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1.ÕÕÕááágggCCCþþþ òx, yw�ü�Õá�gCþ§d�XJ�½Ù¥��gCþ£~

Xy¤§@of(x, y)´'ux�����¼ê"

2.:::gggCCCþþþ ò��¼êf(x, y)w�±���mR2þ�:(x, y)�gCþ�¼ê§��¼

ê�Nõ½ÂÑÚ\ù«À�"

~X3��¼ênØ¥§�êÚ�©´Ã¡���Vg¶3��¼ênØ¥§�ê

Ú�©K´3/ÕágCþ0À�Ú/:gCþ0À�e©OÚ\�/¦�0Vg"�

�5`§±ÕágCþÀ��	��¼ê�U��¼êü�gCþ���&E£=/Û

Ü&E0¤§Ïd:À��¹�&E'ÕágCþÀ��õ£=/�Û&E0¤"

1.1 ��¼ê�4�ÚëY

UìÆS���©Æ�Ú½§·�ÄkÆS��4��½Â§¿ïá��¼ê�ë

Y5nØ"��4��O��{´���©Æ��SN�Ä:"33/ÕágCþ0À

�Ú/:gCþ0À�Ñ�±½Â��¼ê�4�§·�~`���4�´±/:gC

þ0À�½Â�£�¡�¡4�¤§
ÏL/ÕágCþ0À�½Â���¼ê4�¡

�\g4�§�Y·�¬?Ø"
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��¼ê4��½ÂÚn)

8Ikü�µn)��4��½Â!±��4��~N¬��¼êÚ��¼ê�©

Û�{�ØÓ"��¼ê4�limx→x0 u(x)�A§Ù¢�´gCþx¿©�C:x0�§¼

ê�f(x)��CA§=é¼ê�/à 0��x"��¼ê�4�½Âaq§�´Qã

þI��Ä��¼ê�½Â�´²¡þ�:
Ø´��êµ�:gCþ(x, y)¿©�C

�½:(x0, y0)�§¼ê�f(x, y)�CA"�´3�x:(x, y)�C(x0, y0)�§I�rN

��¼êÚ��¼ê�«Oµ

½½½ÂÂÂ 1.1. �f(x, y)3:(x0, y0)�½Â�´,�%��

U0
r [(x0, y0), r] =

{
(x, y) : 0 <

√
(x− x0)2 + (y − y0)2 < r

}
, (1)

¡f(x, y)3:(x0, y0)Âñu4�A§XJéu∀ε > 0§Ñ�3δ > 0§��gC

þ(x, y)÷v
√

(x− x0)2 + (y − y0)2 < δÒk|f(x, y)−A| < ε§P�

lim
(x,y)→(x0,y0)

f(x, y) = A,½ lim
x→x0
y→y0

f(x, y) = A. (2)

·��Ñ§��4��ε− δ½Â�/Ó+0���4�´�~aq�§ØÓ:3·

��x:(x, y)�(x0, y0)� �§·�¦^��½n½Â
:(x, y)Ú:(x0, y0)�ålµ

|(x, y)− (x0, y0)| =
√

(x− x0)2 + (y − y0)2. (3)

duê¶þ:�ål^ýé��x§·�^ÎÒ| · |P²¡:m�ål"3d·���

±w�§��4��½Â©ª¦^
/:gCþ0À�"

éu��¼ê4�limx→x0 f(x)§4�Âñ7I�4��m4�Ø��§=·�ò

:xlx0��ý½mý�Cx0�§f(x)�4�7I��"éuõ�¼ê�4�§du�

Äé�´²¡þ�:§�·�¦:(x, y)�C:(x0, y0)�§�C��ª�±´l��C

£-y = y0
x → x0 − 0¤§��±´lþ�C£-x = x0
y → y0 + 0¤§$��

�±´���C£�ÄL:(x0, y0)�Ç�1���y = x − x0 + y0§÷Xù^���

C(x0, y0)¤"���������yyy������444���lim(x,y)→(x0,y0) f(x, y)ÂÂÂñññ§§§ÒÒÒ777LLL¦¦¦���:::(x, y)ddd���

������������CCC:::(x0, y0)������������///üüüýýý444���000ÑÑÑÂÂÂñññ"Ïd§��4��Âñ'å��

4��/§^��¦���
"

O�4���ØÏL4��½Â§
´k;��¦)E|§��4��Ø~	"�

�4�¯K�AÏ�?3u§y²��4��ÂñÚuÑ��{��ØÓ§¤±·�7

LÄk�ä·��©Û�4�´Âñ�´uÑ§,�2ÀJéA��{5O�4��½

y²4�uÑ"·�Äk©�4�ÂñÚuÑü«�/50�)K�{"
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Âñ��4��O�E|

éuÂñ�4�§?n�{��kü«µYYY%%%���nnnÚ���NNN©©©ÛÛÛ{{{§Ï~��4�

444���III������EEE|||µ

1.Y%�n��{´§XJ·��y²lim(x,y)→(x0,y0) f(x, y) = A§Ò�{é|f(x, y) −

A|?1� µ

0 ≤ |f(x, y)−A| ≤ r(x, y), (4)

ùpr(x, y)´/ª{ü�¼ê§XJlim(x,y)→(x0,y0) r(x, y) = 0§Ò`²lim(x,y)→(x0,y0) f(x, y) =

A"ÏdY%�nI�·�Äkßÿ4�A§2éýé��|f(x, y)− A|� �O"3¢

SA^¥§�õêY%{�¤�K84�A´0§Ïd� |f(x, y) − A| = |f(x, y)|¿Ø

J"

2.�N©Û{KÏ~|^4��A½/ª§ò��4�=z���4�5?n§½´|

^��4�¥�E|§X�dÃ¡��{"

3.Ü©K8I�/Ï4�I����{§4�I���x = r cos θ,

y = r sin θ,
r ∈ [0,+∞), θ ∈ [0, 2π). (5)

