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1.1 ��¼ê�Vúª

����Vúª�C§���Vúª�E�8��´Cq���¼ê"·�òÄk

0����Vúª�/ª§,�O��Vúª�O��{"

n)��¼ê�Vúª

·�£Á���Vúª��Eµéu���¼êf(x)§·��3x0NC^��õ�

ªCqf(x)§dd·��E
�Võ�ªµ

P Tn = f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2
(x− x0)2 + · · ·+ f (n)(x0)

n!
(x− x0)n, (1)

Ù¥P Tn (x)´��ngõ�ª§�,�
ïÄõ�ª3x0NC�1�·�rz��Ñ�

¤
x− x0�/ª"·��±y²3x0NCP Tn (x) ≈ f(x)§Cq�Ø��¡�{�§§

´��p��Ã¡�þµ

e(x) = f(x)− P Tn (x) = o ((x− x0)n) . (2)
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·�ò�Võ�ªÚ{��3�å§Ò���Vúªµ

f(x) = P Tn (x) + e(x)

= f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2
(x− x0)2 + · · ·+ f (n)(x0)

n!
(x− x0)n + o ((x− x0)n) .

(x→ x0) (3)

éu��¼ê§·��F"3x0NC^,�õ�ªCqf"·�Äk²(�1��

¯K´§��õ�ª´�o"�g���õ�ªP1(x, y)�/ª/Xµ

P1(x, y) = a0 + a11x+ a12y, (4)

§�¹
~ê�Úx, y��g�§���g��õ�ªdn�Xê(½"�gõ�ª�

��/ª´

P2(x, y) = a0 + a11x+ a12y + a21x
2 + a22xy + a23y

2, (5)

§�¹
~ê�§�g�x, yÚ�g�x2, y2, xy§Ù¥�g��)���xy"�g��

õ�ªI�d8�Xê(½§dd����õ�ª����õ�ª���E,§XJ�

Än�õ�ª§KÙ���¬�õ"

·�y3���´§�½��¼êf(x, y)§·�XÛ�E��ng���õ�ª

éf���Ð�Cq"�
�Bå�-∆x = x − x0Ú∆y = y − y0§·��E/Xeã

���õ�ª

P (x, y) = a0 + a11(x− x0) + a12(y − y0) + a21(x− x0)2 + a22(x− x0)(y − y0) +

a23(y − y0)2 + · · ·

= a0 + a11∆x+ a12∆y + a21(∆x)2 + a22∆x∆y + a23(∆y)2 + · · · (6)

²Lî��êÆ©Û§·��±�ÑXe�ng���Võ�ª§��éf�ÛÜ�Z

Cqµ

P Tn (x, y)

= f(x0, y0) +

(
∆x

∂

∂x
+ ∆y

∂

∂y

)
f(x0, y0) +

1

2!

(
∆x

∂

∂x
+ ∆y

∂

∂y

)2

f(x0, y0) +

· · · 1

n!

(
∆x

∂

∂x
+ ∆y

∂

∂y

)n
f(x0, y0). (7)

¾��(7)�/ªq��ª(6)¥���õ�ª��$�§¢Sþ·�3(7)¥¦^
�


{zPÒµ~X�g�(
∆x

∂

∂x
+ ∆y

∂

∂y

)
f(x0, y0) = ∆x

∂f

∂x
(x0, y0) + ∆y

∂f

∂y
(x0, y0), (8)
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¢SþÒ´r�©$� ∂
∂xÚ

∂
∂yk�¤¦Ú£�5LÑ¤∆x ∂

∂x + ∆y ∂
∂y,��^�¼

êfþ¿3(x0, y0)��§Ù¢S¿Â�©O$�´���"�g�(
∆x

∂

∂x
+ ∆y

∂

∂y

)2

f(x0, y0)

= (∆x)2
∂2f

∂x2
(x0, y0) + ∆x∆y

∂2f

∂x∂y
(x0, y0) + ∆x∆y

∂2f

∂y∂x
(x0, y0) + (∆y)2

∂2f

∂y2
(x0, y0)

= (∆x)2
∂2f

∂x2
(x0, y0) + 2∆x∆y

∂2f

∂x∂y
(x0, y0) + (∆y)2

∂2f

∂y2
(x0, y0), (9)

þã$��1�Ú§´r¦�$�L�ª
(

∆x ∂
∂x + ∆y ∂

∂y

)2
|^��ª½n��{Ðm

� (
∆x

∂

∂x
+ ∆y

∂

∂y

)2

= (∆x)2
∂2

∂x2
+ ∆x∆y

∂2

∂x∂y
+ ∆x∆y

∂2

∂y∂x
+ (dty)2

∂2

∂y2
, (10)

,��^�¼êfþ¿3(x0, y0)��"ª(9)�1�Ú§K´b�
·Ü �ê ∂2

∂x∂y =

∂2

∂y∂x��/eòü�Ü¿§3?n�Vúª�'�O�K¥·���b�ü�·Ü �

ê��"

o(e5§ª(7)�Ñ���õ�ªP Tn (x, y)�¡�f3x0, y0)NC�nggg���VVVõõõ���

ªªª"3ª(7)¥·�¦^
¦�$�{��ª§ù��{�éuÐÆö�UJ±n)§

�´%kXÖ�{B�k:"�O�¼ê��Võ�ª�§·�7L�ò/Xª(7)�

Ðm�¤/X(6)�IOõ�ª/ª"

��§·��±�Ñ�Võ�ª�{�"�Äng�Võ�ªP Tn (x, y)§Ù{�´

e(x, y) = f(x, y)− P Tn (x, y) = o
((√

(∆x)2 + (∆y)2
)n)

. (11)

(Ü{�§·��±�Ñ����Vúª

f(x, y) = f(x0, y0) +

(
∆x

∂

∂x
+ ∆y

∂

∂y

)
f(x0, y0) +

1

2!

