â·���limx→b f(x) = f(b)"�Ä�ξ1 ∈

[b, b+ h]klimh→0 ξ1 = b§?�Úlimh→0 f(ξ1) = f(b)"Ónlimh→0 f(ξ2) = f(a)§½=

lim
h→0

∫ b

a

f(x+ h)− f(x)

h
dx = lim

h→0
[f(ξ1)− f(ξ2)] = f(b)− f(a). (112)

KKK 6. �f(x)´[0, 2π]�ëY¼ê§

1.limn→∞
∫ 2π

0 f(x)| sinnx|dx = 2
π

∫ 2π
0 f(x)dx.

2.2021cccppp���êêêÆÆÆBÏÏÏ¥¥¥���ÁÁÁKKK limn→∞
∫ 2π

0 f(x) sinnxdx = 0.

©Ûµ�né�§�È¼êf(x) sinnxÚf(x)| sinnx|´pª���¼ê§ùa¯K

�©Û�{��´©ã¦^È©¥�½n"

Proof. 1.�âsinnx�±Ïò«m[0, 2π]y©§¿¦^����È©¥�½n∫ 2π

0
f(x)| sinnx|dx =

n∑
k=1

∫ (2kπ)/n

(2(k−1)π)/n
f(x)| sinnx|dx

=
n∑
k=1

f (ξk)

∫ (2kπ)/n

(2(k−1)π)/n
| sinnx|dx. (113)

Ù¥ξk ∈ [ (2k−2)π
n , 2kπ

n ]"5¿�È©∫ (2kπ)/n

(2(k−1)π)/n
| sinnx|dx y=nx

===
1

n

∫ 2kπ

2(k−1)π
| sin y|dy =

4

n
. (114)

dd ∫ 2π

0
f(x)| sinnx|dx =

n∑
k=1

4

n
f (ξk) =

2

π

n∑
k=1

2π

n
f (ξk)→

2

π

∫ 2π

0
f(x)dx, (115)

����4�ª¦^
iùÚ�½Â"

2.�âsinnx�±Ïò«m[0, 2π]y©§ØLdu����½È©¥�½n�¦½n

¥�g(x)ØCÒ§ùg·�±�±Ï©ã∫ 2π

0
f(x) sinnxdx

=
n∑
k=1

[∫ ((2k−1)π)/n

((2k−2)π)/n
f(x) sinnxdx+

∫ (2kπ)/n

((2k−1)π)/n
f(x) sinnxdx

]

=
n∑
k=1

[
f (ξk)

∫ ((2k−1)π)/n

((2k−2)π)/n
sinnxdx+ f (ξk)

∫ ((2k−1)π)/n

((2k−2)π)/n
sinnxdx

]
, (116)

Ù¥ξk ∈ [ (2k−2)π
n , (2k−1)π

n ], ηk ∈ [ (2k−1)π
n , 2kπ

n ]"O�È©∫ 2π

0
f(x) sinnxdx =

n∑
k=1

2

n
(f(ξk)− f(ηk)) . (117)
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·�ª(117)mý¦Úª¤üÜ©©O^iùÚO�4�

n∑
k=1

2

n
f(ξk) =

1

π

n∑
k=1

2π

n
f(ξk) =

1

π

n∑
k=1

(
2kπ

n
− (2k − 2)π

n

)
f(ξk)→

1

π

∫ 2π

0
f(x)dx.

(118)

Ón
n∑
k=1

2

n
f(ηk) =

1

π

n∑
k=1

(
2kπ

n
− (2k − 2)π

n

)
f(ηk)→

1

π

∫ 2π

0
f(x)dx. (119)

Ïd

lim
n→∞

∫ 2π

0
f(x) sinnxdx = lim

n→∞

[
n∑
k=1

2

n
f(ξk)

]
− lim
n→∞

[
n∑
k=1

2

n
f(ηk)

]
= 0. (120)

KKK 7. �f(x) ∈ C1[0, 1]�f(0) = f(1) = 0§y²µ
∫ 1

0 (f(x))2dx ≤ 1
2

∫ 1
0 (f ′(x))2dx"

Proof. |^NLúªÚC�È©�5�

f(x) = f(x)− f(0) =

∫ x

0
f ′(t)dt, (121)

3þªüý²�,�¦^�Ü-��]Ø�ª

(f(x))2 ≤
(∫ x

0
1 · f ′(t)dt

)2

≤
(∫ x

0
12dt

)
·
(∫ x

0
(f ′(t))2dt

)
= x

∫ x

0
(f ′(t))2dt. (122)

du�È¼ê(f ′(t))2�K§·�k

(f(x))2 ≤ x
∫ x

0
(f ′(t))2dt ≤ x

∫ 1

0
(f ′(t))2dt, (123)

5¿�ª(123)'u��x ∈ [0, 1]¤á§¤±òª(123)üý©O3x ∈ [0, 1]½È©∫ 1

0
(f(x))2dx ≤

(∫ 1

0
xdx

)
·
(∫ 1

0
(f ′(t))2dt

)
=

1

2

∫ 1

0
(f ′(t))2dt. (124)

2.3 *ÐÖ¿K

ÖÖÖ 1. O�e�½È©

1.
∫ π

0

√
sinx− sin3 x.dx

2.
∫ π

2

−π
2

sin4 x
1+e−xdx.

3.
∫ 1

0 ln
(
x+
√
x2 + 1

)
dx.

4.
∫ 1

2
1
4

arcsin
√
x√

x(1−x)
dx"

ÖÖÖ 2. XJf(x) ∈ C[a, b]üN4O§y²
∫ b
a xf(x)dx ≥ a+b

2

∫ b
a f(x)dx"

28



ÖÖÖ 3. y²µlimn→∞
∫ 1
−1

(
1− x2

)n
dx = 0

ÖÖÖ 4. �Ä¼êhn(x) =

nx , 0 ≤ x < 1
n ,

0 ,Ù¦�¹,
,�2½Âgn(x) =

∑n−1
k=0 hn(x − k

n)§¦4

�limn→∞
∫ 1

0 e
xgn(x)dx"

ÖÖÖ 5. �f ∈ C1[0, 1]÷vf(0) = f(1) = 0�
∫ 1

0 f
2(x)dx = 1§|^�Ü-��]Ø�ªy

²eã°Ü�Ø�ª
(∫ 1

0 (f ′(x))2dx
)(∫ 1

0 (xf(x))2dx
)
≥ 1

4"XJf(x)�LþfåÆÅ¼

ê§@oÈ©
∫ 1

0 (f ′(x))2dxÚ
∫ 1

0 (xf(x))2dx3ÄþÚ �þ� �§°Ü�Ø�ªéA

þfåÆ¥�ÿØO�n"
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