3d�¹e·��±z{4�µ~X�Ä(x, y) → (0, 0)���4�§Ò��u·��

I�Är → 0 + 0=�"3e¡�~K¥§·�¬ò4�I��{(Ü3cü«�{p"

~~~ 1. O�e���4���

1.lim(x,y)→(0,0)(x+ sin y) cos
(

1
|x|+|y|

)
2.lim(x,y)→(0,0)(|x|+ |y|)|x|+|y|

3.lim(x,y)→(0,0)
sin(x3+y3)
x2+y2

Proof. 1.·�^Y%�nù�4�Âñu0§�ÄXe� ∣∣∣∣(x+ sin y) cos

(
1

|x|+ |y|

)
− 0

∣∣∣∣ =

∣∣∣∣(x+ sin y) cos

(
1

|x|+ |y|

)∣∣∣∣ ≤ |x+ sin y|. (6)

�(x, y)→ (0, 0)�§¼êxÚsin y4�Ñ´0§w¤±lim(x,y)→(0,0) |x+ sin y| = 0§dd

lim
(x,y)→(0,0)

(x+ sin y) cos

(
1

|x|+ |y|

)
= 0. (7)

2.·���z = |x|+ |y|§�(x, y)→ (0, 0)�w,kz → 0 + 0§¤±

lim
(x,y)→(0,0)

(|x|+ |y|)|x|+|y| = lim
z→0+0

zz = 1, (8)

Ù¥��4�limz→0+0 z
z^â7�{KØJO�"
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3.Äké©f¥�x3 + y3��N©Ûµ�(x, y) → (0, 0)kx3 + y3 → 0§¤±�â

��¼ê��dÃ¡�nØ

lim
(x,y)→(0,0)

sin
(
x3 + y3

)
x3 + y3

= 1, (9)

Ïd·�é�K�4��N��

lim
(x,y)→(0,0)

sin
(
x3 + y3

)
x2 + y2

= lim
(x,y)→(0,0)

[
x3 + y3

x2 + y2
×

sin
(
x3 + y3

)
x3 + y3

]
= lim

(x,y)→(0,0)

x3 + y3

x2 + y2
.

(10)

e¡|^Y%�ny²lim(x,y)→(0,0)
x3+y3

x2+y2
= 0§^4�I��(5)�\��∣∣∣∣x3 + y3

x2 + y2

∣∣∣∣ = |r(sin3 θ + cos3 θ)| ≤ 2|r|. (11)

34�I¿Âe(x, y) → (0, 0)��4���ur → 0 + 0§dd2|r| → 0§¤±y²


lim(x,y)→(0,0)
x3+y3

x2+y2
= 0"

XØ¦^4�I�{��±�¤� l
y²lim(x,y)→(0,0)
x3+y3

x2+y2
= 0§� �L§

E|5�rµ ∣∣∣∣x3 + y3

x2 + y2

∣∣∣∣ =

∣∣∣∣x · ( x2

x2 + y2

)
+ y ·

(
y2

x2 + y2

)∣∣∣∣
≤ |x| ·

∣∣∣∣ x2

x2 + y2

∣∣∣∣+ |y| ·
∣∣∣∣ x2

x2 + y2

∣∣∣∣ , (12)

Ù¥1��Ø�Ò|^
ýé��n�Ø�ª"du
∣∣∣ x2

x2+y2

∣∣∣ , ∣∣∣ y2

x2+y2

∣∣∣ ∈ [0, 1]§¤±∣∣∣∣x3 + y3

x2 + y2

∣∣∣∣ ≤ |x|+ |y|, (13)


lim(x,y)→(0,0) |x|+ |y| = 0§¤±lim(x,y)→(0,0)
x3+y3

x2+y2
= 0"

��4�uÑ��½

e¡·�?Ø��4�uÑ�y²§Ù�{´õõõ´́́»»»���CCC{{{"éu��4�§X

J�m4�Ø��§Ò`²4�uÑ"í2���4�lim(x,y)→(x0,y0) f(x, y)§·��

±¦�:(x, y)lØÓ´»�(x0, y0)�C�L§§z�«�C�L§¬������4

�"·�±�C�:(0, 0)�~©Ûµ

1.YYY²²²���CCC -y = 0
x→ 0§ù«�¹e(x, y)÷Xx¶�C�:"

2.ççç������CCC -x = 0
y → 0§ù«�¹e(x, y)÷Xy¶�C�:"

3.���������CCC ��y = kx´BL�:�Ç�k���§-y = kx
x → 0§ù«�¹

e(x, y)÷X��y = kx�C�:"

��5`§þãn«�C�ª´v
�"XJ�3ü«�C�ª�����4�Âñ�

��ØÓ§½´,��C�ª�����4�uÑ§Ò`²��4�Ø�3"
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~~~ 2. y²e���4�uÑµ

1.lim(x,y)→(0,0)
x4−y2
x4+y2

"

2.lim(x,y)→(0,0)
xy

x2+y2
"

Proof. 1.Äk�Ä(x, y)Y²�C(0, 0)§-y = 0
x→ 0����4�

I1 = lim
x→0

x4 − 02

x4 + 02
= lim

x→0

x4

x4
= 1, (14)

2�Ä(x, y)ç��C(0, 0)§-x = 0
y → 0����4�

I2 = lim
y→0

04 − y2

04 + y2
= lim

x→0

−y2

y2
= −1, (15)

duI1 6= I2§Ïdlim(x,y)→(0,0)
x4−y2
x4+y2

uÑ"

2.Äk�Ä(x, y)Y²�C(0, 0)§-y = 0
x→ 0����4�

I1 = lim
x→0

x · 0
x2 + 02

= lim
x→0

0

x2
= 0, (16)

2�Ä(x, y)÷y = x�C(0, 0)§-x = y
x→ 0����4�

I2 = lim
x→0

x · x
x2 + x2

= lim
x→0

x2

2x2
=

1

2
, (17)

duI1 6= I2§Ïdlim(x,y)→(0,0)
xy

x2+y2
uÑ"

\g4�

�c·��Ñ���4��¡��¡4�§�¡4�æ^��¼ê�/:gC

þ0À�§�Ä:(x, y)¿©�C:(x0, y0)�¼ê�f(x, y)�5�"·�0�,	�«

4��½Â�ªµ\\\ggg444���§¼êf(x, y)3:(x0, y0)�\g4�kü«µk�½gC

þyéx�4�§2éy�4�µ

A = lim
y→y0

[
lim
x→x0

f(x, y)

]
. (18)

ùp��u·�k����¼êA(y) = limx→x0 f(x, y)Ù¥y 6= y0§,�\g4��u

��¼ê�4�A = limy→y0 A(y)¶k�½gCþxéy�4�§2éx�4�µ

B = lim
x→x0

[
lim
y→y0

f(x, y)

]
. (19)

ùp��u·�k����¼êB(x) = limy→y0 f(x, y)Ù¥x 6= x0§,�\g4��u

��¼ê�4�B = limx→x0 B(x)

��¡4�ØÓ§\g4�´��¼ê/ÕágCþ0À�e�4�Vg"Ó�

´¦�(x, y)�C(x0, y0)§\g4�k4x�Cx0
�¦y�Cy0§�3gCþ�k�^

5



S§�¡4�K4(x, y)��²¡þ�:�C:(x0, y0)"duÀ��ØÓ§\\\ggg444���ÚÚÚ

���¡¡¡444���������333½½½���vvvkkk???ÛÛÛéééXXX"\g4��3�U�¡4�Ø�3§�¡4��

3�U\gÈ©Ø�3"ÏdO�\g4�¯K§·�7Lò\g4��$�w�üg

��4�O�5¦)"

e¡~K¥�¼ê´©ã½Â�§ùa¼ê�4�¯K´�Á�~�:µ

~~~ 3. O�f(x, y) =

x sin 1
y , y 6= 0

0, y = 0
3(0, 0)��¡4�Ú\g4�"

Proof. kO��¡4�lim(x,y)→(0,0) = 0§é¼ê?1� µ∣∣∣∣x sin
1

y

∣∣∣∣ ≤ |x|, (20)

�(x, y)→ (0, 0)�|x| → 0§¤±^Y%�nlim(x,y)→(0,0) = 0"

2O�\g4�§Äk´/kx�y0�4�"�½y 6= 0�ëêéx�4�

A(y) = lim
x→0

f(x, y) = lim
x→0

x sin
1

y
= 0. (21)

,�O���4�

A = lim
y→0

(
lim
x→0

f(x, y)
)

= lim
y→0

A(y) = lim
y→0

0 = 0. (22)

�X´/ky�x0�4�§�½x 6= 0�ëêéy�4�

B(x) = lim
y→0

x sin
1

y
uÑ. (23)