(
∆x

∂

∂x
+ ∆y

∂

∂y

)2

f(x0, y0) +

· · · 1

n!

(
∆x

∂

∂x
+ ∆y

∂

∂y

)n
f(x0, y0) + o

((√
(∆x)2 + (∆y)2

)n)
.

((x, y)→ (x0, y0)) (12)

�Vúª�O�

����/aq§O���¼êf(x, y)�Vúª�Ä���{´ÏLO�f3

:(x0, y0)��� �ê§,�ÏLª(12)|C¤����Vúª"ù��K8´�Á¥

��IO�K.µ

~~~ 1. �Ñ¼êf(x, y) = arctan x
y3:(a, b)?��g�Võ�ª§Ù¥a, b > 0"
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Proof. ·�Äk�Ñ�g�Võ�ª�/ªµ

P T2 (x, y) = f(x0, y0) + ∆x
∂f

∂x
(x0, y0) + ∆y

∂f

∂y
(x0, y0) +

1

2
(∆x)2

∂2f

∂x2
(x0, y0) +

∆x∆y
∂2f

∂x∂y
(x0, y0) +

1

2
(∆y)2

∂2f

∂y2
(x0, y0). (13)

dd·�I�O�f(x, y) = arctan x
y3:(a, b)?�����Ú�� �ê"

ÄkO��� �êµ

∂f

∂x
(x, y) =

1
y

1 +
(
x
y

)2 =
y

x2 + y2
. (14)

±9
∂f

∂y
(x, y) =

− x
y2

1 +
(
x
y

)2 =
−x

x2 + y2
. (15)

�\a, b > 0�
∂f

∂x
(a, b) =

b

a2 + b2
,

∂f

∂y
(a, b) =

−a
a2 + b2

. (16)

�e5O��� �êµ

∂2f

∂x2
=

∂

∂x

(
y

x2 + y2

)
= − 2xy

(x2 + y2)2
. (17)

±9
∂2f

∂x∂y
=

∂

∂y

(
y

x2 + y2

)
=

x2 − y2

(x2 + y2)2
. (18)

�k
∂2f

∂y2
=

∂

∂y

(
−x

x2 + y2

)
=

2xy

(x2 + y2)2
. (19)

�\a, b > 0�

∂2f

∂x2
(a, b) =

−2ab

(a2 + b2)2
,

∂2f

∂x∂y
=

a2 − b2

(a2 + b2)2
,

∂2f

∂y2
=

2ab

(a2 + b2)2
. (20)

|C¤�g�Võ�ª

P T2 (x, y) = arctan
a

b
+
b(x− a)

a2 + b2
+
−a(y − b)
a2 + b2

+
−ab(x− a)2

(a2 + b2)2
+

(a2 − b2)(x− a)(y − a)

(a2 + b2)2
+
ab(y − b)2

(a2 + b2)2
. (21)

duO� �ê´éE,�§O��g�Võ�ªÒI�O�8� �ê§O�þ

�~�"�d·���±JÑ�
Ø¦^ �êÒ�±O��Vúª½�Võ�ª��

{"ù
�{�6;.����Vúª§·�ÏL~K{�0�"

4



~~~ 2. ������{{{ ¦f(x, y) = ln(1 + x+ y)3:(0, 0)NC��Vúª§Ðm�ng"

Proof. �z → 0�^���Vúª

ln(1 + z) = z − z2

2
+ · · ·+ (−1)n−1zn

n
+ o(zn), (22)

�(x, y)→ (0, 0)�x+ y → 0§dd·��±3ª(22)¥�z = x+ y,�Ðm�ngµ

ln(1 + x+ y) = x+ y − (x+ y)2

2
+

(x+ y)3

3
+ o

((
x2 + y2

) 3
2

)
= x+ y − x2

2
− xy − y2

2
+
x3

3
+ x2y + xy2 +

y3

3
+ o

((
x2 + y2

) 3
2

)
.(23)

555))) 1. du·�I�Ðm�ng§Ïd·��I�Ðm� (x+y)3

3 �Ò�±
§�pg

�� (x+y)4

4 Ðm���ªf��´og�",	ª(22)Úª(23)�g�VÐm{�©O

�o
(

(x+ y)3
)
Úo

((
x2 + y2

) 3
2

)
§�âþ�Ø�ª(x + y)3 ≤

(
x2 + y2

) 3
2§¤±�±ò

ª(22)�{�8\ª(23)�{�¥§,��â�Vúª���5��(23)´�(��V

úª"

~~~ 3. oooKKK$$$���{{{ ¦f(x, y) = xex+y3:(0, 0)NC��Vúª§Ðm�ng"

Proof. �âþ�K��{§·�éN´�Ñex+y��Vúª

ex+y = 1 + (x+ y) +
(x+ y)2

2
+

(x+ y)3

6
+ o

((
x2 + y2

) 3
2

)
. (24)

·�3þªÓ¦x

xex+y = x+ x(x+ y) +
x(x+ y)2

2
+
x(x+ y)3

6
+ o

((
x2 + y2

) 3
2

)
= x+ x2 + xy +

x3

2
+ x2y +

xy2

2
+ o

((
x2 + y2

) 3
2

)
, (25)

Ù¥�x(x+y)3

6 ´og�§K\
�þo
((
x2 + y2

) 3
2

)
"

p� �ê�O���Vúª

��O�p� �êÏ~éE,"du�Võ�ª�XêÚ¼ê�p� �êEE

�'§Ïd·��±ÏLO��Võ�ª5O�p� �ê"·�5we�~Kµ

~~~ 4. ¦f(x, y) = xex+y��n� �ê33:(0, 0)?�¼ê�"

Proof. dufäkép�ëY5§¤±·��I�O�o�p� �êµ

∂3f

∂x3
(0, 0),

∂3f

∂x2∂y
(0, 0),

∂3f

∂x∂y2
(0, 0),

∂3f

∂y3
(0, 0). (26)
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·�©Û�Võ�ª�ng�§^(7)�¦�$�L«�

1

6

(
∆x

∂

∂x
+ ∆y

∂

∂y

)3

f(0, 0). (27)

·��±òþã$�ÏL��ªÐm�¤��ngõ�ª�/ª£5¿·�ïÄ�

´(0, 0)Ñ��Vúª§ÏdOþ¼ê∆x = x,∆y = y¤

1

6

∂3f

∂x3
(0, 0)x3 +

1

2

∂3f

∂x2∂y
(0, 0)x2y +

1

2

∂3f

∂x∂y2
(0, 0)xy2 +

1

6

∂3f

∂y3
(0, 0)y3. (28)

5¿�f(x, y) = xex+y�VÐm�ng�´

x3

2
+ x2y +

xy2

2
. (29)

ÏLÅ�é'��

∂3f

∂x3
(0, 0) = 3,

∂3f

∂x2∂y
(0, 0) = 2,

∂3f

∂x∂y2
(0, 0) = 1,

∂3f

∂y3
(0, 0) = 0. (30)

1.2 Û¼ê½n

Û¼ê´�vk��Ø�ª§ÏL�§(½�¼ê"31�Ù·�ïÄLÛ¼ê

�¦��{§ù!·�Ì�?ØÛ¼ê��35§¿òÛ¼ê*Ð�õ�¼ê"

n)Û¼ê�3½n

·��Ä�ª

F (x, y) = 0, x ∈ [a, b]. (31)

éuz��x ∈ [a, b]§XJéA���y¦��ª(31)¤á§@o·�Ò�±½ÂÛÛÛ¼¼¼

êêêf§Ùòz��x ∈ [a, b]N��÷v�ª�y"

,Û¼ê�½Âkn�¯Kµ

1.´Ø´éuz��x ∈ [a, b]·�ÑUé�y¦��ª(31)¤áº

2.kvk�U,�x ∈ [a, b]§�±é�ü�½±þy¦��ª(31)¤á§dd��

/�xéõy0��Ø�/Qº

3.·�F"���Û¼ê��AT´ëY�§ÄKvkïÄd�"

¯K1'�Ð)û§·���rÛ¼ê�½Â�����3y�x=�"¯K2,3K��

5Ã§§´Û¼ê½n�)û�¯K"

·�y3Ø��}Á�EÛÜ�Û¼ê"¤¢ÛÜ§Ò´·�ÄkÀ½Û¼êþ

���:(x0, y0)§@où�:�½÷vF (x0, y0) = 0"·��'%UØU2x0����

6



�(x0 − δ, x0 + δ)¥½ÂÛ¼ê§=éz��x ∈ (x0 − δ, x0 + δ)¦�k�=k��y÷

v�ª(31)"ÏÏÏddd§§§···������!!!ïïïÄÄÄÛÛÛ¼¼¼êêê���333555777LLL���½½½333,,,���:::NNNCCCïïïÄÄÄ���

�
òÛ¼êf�½Â�ò��x0�����p§ÛÛÛ¼¼¼êêê½½½nnnw�·�I�n�^

�µ

1.��¼êF (x, y)3:(x0, y0)���k½Â"

2.��¼êF� �ê∂xFÚ∂yF3:(x0, y0)���ëY"

3.��¼ê� �ê÷v∂yF (x0, y0) 6= 0"

�þãn��¦¤á�§·��±é�x0�����(x0 − δ, x0 + δ)§3d��þ�±

��/½ÂÛ¼êy = f(x)÷vü�á5

1.AAAÛÛÛááá555 Û¼êf�ã�BL:(x0, y0)§¿�f�ã�©ª u²¡:(x0, y0)���

���S"

2.111wwwááá555 Û¼êf3��(x0 − δ, x0 + δ)��"

Û¼ê½n�n�^�§1,2Ï~'�Ð÷v§·����I�y3"

·�±ü �x2 + y2 = 1�~§XJÛ¼êfdx2 + y2 = 1(½§@of�ã�

7, uü �þ"�F (x, y) = x2 + y2§@oþãn��¦�1,2ÑéN´÷v§

∂yF = 2y§¤±��y0 6= 0§^�3�÷v"

dd·��Äü �þü�:A(0, 1)ÚB(1, 0)§©OïÄA,BÛÜ�Û¼ê´Ä�

3"éuA5`§·�k∂yF |A 6= 0§¤±Û¼ê½nw�·�Û¼ê(¢�3"·�

���Ä��y =
√

1− x23(−1, 1)½Â§§éAü ��þ��§y =
√

1− x2�ã�

ëY/BLA§�´·��é�BLA�Û¼ê"\�U�¦§éuz�x ∈ (−1, 1)Ø

´ky = ±
√

1− x2÷vx2 + y2 = 1íº,·��E�Û¼ê§3éuz��gC

þxoÀJ��y =
√

1− x2��éA§ù«/Ün0�ÀJ¦�Û¼êBLA§¿�´

���"ù«/ÜnÀJ0�´Û¼ê½n�©?"