¤±\g4�limx→0 (limy→0 f(x, y))Ø�3"

õ�¼êü:ëY5�½Â

|^�¡4��±½Â��¼ê�ü:ëY5µ

½½½ÂÂÂ 1.2. �f(x, y)3:(x0, y0)�½Â��¹,¢%��

Ur[(x0, y0), r] =
{

(x, y) :
√

(x− x0)2 + (y − y0)2 < r
}
, (24)

¡f(x, y)3:(x0, y0)ëëëYYY§XJeã4�¤á

lim
(x,y)→(x0,y0)

f(x, y) = f(x0, y0). (25)

Ïd�·��y²��¼ê�ëY�§I�y²�Ù¢´��4�(25)",��

¡§��¼ê�ëY5�kaq��¼ê�Nõ5�§Ù¥�­��oK$�ëY5µ
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XJ��¼êf(x, y)Úg(x, y)3:(x0, y0)ëY§@o

1.¼êf(x, y)± g(x, y)3(x0, y0)ëY"

2.¼êf(x, y) · g(x, y)3(x0, y0)ëY"

3.XJg(x0, y0) 6= 0§@o¼êf(x,y)
g(x,y)3(x0, y0)ëY"

|^oK$�5��±©Û�õê{ü�¼ê�ëY5§�
E,�©ã¼ê�ë

Y5I�·�3A½:£�4�(25)?Ø"

~~~ 4. �u(x, y) =


xy

x2+y2
, x2 + y2 6= 0

0, x2 + y2 = 0
§¯u3R2��:´Äü:ëYº

Proof. éu(0, 0)±	�:(x0, y0)§w,xyÚx2 + y23:(x0, y0)ëY§¤±u(x, y) =

xy
x2+y2

3:(x0, y0)ëY"

u(x, y)3:(0, 0)´©ã½Â§�?Øu3:(0, 0)ëY5¢�´?Øeã4�´Ä¤

á

lim
(x,y)→(0,0)

xy

x2 + y2
= u(0, 0). (26)

�â~K2�(Ølim(x,y)→(0,0)
xy

x2+y2
uÑ§Ïdu(x, y)3:(0, 0)ØëY"

*4«�ëY¼ê�5�

ù�Ü©�SN'�Ä�§�ÖöÀJ�Ö"Äk·�I�²(R28Ü��
V

g"±ü �x2 + y2 ≤ 1�~§·��±w�ü ��>.´�±x2 + y2 = 1§Ø�

�±±	�:x2 + y2 < 1´ü ��S:"3êÆþ§·�¡x2 + y2 < 1ù�Ø�¹

>.�8Ü�mmm888§¡x2 + y2 ≤ 1ù��¹>.�8Ü�444888"m8x2 + y2 < 1V

\>.�±x2 + y2 = 1�±��48x2 + y2 ≤ 1§Ïd48x2 + y2 ≤ 1¡�m

8x2 + y2 < 1�444���"d	§ü �x2 + y2 ≤ 1´ëëëÏÏÏ�8Ü§
�Äü���¿

8{x2 + y2 ≤ 1} ∪ {x2 + (y − 3)2 ≤ 1}Ò´ØëÏ�8Ü"ëÏ�m8¡�«««���§ëÏ

�48¡�444«««���"

m8!48!>.!ëÏ!«�Ñ´:8ÿÀÆ�­�Vg§��þ�Ñ
ù


Vg3îª�m�î�½Â"·�ùp��¦Öö/�/n)¦^ù
Vg"XJ

òRÚR2éXå5§·�éN´w�R¥�k�4«méAR2�k.4«�§·�F"

3R2�k.4«�þïáëY¼ê�5�"Äk§XJD´k.4«�§½Â3Dz

�:ü:ëY���¼êf(x, y)34«�DëY"ù�½ÂÜ6þ¢Sk×\§Ï�

3D�>.þ¼ê�ëY5Ã{ûÐ½Â§Ïd��¼ê34«��ëY5´/Ï��

���ª½Â§
Ø´Å:½Â"·�ùpÒ/^Å:½Â��ª{ü`²"Ú���

/aq§·��±�ÑDþëY¼ê�eã5�µ
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1.kkk...555 �3e.mÚþ.M÷vm ≤ f(x, y) ≤Mé��(x, y) ∈ D¤á"

2.������������ �m0ÚM0´f(x, y)3D����Ú���§@o�3P,Q ∈ D����§

=f(P ) = m0Úf(Q) = M0"

3.000���555 �M,N ∈ D÷vf(M) = aÚf(N) = b§Ké?¿c0uaÚb�m§�3�

ãMN�:K¦�f(K) = c"

1.2  �êÚ��©

 �êÚ��©´��¼ê�©Æ�Ø%Vg" �ê´��¼ê/ÕágCþ0

À�e¦��½Â§��©£{¡/�©0¤´��¼ê/:À�0e¦��½Â¶ 

�ê��¹
Y²Úç�ü����ÛÜ��ê&E§
��©�¹
�õ�5g¼ê

������ê&E"

 �ê

l/ÕágCþ0À�w��¼êf(x, y)§XJ�½gCþy��@of(x, y)w�

�'ux���¼ê§·�òd�'ux���¼ê�ê½Â�f(x, y)'ugCþx�   

���êêê∂xf"^��4���ó½Â´

∂xf(x, y) = lim
∆x→0

f(x+ ∆x, y)− f(x, y)

∆x
. (27)

'ugCþy� �ê

∂yf(x, y) = lim
∆y→0

f(x, y + ∆y)− f(x, y)

∆y
. (28)

'u �ê·�kn:`²µ

1. �ê�ÎÒ´éõ�§�)∂xf,
∂f
∂x , f

′
x�ÑL«f(x, y)'ugCþx� �ê"

2.�, �ê∂xf�½
��gCþyé,��gCþx¦�§�´���¼ê∂xf�,

´�6x, yü�gCþ���¼ê"ùp·�Ò�±w�O� �ê∂xf�L§¥gC

þx, y/ Øé�"

3.O� �ê∂xf3,:(x0, y0)�¼ê�∂xf(x0, y0)�§·�Q�±��O�Ñ �

ê∂xf(x, y)L�ª,��\(x, y) = (x0, y0)§��±Äk�\y = y0,�é��¼

êg(x) = f(x, y0)¦���g′(x0) = ∂xf(x0, y0)"üö¿Ã«O§¦^S.��{=

�"

 �ê�O�¯KØ%´t�Ù=�Cþ´�¦��Cþ§=�Cþ´�½�C

þ"��5`§|^1�ÙÆL�¦�úªÒ�±O� �ê"�
'�E,�¼ê§

X©ã¼ê§K�UI�¦^ �ê���4�½ÂO� �ê§��e¡ü�~Kµ

~~~ 5. O�e� �ê
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1.n�¼êg(x, y, z) =
(

2y
z

)x
� �ê3(1, 2, 1)?�¼ê�"

2.��¼êu(x, y) =


xy

x2+y2
, x2 + y2 6= 0

0, x2 + y2 = 0
3R2��:� �ê

Proof. 1.©OO�'un�gCþ� �êµkO�∂xg(x, y, z)§dud�gC

þy, z´�½�§Ïd¼ê
(

2y
z

)x
�.ê2y

z �½�±w�´�ê¼ê§Ïd

∂x

(
2y

z

)x
= ln

(
2y

z

)(
2y

z

)x
. (29)

�\(x, y, z) = (1, 2, 1)k∂xg(1, 2, 1) = 4 ln 4¶2O�∂yg(x, y, z)§dud�gCþx, z´

�½�§¤±¼ê
(

2y
z

)x
��ê¢S´�½��±w��¼ê§Ïd

∂y

(
2y

z

)x
= x

(
2y

z

)x−1

∂y

(
2y

z

)
=

2x

z

(
2y

z

)x−1

. (30)

�\(x, y, z) = (1, 2, 1)k∂yg(1, 2, 1) = 2¶��O�∂zg(x, y, z)§�,¦^�¼ê¦�{

∂z

(
2y

z

)x
= x

(
2y

z

)x−1

∂z

(
2y

z

)
= −2xy

z2

(
2y

z

)x−1

. (31)

�\(x, y, z) = (1, 2, 1)k∂zg(1, 2, 1) = −4"

2.5¿�u(x, y)3�:(0, 0)©ã½Â"�(x, y) 6= (0, 0)�§·��±��¦^��

¼ê¦�úªO� �ê

∂xu(x, y) =
y(y2 − x2)

(x2 + y2)2 , ∂yu(x, y) =
x(x2 − y2)

(x2 + y2)2 . (32)

�(x, y) = (0, 0)�§·�¦^½Â¦ �ê

∂xu(0, 0) = lim
∆x→0

u(∆x, 0)− f(0, 0)

∆x
= lim

∆x→0

∆x·0
(∆x)2+02

− 0

∆x
= lim

∆x→0
0 = 0. (33)

Ón∂yu(0, 0) = 0"nÜþã

∂xu(x, y) =


y(y2−x2)

(x2+y2)2
, x2 + y2 6= 0

0, x2 + y2 = 0
∂yu(x, y) =


x(x2−y2)

(x2+y2)2
, x2 + y2 6= 0

0, x2 + y2 = 0
(34)

·��Ñ§©ã¼ê3AÏ:� �ê´I�¦^½ÂO��"3O� �

ê∂xu(0, 0)�§·�7L�Ñ½Â�ªfµ

∂xu(0, 0) = lim
∆x→0

u(∆x, 0)− u(0, 0)

∆x
, (35)

�X·��\�f(∆x, 0) = f(0, 0) = 0"þãÚ½z�Ú�½Ø��Ñ§ÄKN´�

�"
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p� �ê

·�5¿� �ê∂xf�´����¼ê§Ïd·��±?Ø∂xf(x, y)�ëY5

Ú∂xf(x, y)��ê" �ê∂xf��ê�¡�������   ���êêê§P�∂xxfÚ∂xyf§Ù¥/

X∂xyf�éØÓgCþ©O¦�g �ê����� �ê�¡�···ÜÜÜ   ���êêê"�g

aí��±��p� �ê"O��� �êI�Äk¦Ñ�� �ê§2é�� �

ê¦ �ê"

·Ü �êkXe­�¯¢

½½½nnn 1.1. D ∈ R2´«�§XJf(x, y)ü���·Ü �ê∂xyf(x, y)Ú∂yxf(x, y)3Dë

Y§@o��·Ü �ê∂xyf(x, y) = ∂yxf(x, y)3Dþ¤á"

éu�õê/ª{ü�¼ê§��·Ü �êëY¿�éJ÷v�^�§Ïd·�

��Ñ�±b��� �ê∂xyf(x, y) = ∂yxf(x, y)§ù¦�·�O�·Ü �ê�~~

ØI�'%¦ �ê�^S",��¡§éu©ã½Â���¼ê§·Ü �êk�¿

Ø��§·�5we¡�~Kµ

~~~ 6. �¼êf(x, y) =


(x2−y2)xy
x2+y2

, (x, y) 6= (0, 0),

0, (x, y) = (0, 0).
§y²∂xyf(0, 0) 6= ∂yxf(0, 0)"

Proof. ·�ÄkO� �ê∂xf(x, y)µ�(x, y) 6= (0, 0)�kf(x, y) =
(x2−y2)xy
x2+y2

§�

½y��±ÏL���êO�úª�� �ê

∂xf(x, y) = y
x4 + 4x2y2 − y4

(x2 + y2)2 . (36)

�(x, y) = (0, 0)�§f�¼ê�´©ã½Â�§·�7L¦^½ÂO� �ê

∂xf(0, 0) = lim
∆x→0

f(∆x, 0)− f(0, 0)

∆x
= lim

∆x→0

0− 0

∆x
= lim

∆x→0
0 = 0. (37)

�âé(x, y)´Ä�(0, 0)��/©a§�� �ê�L�ª

∂xf(x, y) =

y
x4+4x2y2−y4

(x2+y2)2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
(38)

Ón��

∂yf(x, y) =

x
x4−4x2y2−y4

(x2+y2)2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
(39)

,�©OO�(0, 0)?�·Ü �ê

∂xyf(0, 0) = lim
∆y→0

∂xf(0,∆y)− ∂xf(0, 0)

∆y
= lim

∆y→0

∆y · −(∆y)4

(∆y)4
− 0

∆y
= −1 (40)

10



±9

∂yxf(0, 0) = lim
∆x→0

∂yf(∆x, 0)− ∂yf(0, 0)

∆x
= lim

∆x→0

∆x · (∆x)4

(∆x)4
− 0

∆x
= 1. (41)

¢Sþ§·��±�y∂xyfÚ∂yxf3:(0, 0)ØëY§¤±½n��"�êI�²(�

´§∂xyfÚ∂yxfØëY¿ØUíÑ·Ü �êØ��§y²��·Ü �êØ��7L

î�l½Âí�"

��©�½Â

·��ÑL �ê´/ÕágCþ0À��Vg§Ïd �ê�Nyf(x, y)�½�

�gCþ�,�gCþ�CzÇ"XJ�Â8:(x, y)�C:(x0, y0)�f(x, y)��NC

zÇ§==Nyü���Cz� �ê��Ø
"�X·�Ú\��©"

£Á����©§�½¼êf(x)§·�F"3x0NCò¼ê��∆f = f(x0 +

∆x)− f(x0)Cq�'u∆x��5¼ê§=�3��A¦�

∆f = f(x0 + ∆x)− f(x0) = A∆x+ o(∆x), ∆x→ 0, (42)

@o¡f(x)3:x0?��§�5¼êA∆x´f3:x0��©§P�df = Adx§§´

é∆f�Cq"¢Sþ·��±y²§f(x)3:x0?���¿©7�^�´f(x)3x0?

��§¿���©ëêA = f ′(x0)§¤±��©���df = f ′(x0)dx½f ′(x0) =

df
dx

∣∣∣
x=x0
"��¼ê��©Ú�ê´���§¤±��Ø�«©"

3��¼ê���©µe¥§�½��¼êf(x, y)·�F"3(x0, y0)NCò¼ê�

�∆f = f(x0 + ∆x, y0 + ∆y) − f(x0, y0)���'u∆xÚ∆yü�gCþ��5¼ê§

Ùî�½ÂXe

½½½ÂÂÂ 1.3. �f(x, y)3:(x0, y0)�½Â��¹,¢%��U [(x0, y0), r]½Â§XJ�3

¢êA,B¦�

∆f = f(x0 + ∆x, y0 + ∆y)− f(x0, y0) = A∆x+B∆y + o(ρ), (∆x,∆y)→ (0, 0), (43)

Ù¥ρ =
√

(∆x)2 + (∆y)2§K¡f(x, y)3:(x0, y0)?������§���5¼êA∆x +

B∆y�f(x, y)3:(x0, y0)�������©©©§P�

df = Adx+Bdy. (44)

éu���¼ê
ó§��^½Â���©�O�´'�E,�§�´e¡�½n

�x
��©Ð �ê�'Xµ
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ã 1: ã¡Ð«
��¼ê���!��!ëYn�Vg�'XÚ��¼ê���!�

 �!ëYn�Vg�'X"ã¥�¢��Þ�L�±íÑ§~X���/���±í

ÑëY¶ã¥�J��LÃ{íÑ½I�OÖÙ¦^�â�±íÑ§X���/ëY�

�íØÑ��"

½½½nnn 1.2. XJf(x, y)3:(x0, y0)?��§@of(x, y)3:(x0, y0)ü�gCþ��� 

�ê�3§¿���©÷v

df = ∂xf(x0, y0)dx+ ∂yf(x0, y0)dy. (45)

�âþã�½n§XJ·�®²(½
¼ê��§·��I�O�ü� �êÒ�

±�Ñ��©"·�ÏLe¡�¯K5Ð«µ