·�y3=�Ä:B§�c�©Ûw�·�∂yF |B= 0§ÏdÛ¼êØ�

3"lã�þ5w§duü ���»�1§�x ≤ 1�·��±½Â1w¼êy =
√

1− x2½y = −
√

1− x2BLB§�´�x > 1·�ÒéØ�y÷vx2 + y2 = 1
§Ïd

Û¼êÃ{½Â"u´·�Ã{3B���p½ÂÛ¼ê§Û¼êÃ{�x > 1ò�"

~~~ 5. �p´�½¢ê"y²µ�31�ü�m��U, V§¦��±��/½Â±U�½

Â��¼êy = f(x)§÷vy ∈ Vé∀x ∈ U¤á§¿�xp + yp − 2xy = 0é��x ∈ U¤

á"

Proof. ½ÂF (x, y) = xp + yp − 2xy§@oF (1, 1) = 0"K8��¦Ò´4·�31��

�U½Â���ã�BL(1, 1)�Û¼êy = f(x)"·�¦^Û¼ê�3½n§ÄkO�

∂xF (x, y) = pxp−1 − 2y, ∂yF (x, y) = pyp−1 − 2x. (32)

7



é?¿p§∂xFÚ∂yFÑ3(1, 1)NCëY§¿�

∂yF (1, 1) = p− 2. (33)

Ïd·�©�¹?ØµXJp 6= 2§@o∂yF (1, 1) 6= 0§�âÛ¼ê�3½n§�½

�3���ã�BL(1, 1)�Û¼êy = f(x)2,�m��U½Â§Ù¼ê�y ∈ VÙ

¥V´,m��"XJp = 2§Û¼ê½n��§·�*	�

F (x, y) = x2 + y2 − 2xy = (x− y)2. (34)

ÏdF (x, y) = 0�¿©7�^�´y = x§Ïdy = x´F½Â����Û¼ê§Ùã�

BL(1, 1)§¿�3�N¢êþÑk½Â"

555))) 2. �~w�·�§=BÛ¼ê½n�^�∂yF (x0, y0) 6= 0Ø¤á§Û¼ê�k�

U�3"

Û¼ê �ê�O�

lù�Ü©m©§·�o´b�Û¼ê�3§,�ïÄÛ¼ê��ê"éu÷v�

ª(31)��¼êy = f(x)§Ù¦�{®31�Ù�9§�´1�Ù·�ÿÃ{�ÑÛ¼

ê¦����úª"ÏL �ê��{§·�ò�ÑÛ¼ê¦����úª"

XJy = f(x)÷v�ª(31)§@o

F (x, f(x)) = 0, (35)

´ð�0�±x�gCþ���¼ê"Ïd�±O�Ù�ê

d

dx
(F (x, f(x))) =

∂F

∂x
(x, f(x)) +

∂F

∂y
(x, f(x))f ′(x) = 0. (36)

duÛ¼ê�3½n�y
∂F
∂y3ÛÜ�0§·���

f ′(x) = −∂xF (x, y)

∂yF (x, y)
. (37)

�,ª(37)�Ñ
Û¼ê�ê���/ª§�´�õê�¹·�ÃIúª(37)Ò�

±O�Û¼ê �ê"·�5weã~Kµ

~~~ 6. �âc¡�K8§�ªx3 + y3 − 2xy = 0�±(½(1, 1)NC� �êy = f(x)§

O�f ′(x)"

Proof. ���{{{1µµµÏÏÏLLLúúúªªª(37) �\úª�

f ′(x) = −3x2 − 2y

3y2 − 2x
. (38)

8



���{{{2µµµ^̂̂111���ÙÙÙ������{{{������OOO��� ·�5¿�

x3 + (f(x))3 − 2xf(x) = 0, (39)

´'ux�ð�ª§¦��

3x2 + 3(f(x))2f ′(x)− 2f(x)− 2xf ′(x) = 0. (40)

z{�� (
3(f(x))2 − 2x

)
f ′(x) = 2f(x)− 3x2. (41)

dd��

f ′(x) =
2f(x)− 3x2

3(f(x))2 − 2x
=

2y − 3x2

3y2 − 2x
. (42)

555))) 3. �âþãúª�í�Ú~K·�uy§=B�êy = f ′(x)�AT´�'

ux�¼ê§�´duf´d �ê(½�§¤±f ′�L�ª¥�´¹k�y§~X

~K¥�f ′(x) = 2y−3x2
3y2−2x"�´ùp�yAn)'ux�Û¼ê§=EÜ¼êf

′(x) =
2f(x)−3x2
3(f(x))2−2x"

��Û¼ê9Ù �ê�O�

�e5�Ü©?Ø´Û¼ê½n�ü«C/"Äk´��Û¼ê¯K§·��Äd

n�Cþ��ª

F (x, y, z) = 0. (43)

éuz��²¡:(x, y)§·�F"�±�����z¦��ª(43)¤á§ddÒ�±�

�Û¼êz = f(x, y)"ùùùppp���ÛÛÛ¼¼¼êêê���dddccc���«««OOO´́́§§§´́́������������¼¼¼êêê"""Ïd3?Ø