~~~ 7. O���©£ØI�y²��5¤µn�¼êg(x, y, z) =
(

2y
z

)x
�3(1, 2, 1)?�

�©"

Proof. �cO�Ñ∂xg(1, 2, 1) = 4 ln 4, ∂yg(1, 2, 1) = 2, ∂zg(1, 2, 1) = −4§�â(45)�

dg = 4 ln 4dx+ 2dy − 4dz. (46)

��!ëY!� ��'X

3��¼ê�µee§3�:x = x0��Ú��´�d�Vg§
��/���±

íÑëY§ëYíØÑ��/��"e¡·�5n���¼ê¥��!� �ÚëYn

�Vg�'X§ë�ã1§·�þ�Ä��¼êf(x, y)3�:(x0, y0)�ü:5�"

Äk§3��!� �ÚëYn�Vg¥§��Ú� �´��&E§ëY´"�

&E"�p��&E���±íÑ$�&E:

½½½nnn 1.3. XJf(x, y)3:(x0, y0)?��§@of(x, y)3:(x0, y0)?ëY"

12



þ¡�½nw�·���5�±íÑëY5§·�g,ØUÏ"��"�&E�ë

Y5�±íÑ��5½� �"

,��¡§��ÚëY´/:gCþ0À��Vg§
� �´/ÕágCþ0

À��Vg§/:gCþ0À�%¹f(x, y)3:(x0, y0)���U [(x0, y0), r]��Ü&

E§
/ÕágCþ0À����½
��gCþ�	,��gCþCz§=�

½x = x0½y = y0�ÛÜ&E"w,§/:gCþ0À�e���&E���±íÑ

/ÕágCþ0À�e���&E� �£X½n1.2¤§��/ÕágCþ0À�e

�� �íØÑ/:gCþ0À�e���§�íØÑ/:gCþ0À�e�"�&E

ëY"ùp��5¿�´µ�â½n1.3·�d��5�±íÑëY5§�´d� �

£=¦´ü���¤ÑíØÑëY5§3~K8¥�Ñ
ù���~"

¢Sþ§XJ·���f(x, y)3:(x0, y0)� �§O��
^���±í

Ñf(x, y)3:(x0, y0)��µ

½½½nnn 1.4. XJf(x, y)3:(x0, y0)�,�¢%��U [(x0, y0), δ]Ñ�3ü�gCþ �

ê∂xfÚ∂yf§�ü� �êþ3:(x0, y0)?ëY§@of(x, y)3:(x0, y0)?��"

½n1.4w�·�§XJ�íÑf(x, y)3:(x0, y0)?��§Ø=I�f(x, y)3

:(x0, y0)?�3ü� �ê§�I�f(x, y)3:(x0, y0)�,�¢%���z��:

Ñ�3 �ê§d	�I� �êëYù��r�1w5^�§´�~���"l½

n1.4·���±²(w�§��o·v`��/:gCþ0À�Vg���´'� 

�réõ�(Ø"=BXd§·��Ñ½n1.4�´���¿©^�§
Ø´7�^

�"

~~~ 8. �u(x, y) =


xy

x2+y2
, x2 + y2 6= 0

0, x2 + y2 = 0
§u(x, y)3:(0, 0)´Ä��§ �ê∂xuÚ∂yu3

:(0, 0)´ÄëYº

Proof. ~K4w�·�u(x, y)3:(0, 0)ØëY§�â½n1.3ku(x, y)3:(0, 0)Ø�

�"

e¡�y �ê�ëY5§I��ylim(x,y)→(0,0) ∂xu(x, y) = ∂xu(0, 0)´Ä¤á"

�â~K5�O�(J§=�y

lim
(x,y)→(0,0)

y(y2 − x2)

(x2 + y2)2 = 0. (47)

¯K=z�����4�¯K§·�`²ù�4�Ø�3µ^ç�´»�C§

�x = 0
y → 0òþã��4�=z���4�

lim
y→0

y3

y4
=∞. (48)
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dué�
���C��uÑ§��4�lim(x,y)→(0,0)
y(y2−x2)

(x2+y2)2
uÑ§u´∂xu3

:(0, 0)ØëY"Ón�í∂yu3:(0, 0)ÑØëY"

�~�¼êu(x, y)´n)��!� �!ëY'X�­�~fµu(x, y)3(0, 0)?

¿ØëY§
Ø��§�´Ù3(0, 0)ü� �êÑ�3§ù`² �êíØÑëY

½��¶,��¡§·�w�
 �ê∂xuÚ∂yu�,3R2z��:Ñ�3§�´3

:(0, 0)ØëY§ØÎÜ½n1.4��¦§¤±íØÑu(x, y)3(0, 0)��"

��ÚØ���y²

�!·�o(�nÏL½ÂÚ½n1.2-1.4y²¼ê��5/Ø��5��«�{§

ù
�{3)K¥�~­�"

y²f(x, y)3:(x0, y0)��5��{kXeA«µ

1.���âââ½½½nnn1.4 y²f(x, y)ü� �ê3(x0, y0)�¢%��p�3§�3:(x0, y0)ë

Y"½n1.4�^�¹���§ÏdØ~^"

2.^̂̂½½½ÂÂÂ ª(43)´^Ã¡�þ�ó�Ñ�§Ù¥�â½n1.2ëêA,B7L´ü� �

ê"ïá3∂xf(x0, y0)Ú∂yf(x0, y0)�3�Ä:þ§��5�½Â¢S�¦4�

lim
(∆x,∆y)→(0,0)

f(x0 + ∆x, y0 + ∆y)− f(x0, y0)− ∂xf(x0, y0)∆x− ∂yf(x0, y0)∆y√
(∆x)2 + (∆y)2

= 0.

(49)

y²f(x, y)3:(x0, y0)Ø����{kXeA«µ

1.���âââ½½½nnn1.3 XJf(x, y)3:(x0, y0)ØëY§@of(x, y)3:(x0, y0)Ø��"

2.���âââ½½½nnn1.2 XJf(x, y)3:(x0, y0)� �ê∂xf(x0, y0)½∂yf(x0, y0)Ø�3§@

of(x, y)3:(x0, y0)Ø��"

3.^̂̂½½½ÂÂÂ Ó�òª(43)=z�4�§ïá3∂xf(x0, y0)Ú∂yf(x0, y0)�3�Ä:þ§X

J

lim
(∆x,∆y)→(0,0)

f(x0 + ∆x, y0 + ∆y)− f(x0, y0)− ∂xf(x0, y0)∆x− ∂yf(x0, y0)∆y√
(∆x)2 + (∆y)2

, (50)

uÑ½Âñ�´Ø´0§@of(x, y)3:(x0, y0)Ø��"

XJ�^½Ây²��5§7LÄkO�Ñ��¼êf(x, y)3:(x0, y0)�ü� �

ê§�\ª(50)¥�y4�5�"

~~~ 9. �f(x, y) =
√
|xy|§O�∂xf(0, 0)Ú∂yf(0, 0)§dd`²f3:(0, 0)Ø��"

Proof. �K¼ê�¹ýé�§���©ã¼ê§ÏL½ÂO� �ê

∂xf(0, 0) = lim
∆x→0

f(∆x, 0)− f(0, 0)

∆x
= lim

∆x→0

0− 0

∆x
= 0. (51)
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ÓnO��∂xf(0, 0) = ∂yf(0, 0) = 0"

�e5·�^�y{��ó`²f3:(0, 0)Ø��"XJb�f3(0, 0)��§@

of3:(0, 0)��©´0dx+ 0dy§�\�©�½Â(43)�

f(∆x,∆y)− f(0, 0) = 0∆x+ 0∆y + o
(√

(∆x)2 + (∆y)2
)
. (52)

,�z{�� √
|∆x∆y| = o

(√
(∆x)2 + (∆y)2

)
. (53)

·��X¦^p�Ã¡�þ�½Â

lim
(∆x,∆y)→(0,0)

√
|∆x∆y|√

(∆x)2 + (∆y)2
= 0. (54)

,
�â~K2�(Ø§4�lim(∆x,∆y)→(0,0)

√
|∆x∆y|√

(∆x)2+(∆y)2
´uÑ�§ddíÑgñ"

FÝÚ���ê

Äk�ÑFÝ�½Â

½½½ÂÂÂ 1.4. ¼êf(x, y)3:(x0, y0)�FFFÝÝÝ§����þ

gradf |(x0,y0)= (∂xf(x0, y0), ∂yf(x0, y0)) . (55)

·��Ñ§FÝ�¿Â´¼êf(x, y)3:(x0, y0)NCþþþ,,,���¯̄̄��"XJf��§

@o¼êf�Czþ÷v

f(x+ ∆x, y + ∆y)− f(x, y) ≈ (∂xf(x0, y0), ∂yf(x0, y0)) · (∆x,∆y). (56)

�½�þ(∆x,∆y)��Ý§�ÀJ�þ(∆x,∆y)²1uFÝ�þgradf |(x0,y0)�§þ

,þf(x + ∆x, y + ∆y) − f(x, y)��"ù´Ï��
¦SÈ(∂xf(x0, y0), ∂yf(x0, y0)) ·

(∆x,∆y)��§I�Y��{����§=Y��0Ý"

 �ê∂xfïÄ�´f(x, y)3�½��gCþy�gCþx��ê§��uï

Äf(x, y)3²1ux¶���CzÇ"·�F"ò �ê�Vgò��f(x, y)3?

¿�Ç�����CzÇ§Òk
���������êêê�Vgµ

½½½ÂÂÂ 1.5. �n = (a, b)´��²¡þ���ü �þ§@of3(x0, y0)?'un���

���������êêê½Â�

∂nf = lim
t→0

f(x0 + ta, y0 + tb)− f(x0, y0)

t
. (57)
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7L5¿§�L���ê����þn�#N´ü �þ"���ê�O��±Ï

L �ê�SÈ$�{ü��µ

∂nf = (∂xf(x0, y0), ∂yf(x0, y0)) · n. (58)

~~~ 10. 2020cccppp���êêêÆÆÆBÏÏÏ"""���ÁÁÁKKK. ¦¼êf(x, y, z) =
(

2y
z

)x
3:(1, 2, 1)eü�¯

���éA�ü �þÚ���ê"

Proof. �â©Û§eü�¯���´KFÝ��§=

−gradf |(1,2,1)= (−4 ln 4,−2, 4). (59)

du·��¦T���ü �þ§O�Ñ�þ�Ý
∣∣gradf |(1,2,1)

∣∣ = 2
√

4 (ln 4)2 + 5§¤

±eü�¯��

n =
1√

4 (ln 4)2 + 5
(−2 ln 2,−1, 2). (60)

·�O���n = 1√
4(ln 4)2+5

(−2 ln 2,−1, 2)����ê§�â(58)�

∂nf(1, 2, 1) =
1√

4 (ln 4)2 + 5
(−2 ln 2,−1, 2) · (4 ln 4, 2,−4)

= −2

√
4 (ln 4)2 + 5. (61)

1.3 EÜ¼ê� �ê

éu�õêkwL�ª�¼ê§·�Ñ�±ÏL��¼ê��êO�úª��O�

Ù �ê"
éuvkL�ª�¼ê§·�KI�/ÏEÜ¼ê �ê�O�úªµó

ª{K"

óª{K

·�£���¼êEÜ¼ê¦��óª{K"�ÄCþx, y, z÷v'Xz =

f(y)Úy = g(x)§@o¼êfÚg��ê©O�x
z'uy�CzÇÚy'ux�C

zÇ§=f ′(y) = dz
dyÚg

′(x) = dy
dx"XJ·���xz'ux�CzÇ§=EÜ¼

êz = H(x) = f(g(x))��¼ê§Ò7Lòz'u�y�CzÇÚy'ux�^å5µ

dz

dx
=

dz

dy
· dy

dx
. (62)

þãúª¡�óª{K§�´·�7L5¿µ�ý dz
dx��z'ux�CzÇ"gCþ7

,´x¶mý¦ªdz
dy%±y�gCþ§ùw,´'�Û%�"¢Sþ�
î�óª{K
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�êÆz£ã§·���

dz

dx

∣∣∣∣
x=x0

=
dz

dy

∣∣∣∣
y=g(x0)

· dy

dx

∣∣∣∣
x=x0

, H ′(x) = f ′(g(x))g′(x), (63)

=óª{K¥�dz
dy¢S´y = g(x)O��±x�gCþ�EÜ¼ê"3n)��¼êó

ª{K(62)�§�RØ��P4úª§Ø'%��gSº"

·�£8��¼ê"�ÏCþz�gCþu, vkéA'Xz = f(u, v)§
g

Cþu, v��,	�gCþx, yk�6'Xu = u(x, y)Úv = v(x, y)"XJ·�'

%zéu, v�CzÇ§@Ò�I�O�f� �ê=�"XJ·�'%zéx, y��ê§·

�Ò7Lòzéu, v�CzÇÚu, véx, y�CzÇ�^å5§��
��/J�0��

�¼êóª{K

∂z

∂x
=

∂f

∂u
· ∂u
∂x

+
∂f

∂v
· ∂v
∂x
, (64)

∂z

∂y
=

∂f

∂u
· ∂u
∂y

+
∂f

∂v
· ∂v
∂y
, (65)

þã/óª{K0�,é{'§�´·�7LrN �ê´¼ê"¤± �ê ∂z
∂x ,

∂z
∂y´

'ux, y���¼ê§¤±mý��z�����¤'ux, y���¼ê"Ïd�±òó

ª{K(64)-(65)�¤�gCþ����/ª�óª{Kµ

∂z

∂x
(x, y) =

∂f

∂u
(u(x, y), v(x, y)) · ∂u

∂x
(x, y) +

∂f

∂v
(u(x, y), v(x, y)) · ∂v

∂x
(x, y), (66)

∂z

∂y
(x, y) =

∂f

∂u
(u(x, y), v(x, y)) · ∂u

∂y
(x, y) +

∂f

∂v
(u(x, y), v(x, y)) · ∂v

∂y
(x, y), (67)

�e5·�ÏL~K5ÙGóª{Kµ