Û¼ê�§AÄk'5�?Ø�Û¼ê´��¼ê�´��¼ê"

·��ü�ó�µ?UÛ¼ê�3½n±¦^��Û¼ê�/Ú��ª(37)���

�Û¼ê �êO�úª"

Äk´��Û¼ê½n§·�éN´U?Û¼ê½n�n�^�µ·�é�

:(x0, y0, z0)÷vF (x0, y0, z0) = 0§@o3:(x0, y0, z0)NCÛ¼ê�3I�n�^

�µ

1.��¼êF (x, y, z)3:(x0, y0, z0)���k½Â"

2.��¼êF� �ê∂xF, ∂yF, ∂zF3:(x0, y0, z0)���ëY"

3.��¼ê� �ê÷v∂zF (x0, y0, z0) 6= 0"

Ù¥§duÛ¼ê�ÏCþ´z§¦^3U��¦éz �ê�0"
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�X´��Û¼ê �ê�O��{"�,´òÛ¼êz = f(x, y)�\�ª(43)§

@o

F (x, y, f(x, y)) = 0, (44)

´ð�0�±x, y�gCþ���¼ê"Ïd�±O�Ù�ê

∂

∂x
F (x, y, f(x, y)) =

∂F

∂x
(x, y, f(x, y)) +

∂F

∂z
(x, y, f(x, y))

∂f

∂x
(x, y) = 0. (45)

£���
∂f

∂x
(x, y) = −∂xF (x, y, z)

∂zF (x, y, z)
. (46)

ÓnO�
∂f

∂y
(x, y) = −∂yF (x, y, z)

∂zF (x, y, z)
. (47)

·��ÑþãÛ¼ê �êúª�,wå5{'§�´PÁå5�~N´·Ï"e

¡�5P¥·��Ñ�«~���ØPÁ�{"dd·ïÆÓÆ�3�Û¼ê¦��A

¦^eã~K���O��{§^úª\±��"

555))) 4. du∂f
∂x (x, y)��� ∂z

∂x§¤±k
ÓÆ��,/��óª{K�Ñ
∂z
∂x

∂F
∂z =

∂F
∂x§¤±��

∂z
∂x = ∂xF (x,y,z)

∂zF (x,y,z)§�ª(46)���ÎÒ"·��Ñù«/óª{K0�n

)�ª´��vk�n�"

~~~ 7. �Ä�ªz + cosxy = ez§XJòz��Û¼êz = z(x, y)§¦ ∂z
∂x"

Proof. òÛ¼êz = z(x, y)�\�ªz + cosxy = ez��

T (x, y) = z(x, y)− ez(x,y) + cosxy = 0,∀x, y, (48)

=T´ü�ð�0���¼ê"�
O� ∂z
∂x§·�O�T'ux� �ê

∂T

∂x
(x, y) =

∂z

∂x
(x, y)− ez(x,y)

∂z

∂x
(x, y)− y sinxy = 0. (49)

¦)�±��
∂z

∂x
(x, y) =

y sinxy

1− ez(x,y)
=
y sinxy

1− ez
. (50)

�§|Û¼ê9Ù �ê�O�

ù�Ü©·�5ïÄ,�aÛ¼ê§�§|Û¼ê"·�ò�ª(31)U�n��ª

|  F (x, u, v) = 0,

G(x, u, v) = 0,
(51)
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du�ªêþ�2§éu�½x§nØþ·��±ÏL¦)�§���|u, v"Ïd�ª

|(51)(½
ü�Û¼êu = u(x)Úv = v(x)"·��ü�ó�µ?UÛ¼ê�3½n

±¦^��Û¼ê�/Ú��ª(37)����Û¼ê �êO�úª"

Äk´��Û¼ê½n§·�éN´U?Û¼ê½n�n�^�µ·�é�

:(x0, u0, v0)÷vF (x0, u0, v0) = 0§@o3:(x0, u0, v0)NCÛ¼ê�3�n�^�§

éN´òcü�?U�

1.n�¼êF (x, u, v)ÚG(x, u, v)3:(x0, u0, v0)���k½Â"

2.n�¼êF� �ê∂xF, ∂uF, ∂vFÚn�¼êG� �ê∂xG, ∂uG, ∂vG3:(x0, u0, v0)�

��ëY"

1n�^�ØN´��?U§Ï�ùg�ÏCþku, vü�§·�ØU��U

�F½Géu½v¦ �"�d·�Ú?Jacobi1�ªµ�Äü���¼êF1(u, v)ÚF2(u, v)§

§��Jacobi1�ª�½Â´

D(F1, F2)

D(u, v)
=

∣∣∣∣∣∣ ∂uF1(u, v) ∂vF1(u, v)

∂uF2(u, v) ∂vF2(u, v)

∣∣∣∣∣∣ (52)

3�!·��´JÑ
Jacobi1�ª�½Â§·��ÑJacobi1�ª�,´��'

uu, v���¼ê§Jacobi1�ª3:(u0, v0)���P�
D(F1,F2)
D(u,v)

∣∣∣
(u0,v0)

"'uJacobi1

�ª�[!�n)ò3eÆÏÆS"

555))) 5. ·��Ñ½ÂJacobi1�ªª�§¼êgCþ��êÚ¼ê�ê7L��"X

ª(52)½Â
ü�¼êÚü�gCþ�Jacobi1�ª"aq/§n�n�¼ê��±½

ÂJacobi1�ª"

y3·�£Þw�§|�/Û¼ê½n^�3�U?§·�U�¦^Jacobi1�

ªµ

3.ò¼êF,Gw�ü�'ugCþu, v���¼ê�§Jacobi÷v D(F,G)
D(u,v)

∣∣∣
(x0,u0,v0)

6= 0"

'u�§|Û¼ê� �ê§·��,�±^aq��{íÑµòu = u(x)Úv =

v(x)�\�§|(51)¥µ  F (x, u(x), v(x)) = 0,

G(x, u(x), v(x)) = 0,
(53)

ü��ª©OégCþx¦�� ∂F
∂x + ∂F

∂u u
′(x) + ∂F

∂v v
′(x) = 0,

∂G
∂x + ∂G

∂u u
′(x) + ∂G

∂v v
′(x) = 0,

(54)

¢SO�u′(x)Úv′(x)§I�·�¦)�§|(54)��u′(x)Úv′(x)"
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~~~ 8. �x2 + y2 = 1
2z

2, x + y + z = 2§�Ä(x, y, z) = (1,−1, 2)���§y²�ª

|�±3ÛÜ(½Û¼êx = f(z)Úy = g(z)§,�O��êdx
dzÚ

dy
dz3:(x, y, z) =

(1,−1, 2)�¼ê�"

Proof. ½Âü�n�¼ê

F (x, y, z) = x2 + y2 − 1

2
z2, G(x, y, z) = x+ y + z − 2. (55)

@ow,F,G3(x, y, z) = (1,−1, 2)���pÑäkv
�1w5"·��y3�Jacobi1

�ªµ

D(F,G)

D(x, y)

∣∣∣∣
(1,−1,2)

=

∣∣∣∣∣∣ 2x 2y

1 1

∣∣∣∣∣∣
(1,−1,2)

= 2x− 2y |(1,−1,2)= 4. (56)

¤±Û¼êÛÜ�3"

�e5O�Û¼ê��ê§·��±ÏL@úª(54)½��O�§��'uf ′, g′�

�§|µ  ∂F
∂z + ∂F

∂x f
′(z) + ∂F

∂y g
′(z) = 0,

∂G
∂z + ∂G

∂x f
′(z) + ∂G

∂y g
′(z) = 0,

(57)

�\F,G�L�ª  −z + 2xf ′(z) + 2yg′(z) = 0,

1 + f ′(z) + g′(z) = 0,
(58)

5¿�·��¦)�´(x, y, z) = (1,−1, 2)�¼ê�§¤± 2f ′(2)− 2g′(2) = −2,

f ′(2) + g′(2) = −1,
(59)

¤±f ′(2) = −1, g′(2) = 0"

��Û¼ê��� �ê�O�

���!�(�§·�?ØÛ¼ê�p� �ê�O�"·�±��Û¼ê�~§

�Ä~7��/§·��Ñ

∂z

∂x
=
y sinxy

1− ez
. (60)

5¿� ∂z
∂x�AT´'ux, y���¼ê§�´duz(x, y)´Û¼ê§¤± ∂z

∂x�L�ªp

�¹
z"�´·�ATòzn)���EÜ�Û¼êz = z(x, y)=

∂z

∂x
(x, y) =

y sinxy

1− ez(x,y)
. (61)

n)
��Û¼ê �ê�/ª§·��±ÏLEÜ¼ê¦�{O���Û¼ê���

 �êµ
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~~~ 9. �Ä�ªz + cosxy = ez§XJòz��Û¼êz = z(x, y)§¦ ∂2z
∂x2
"

Proof. é ∂z
∂x(x, y)¦�g'ux� �ê§��Ò´¦�gEÜ �ê§=

∂2z

∂x2
(x, y) =

∂

∂x

[
y sinxy

1− ez(x,y)

]
=

∂x(y sinxy) · (1− ez(x,y))− ∂x
(
1− ez(x,y)

)
· (y sinxy)(

1− ez(x,y)
)2

=

(
y2 cosxy

)
· (1− ez(x,y)) + ez(x,y)∂xz(x, y)(y sinxy)(

1− ez(x,y)
)2

=
y2 cosxy(1− ez) + yez sinxy∂xz

(1− ez)2
,

Ù¥EÜ¼ê�ê

∂x

(
1− ez(x,y)

)
= −ez(x,y)∂xz(x, y). (62)

,�2�\∂xz�L�ª=�"

1.3 4�¯K

��4�¯K

�!?Ø�4�¯K´��4�¯K���íØ"

·�Äkò4�Ú���Vgí2���¼ê"b�f(x, y)�½Â�´«�D§¡

:(x0, y0)´f���444���(���)���:::§XJf3(x0, y0)���Uk½Â§¿�f(x, y) ≤ (≥

)f(x0, y0)é��(x, y) ∈ U¤á"4�(�)�:(x0, y0)´f3ÛÜ¼ê���(�)�:"

Ó�/§4�:7L´D�S:§ØU uD�>.þ"

¡:(x0, y0)´f���������(���)���:::§XJf(x, y) ≤ (≥)f(x0, y0)é��(x, y) ∈

D¤á§Ù¥D´½Â�"��(�)�:(x0, y0)´f3ÛÜ¼ê���(�)�:"w,§

4�:Ø�½´��:§��:½ö´4�:½ö´D�>.:"

��¼ê4�¯K����4�E,5��J,§ÙÌ��Ï´§��¼ê·��

±��ÏL¼ê�üN5�½4�:§XJ��:x03�ýüN4OmýüN4~§@

ox0Ò�½´4��:"��¼êÃ{½ÂüN5§��C��:(x0, y0)�Ø=k

�mü«�ª§ù´��E,�"�´Ð3·��´�±������/§·���±

ÏL��¼êf(x, y)� �ê&E�Ñ��:(x0, y0)´4�:�¿©^�½7�^�"

�
�Bå�§·��f����� �êXePÒµ

A =
∂2f

∂x2
(x0, y0) , B =

∂2f

∂x∂y
(x0, y0) , C =

∂2f

∂y2
(x0, y0) . (63)
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·�¡B2 −AC����OOOªªª"·�ò�'¿©Ú7�^�Â8Xeµ

1.������777��� ^̂̂��� �f3:(x0, y0)��£=ü� �ê∂xf(x0, y0)Ú∂yf(x0, y0)Ñ�

3¤§XJ:(x0, y0)´f���4�:§@o∂xf(x0, y0) = ∂yf(x0, y0) = 0"

2.������¿¿¿©©©^̂̂����f3:(x0, y0)���këY��� �ê§XJ���ê∂xf(x0, y0) =

∂yf(x0, y0) = 0§@o�â�Oª�ÎÒ§·�kXe(Øµ

2.1 XJB2 −AC < 0�A > 0§@o(x0, y0)´��4��:"

2.2 XJB2 −AC < 0�A < 0§@o(x0, y0)´��4��:"

2.3 XJB2 −AC > 0§@o(x0, y0)�½Ø´4�:"

2.4 XJB2 −AC = 0§@o(x0, y0)�U´4�:§��UØ´4�:"

�ì���/§·�¡÷v∂xf(x0, y0) = ∂yf(x0, y0) = 0�:(x0, y0)�f���

½½½:::"4�:�½´½:§¤±·�Ïé4�:�g´�,´ké�½:§,�l

½:¥�ì�OªÎÜ�¦�:"Ø´4�:�½:~�¡�QQQ:::"

555))) 6. AO/§B2 −AC < 0�´Ø�UÑyA = 0��¹�"

555))) 7. ·�¡df����� �ê�¤�Ý
�f�HesseÝ


Hesf(x0, y0) =

 ∂2f
∂x2

∂2f
∂x∂y

∂2f
∂x∂y

∂2f
∂y2

∣∣∣∣∣∣
(x0,y0)

=

 A B

B C

 . (64)

dc4���^��©Û§Ñ´ÏL�Lagrange{����¼ê�Vúª§ò¼

êf3(x0, y0)NC÷����¼ê�O~5=z�Ý
Hesf(x0, y0)�5�"��

/§Ý
Hesf(x0, y0)´�½%¹X(x0, y0)´4��:§Ý
Hesf(x0, y0)´K½%¹

X(x0, y0)´4��:§Ý
Hesf(x0, y0)´Ø½%¹X(x0, y0)Ø´4�:"duÝ
�

½5�½Â�Ñ
�§�¦§��òÝ
��½5=z�©Û�OªB2 − AC"d

	§(x0, y0)´4�(�)�:���7�^�´Ý
Hesf(x0, y0)��(K)½§du½Â

Ó��Ñ
�§�¦§¤±·�¿vk�Ñ��¼ê4����7�^�"

�âþã©Û§·�ò4�:¯K�©ÛÚ½�nXeµ

1.(½��¼êf(x, y)�½Â�"

2.é�f(x, y)�¤k½:"AO/§�f�3Ø���:�§Ø��:��U´4�

:"o(Ñ¤k½:ÚØ��:/4�:ÿÀ<0{(xk, yk)}Nk=1"

3.éz��(xk, yk)§ÏL©Û�Oª§(Ü��¿©^��ä´Ä�4�:"

4.XJÑy
(J�¹AC = B2½´Ø��§d�Ã{ÏL�Oª���ä½:´Ø

´4�:§·�I�(Ü¼ê5�äN�¹äN©Û"