~~~ 11. �Ä¼êz = f(u, v)Ù¥u = ex, v = y sinx§O� ∂z
∂xÚ

∂z
∂y"

Proof. |^óª{KO�

∂z

∂x
(x, y) =

∂f

∂u
(ex, y sinx) · ∂u

∂x
(x, y) +

∂f

∂v
(ex, y sinx) · ∂v

∂x
(x, y)

= ex
∂f

∂u
(ex, y sinx) + y cosx

∂f

∂v
(ex, y sinx). (68)

±9

∂z

∂y
(x, y) =

∂f

∂u
(ex, y sinx) · ∂u

∂y
(x, y) +

∂f

∂v
(ex, y sinx) · ∂v

∂y
(x, y)

= sinx
∂f

∂v
(ex, y sinx). (69)
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EÜ¼ê���ê�O�

XJ·�2�¦z'ux, y��� �ê§Ò´é �ê ∂z
∂xÚ

∂z
∂y2¦�g �

ê" ∂z
∂xÚ

∂z
∂y´'ux, y���¼ê§/ªX(66)-(67)¤«§äkEÜ¼ê�/ª§Ï

dI�·�E,éª(66)-(67)¦^óª{K"Ø�ÓÆ3O�EÜ¼ê���ê��

�¯K§´Ã{n)XÛé(64)-(65)¥/X∂f
∂u�ªf¦�"�´·�7L²x§ �

ê∂f
∂u�´¼ê§�gCþ�/ªdª(66)-(67)�Ñ"

~~~ 12. �Ä¼êz = f(u, v)Ù¥u = ex, v = y sinx§O� ∂2z
∂x2
"

Proof. ·�I�éª(68)2éx¦�g �ê"ª(68)¥/Xex ∂f∂u(ex, y sinx)��§�

±w�¦È¼ê5¦�µ

∂2z

∂x2
(x, y)

=
∂

∂x

[
ex
∂f

∂u
(ex, y sinx)

]
+

∂

∂x

[
y cosx

∂f

∂v
(ex, y sinx)

]
= ex

∂f

∂u
(ex, y sinx) + ex

∂

∂x

[
∂f

∂u
(ex, y sinx)

]
− y sinx

∂f

∂v
(ex, y sinx)

+y cosx
∂

∂x

[
∂f

∂v
(ex, y sinx)

]
= ex

∂f

∂u
(ex, y sinx) + ex

[
ex
∂2f

∂u2
(ex, y sinx) + y cosx

∂2f

∂uv
(ex, y sinx)

]
−y sinx

∂f

∂v
(ex, y sinx) + y cosx

[
ex
∂2f

∂vu
(ex, y sinx) + y cosx

∂2f

∂v2
(ex, y sinx)

]
= ex

∂f

∂u
+ e2x∂

2f

∂u2
+ y cosxex

∂2f

∂uv
− y sinx

∂f

∂v
+ y cosxex

∂2f

∂vu
+ y2 cos2 x

∂2f

∂v2
.(70)

1.4 �Ù�:

e¡o(�Ù²;K.

1.��4��©Ûµ�)ÂñÚuÑü«�¹�?Ø�{"

2.\g4��O�"

3.��¼êü:ëY5�©Ûµ¦^úª(25)"

4. �ê�O�µ~5¼ê¦^��¦�{K��§©ã¼êKI�3AÏ:^½ÂO

�"

5.p� �ê�O�µé �êUY¦ �ê"

6.��©�O�µO� �ê,��¤(45)�/ª"

7.��5©Û"

8.FÝÚ���ê�O�µ��´O� �ê"
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9.EÜ¼ê �ê�O�µA^óª{K"

10.EÜ¼ê�� �ê�O�µA^óª{K§­3éóª{K�n)§'5

ª(66)-(67)"

2 *Ðò�

2.1 *ÐSK

KKK 1. ?Ø��4�lim(x,y)→(∞,∞)

(
x2 + y2

)
e−|x|−|y|"

©Ûµ�KÓ�´4�I���A^§(x, y) → (∞,∞)34�I¿ÂeÒ´r →

+∞§�4�θÃ'"

Proof. �(x, y) → (+∞,+∞)�§e−(|x|+|y|)´�ê?P~�§Ïd�*/@�4�AT

´0"·�/Ï4�I��`�Ùù�¯∣∣∣(x2 + y2
)

e−(|x|+|y|)
∣∣∣ =

∣∣∣r2e−r(| cos θ|+| sin θ|)
∣∣∣ , (71)

�â9Ï�úª

| cos θ|+ | sin θ| ≥ 1, (72)

Ïd ∣∣∣(x2 + y2
)

e−(|x|+|y|)
∣∣∣ ≤ r2e−r. (73)


limr→+∞ r
2e−r = 0§Ïd�K4��0"

KKK 2. ?Ø��4�lim(x,y)→(0,0)
x2y
x4+y2

"

©Ûµ�K´uÑ4��õ´»�C{¯K§�´3ÀJ�C´»�§?¿��

�y = kx�Ñ���¼ê4�Ñ´0"ùp�9�ÀJÂñ´»��Ô��E|"

Proof. ¦^õ´»�C{§Äk�y = x
x→ 0§d�

lim
(x,y)→(0,0)

x2y

x4 + y2
= lim

x→0

x3

x4 + x2
= lim

x→0

x

x2 + 1
= 0, (74)

AO/§é�Kæ^?¿��¿y = kx�C(0, 0)§Ù¥k´~ê£=(x, y)÷�Ç´k�

���C(0, 0)¤§�����4�þ�0"ù¦�\ßÿ�K���4�´Âñ�
�

uÑ�§,
·��±�Äe¡��/µ��Ô��C´»y = x2§Ó�x→ 0§ù�

lim
(x,y)→(0,0)

x2y

x4 + y2
= lim

x→0

x4

x4 + x4
= lim

x→0

1

2
=

1

2
, (75)

ddé�Âñuü�ØÓ��ü^�C´»"¤±�K4�uÑ§
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KKK 3. ¦f(x, y) =

y ln
(
x2 + y2

)
, x2 + y2 6= 0,

0, x2 + y2 = 0
3(0, 0)� �ê"

©Ûµ�K´©ã¼ê§¦^ �ê�½Â©OO�"�K�¼ê3(0, 0)��

3x�gCþ� �ê§Ø�3y�gCþ� �ê"

Proof. �â½Â©Ok

∂xf(0, 0) = lim
∆x→0

f(∆x, 0)− f(0, 0)

∆x
= lim

∆x→0

0− 0

∆x
= 0, (76)

Ïd∂xf(0, 0) = 0",��¡

∂yf(0, 0) = lim
∆y→0

f(0,∆y)− f(0, 0)

∆y
= lim

∆y→0

∆y ln
(
(∆y)2

)
− 0

∆y
= lim

∆y→0
2 ln (∆y) = −∞,

(77)

¤±f(x, y)3(0, 0)Ø�3±ygCþ� �ê"

KKK 4. y²µf(x, y) =

xy sin
(

1
x2+y2

)
, x2 + y2 6= 0,

0, x2 + y2 = 0
3(0, 0)���´ �êØë

Y"

©Ûµ�y²f(x, y)3(0, 0)��§7LÄkO�f(x, y)3(0, 0)�ü� �ê§,

�¦^½Â�y��5¶�?Øf(x, y) �ê3(0, 0)�ëY5§KI�O�f(x, y)3(0, 0)�

�� �ê"�K¢S�Ñ
½n1.4��~§f(x, y) �ê3(0, 0)ØëY§�´�,

��"�Ky² �êëY5�9�4�O�'�E,"

Proof. ·�Äk�Ä �ê�ëY5"5¿�f(x, y)3�:(0, 0)©ã½Â"�(x, y) 6=

(0, 0)�§·��±��¦^��¼ê¦�úªO� �ê

∂xf(x, y) = y sin

(
1

x2 + y2

)
− 2x2y

(x2 + y2)2 cos

(
1

x2 + y2

)
, (78)

∂yf(x, y) = x sin

(
1

x2 + y2

)
− 2xy2

(x2 + y2)2 cos

(
1

x2 + y2

)
. (79)

�(x, y) = (0, 0)�§·�¦^½Â¦ �ê

∂xu(0, 0) = lim
∆x→0

f(∆x, 0)− f(0, 0)

∆x
= lim

∆x→0

0− 0

∆x
= 0. (80)

Ón∂yu(0, 0) = 0"�½ �ê∂xf(x, y)3(0, 0)ëY¢S´?Ø

lim
(x,y)→(0,0)

[
y sin

(
1

x2 + y2

)
− 2x2y

(x2 + y2)2 cos

(
1

x2 + y2

)]
, (81)

20



´ÄÂñu0"�±©¤üÜ©?Ø§Äk
∣∣∣y sin

(
1

x2+y2

)∣∣∣ ≤ |y|§�âY%�n
lim

(x,y)→(0,0)
y sin

(
1

x2 + y2

)
= 0, (82)

,��¡�Älim(x,y)→(0,0)
2x2y

(x2+y2)2
cos
(

1
x2+y2

)
§·�^õ´»�C{y²uÑ§�x =

y�x→ 0k

lim
(x,y)→(0,0)

2x2y

(x2 + y2)2 cos

(
1

x2 + y2

)
= lim

x→0

2

x
cos

(
1

2x2

)
uÑ. (83)

¤±lim(x,y)→(0,0)
2x2y

(x2+y2)2
cos
(

1
x2+y2

)
uÑ"(ÜüÜ©·��Ñ4�(81)uÑ§¤±

 �ê∂xf3(0, 0)ØëY¶ �ê∂yfÓn�3(0, 0)ØëY"

e¡y²f(x, y)3(0, 0)��§�â½Â·�¢Sy²ª(50)�4�´Ä¤á"¢S

þ

lim
(∆x,∆y)→(0,0)

f(∆x,∆y)− f(0, 0)− 0∆− 0∆y√
(∆x)2 + (∆y)2

= lim
(∆x,∆y)→(0,0)

∆x∆y sin
(

1
(∆x)2+(∆y)2

)
√

(∆x)2 + (∆y)2
.

(84)

·�|^²þ�Ø�ª(∆x)2 + (∆y)2 ≥ 2|∆x∆y|� ∣∣∣∣∣∣
∆x∆y sin

(
1

(∆x)2+(∆y)2

)
√

(∆x)2 + (∆y)2

∣∣∣∣∣∣ ≤
∣∣∣∣∣ ∆x∆y√

2|∆x∆y|

∣∣∣∣∣ ·
∣∣∣∣sin( 1

(∆x)2 + (∆y)2

)∣∣∣∣
≤

√
|∆x∆y|

2
, (85)

dulim(∆x,∆y)→(0,0)

√
|∆x∆y|

2 = 0§¤±4�(84)Âñu0"

KKK 5. ��¼êf(x, y)3R2þ�3ëY� �ê§÷vx∂xf(x, y) + y∂yf(x, y) = 0é�

�(x, y) ∈ R2¤á§y²µ�3¼êF¦�F (θ) = f(r cos θ, r sin θ)é��r ≥ 0¤á§

Ù¥(r, θ)éA(x, y)�4�I"

©Ûµ�K�y²�Ø%¢S´§�θ�½���¼êf(r cos θ, r sin θ)'ur�~�

¼ê§�âdc��¼ênØ§·�I�y²∂r (f(r cos θ, r sin θ)) = 0"

Proof. -g(r, θ) = f(r cos θ, r sin θ)§·�I�y²g(r, θ)��6θ§�θ�½g(r, θ)´'

ur�~¼ê§=∂rg(r, θ) = 0é��(r, θ)¤á"

�âóª{Kk

∂rg(r, θ) = cos θ∂xf(r cos θ, r sin θ) + sin θ∂yf(r cos θ, r sin θ). (86)
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�â4�I�½Âk

∂rg(r, θ) =
x

r
∂xf(x, y) +

y

r
∂yf(x, y) = 0, r ∈ (0,+∞), (87)

�½θòg(r, θ)w��±r�gCþ���¼ê§(Ü∂rg(r, θ) = 0��g(r, θ) = C(θ)é

��r ∈ [0,+∞)¤á§·K�y"

2.2 *ÐÖ¿K

ÖÖÖ 1. O�e�¼ê �ê

1.f(x, y) = xx
y

2.f(x, y) = arcsin x√
x2+y2

ÖÖÖ 2. 2021ppp���êêêÆÆÆBÏÏÏ"""���ÁÁÁKKK. y²f(x, y, z) =


xyz

x2+y2+z2
, x2 + y2 + z2 6= 0,

0, x2 + y2 + z2 = 0
3

:(0, 0, 0)Ø��"

ÖÖÖ 3. 2021ppp���êêêÆÆÆBÏÏÏ"""���ÁÁÁKKK. �f, gÑäkëY��� �ê§�x 6= 0�½

Âh(x, y) = xf
( y
x

)
+ g

( y
x

)
§O�x2∂xxh(x, y) + 2xy∂xyh(x, y) + y2∂yyh(x, y)"

ÖÖÖ 4. �Äf(x, y) =


x2y
x2+y2

x2 + y2 6= 0,

0, x2 + y2 = 0
§£�e�¯Kµ

1.y²f(x, y)3(0, 0)�3 �ê�´Ø��"

2.-x = y = tKg(t) = f(t, t) = t
2§d�g

′(t) 6= f ′x(t) + f ′y(t)óª{K��§`²ù��

ØÑy�nd"
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