~~~ 10. ¦¼êf(x, y) = sinx + sin y + sin(x + y)3(x, y) ∈ [0, 2π] × [0, 2π]�¤k½

:§�ä¦�´Ø´4��:½4��:"
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Proof. 111���ÚÚÚ (½½Â�(x, y) ∈ [0, 2π]× [0, 2π]"

111���ÚÚÚ duf(x, y)3z��:Ñ��§·��I¦½:§½:÷v�§∂xf(x, y) = cosx+ cos(x+ y) = 0,

∂yf(x, y) = cos y + cos(x+ y) = 0.
(65)

Ïdcosx = cos y"ù`²ü«�U5µx = y½öx + y = 2π"�\x + y = 2π�

±��cosx = cos y = −1§=x = y = π"�\x = y�cosx + cos 2x = 0§ù`

²x + 2x = (2k + 1)π§Ù¥k ∈ N∗§ù`²¤k�U��¹�x = π
3 , π,

5π
3 "nþ¤

ã§¤k½:� (π
3
,
π

3

)
, (π, π),

(
5π

3
,
5π

3

)
. (66)

111nnnÚÚÚ �â�Oª�ä½:´Ä�4�:"·�ÄkO��� �ê

∂xxf(x, y) = − sinx− sin(x+ y), (67)

∂xyf(x, y) = − sin(x+ y), (68)

∂yyf(x, y) = − sin y − sin(x+ y). (69)

Ïdéz��½:O�ëêA,B,Cµ

A B C

(π3 ,
π
3 ) −

√
3 −

√
3
2 −
√

3

(π, π) 0 0 0

(5π3 ,
5π
3 )
√

3
√
3
2

√
3

�âL�5�§·���(π3 ,
π
3 )´4��:§(5π3 ,

5π
3 )´4��:"(π, π)÷

vB2 = AC§Ã{ÏL�Oª�ä´Ä�4�:§I�,	��{"

111oooÚÚÚ �é:(π, π)?Ø"·�ò��¼êf(x, y)��3��y = x?Ø§���

�¼ê

g(x) = f(x, x) = 2 sinx+ sin 2x = 2 sinx(1− cosx). (70)

�x < π�g(x) > g(0) = 0§�x > π´g(x) < g(0) = 0§ÏdπØ´g(x)�4�:§

dd(π, π)�Ø´f(x, y)4�:"
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ã 1: ¼êf(x, y) = sinx+ sin y + sin(x+ y)«¿ã"

^�4�¯K

3O�,��¼êf(x, y)�����¯K§du¢S^�¤�§·�F"���

Ø´��¼êf(x, y)3(x, y)��gd�¹e����§´xÚy�3�å^����

��"~X·��¦��x + y = 1þål�:�C�:��I§ùÒ��u3�å^

�x + y = 1�¹e¦���¯Kz = x2 + y2"éuù��å4�¯K§·�g,�±

òy = 1− x�\z = x2 + y2¦)��4�¯K"éu�E,��å§�\��{¿Ø²

�"ùak�å�4�¯K�¡��¡�^̂̂���444���¯̄̄KKK§Ù��/ª´

3ϕ(x, y) = 0��åe¦z = f(x, y)���:, (71)

Ù¥�ªϕ(x, y) = 0�¡����ååå^̂̂���"

¦)ùa¯K��{´¦¦¦fff{{{§�¡Lagrange¦f{"¦f{�Ø%´ò^�4

�¯K=z�vk�å^����4�¯K"�·��¦)^�4�¯K(71)�§·�

=�E#�n�¼ê

F (x, y, λ) = f(x, y) + λϕ(x, y). (72)

î��êÆ(Jw�·�§^�4�¯K(71)�4�:�½´n�¼êF (x, y, λ)��4

�:"dddddd···������±±±ÏÏÏLLLOOO���nnn���¼¼¼êêêF (x, y, λ)���½½½:::555ééé���^̂̂���444���¯̄̄KKK(71)���

444���:::µ 
Fx(x, y, λ) = fx(x, y) + λϕx(x, y) = 0,

Fy(x, y, λ) = fy(x, y) + λϕy(x, y) = 0,

Fλ(x, y, λ) = ϕ(x, y) = 0,

(73)

���½:{(xk, yk, λk)}Nk=1"·��Ñ§^�4�¯K�4�:�½3n�½:

�¥§=,�(xk, yk)Ò´^�4�¯K�)"
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,¦f{�ké��Û�5µÄk¦f{¿ØU�y^�4�¯Kk)§

¤±�U¤k½:{(xk, yk, λk)}Nk=1ÑØ´4�:"d	§·�é�
�X�½

:{(xk, yk, λk)}Nk=1§�I�£½=��:´�^�4�¯K���:"�d·��Ñ


|^¦f{)^�4�¯K���g´µ

1.`²^�4�¯K(71)�3��:"ù�ÚJÝÏ~é�§k
SN$��Ñ�§�

¦§���±%@^�4�¯Kk)"

2.O�n�¼êF (x, y, λ)�¤k½:{(xk, yk, λk)}Nk=1"

3.XJF�½:��§@oT:éA^�4�¯K�)¶XJF�½:Ø��§@

o�3¤k½:¥Ïé¼ê�f(xk, yk)��(�)�:��^�4�¯K�)"

555))) 8. XJ^�4�¯K�3õ��å^�ϕ1(x, y) = 0Úϕ2(x, y) = 0§KI��E

o��9Ï¼ê

F (x, y, λ, µ) = f(x, y) + λϕ1(x, y) + µϕ2(x, y), (74)

,�ÏL?Øo�¼ê�½:5���¯K���:"

~~~ 11. ¦n��m��

 x− y + 4z = 1

2x2 + 4y2 = 3
�p:Ú�$:pÝ��"

Proof. ·��¦¼êf(x, y, z) = z3�å^�ϕ1(x, y, z) = x−y+4z−1 = 0Úϕ2(x, y, z) =

2x2 + 4y2 − 3 = 0����Ú���"��´�3�§Ï�2x2 + 4y2 = 3´�mp�ý

�Î§ý�ÎÚ��x− y + 4z = 1�Ñ�ý�´k��ã/"

·�Äk�E9Ï¼ê

F (x, y, z, λ, µ) = z + λ(x− y + 4z − 1) + µ(2x2 + 4y2 − 3). (75)

,�O�½:

Fx = λ+ 4xµ = 0, (76)

Fy = −λ+ 8yµ = 0, (77)

Fz = 1 + 4λ = 0, (78)

Fλ = x− y + 4z − 1 = 0, (79)

Fµ = 2x2 + 4y2 − 3 = 0 (80)

O��{�µÄkdª(78)�λ = −1
4¶�\ª(76)Ú(77)�−4xµ = 8yµ = λ = −1

4§¤

±x = −2y¶�\ª(80)�(x, y) =
(
−1, 12

)
½
(
1,−1

2

)
"ò(x, y)�ü«���\ª(79)�

±��z���dd��ü|½:

(x, y, z, λ, µ) =

(
−1,

1

2
,
5

8
,−1

4
,− 1

16

)
. (81)
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½

(x, y, z, λ, µ) =

(
1,−1

2
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