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1 �£SNn)

¼ê�?ê´äk�¿Â�Vgµ·���äk²()Ûª�¼ê�´4

��Ü©¼ê§,XJ�½��¼êfn(x)§ÏL¼ê�?ê�±½Â#�¼

êS(x) =
∑∞

n=1 fn(x)§ÏL?ê��{·��±L�¢SA^¥��2��¼ê"�

,Xd§·�XÛòfn(x)�&ED4�4�¼êS(x)þ´�6/��Âñ0ù��

Vg�§·�ù�Ù�Ì�8�Ò´În/��Âñ0�59�ó"·��Ñ§�!·

�Q¬ïÄ¼êS�{fn(x)}∞n=1���Âñ§�¬ïÄ¼ê�?ê
∑∞

n=1 fn(x)���Â

ñ§�ö3ïÄþ�Ó�É�´I�«©"

1.1 n)/::Âñ0Ú/��Âñ0

·�y3?Ø¼êS�{fn(x)}∞n=1§z�¼ê�½Â�Ñ´[a, b]£5µ��·�?

ØÑ34«m½Ã¡«m?Ø¼êÂñ5§�kÜ©K8¬?Øm«mþ���Âñ5

�½Â´aq�¤§·�ëYJÑA�¯Kµ

XÛ½Â¼ê�Âñº

·�©AÚ5n)

� S�{an}∞n=1Âñu,êA§��´S���/à 0�A"

� ²¡þ�:�{(xn, yn)}∞n=1Âñu,:(X,Y )§·��,vk��ÆL:��

Âñ§�´XJ�4:�/à 0�(X,Y )§Ò7Lü�©þ©OÂñ§

=limn→∞ xn = XÚlimn→∞ yn = Y"

1



� ¼ê�±w�Ã¡�©þ��þµ±[a, b]þ�¼êf(x)�~§éx1 ∈ [a, b]¼ê

�f(x1)§Ù�±w�¼êf3 �x1?�©þ§�Ñ1�þ�/ª´

〈f | = (f(a), · · · , f(x1), · · · , f(b)) . (1)

du«m[a, b]�¹Ã¡õ�ê§¤±¼êféA��þ〈f |´kÃ¡�©þ��

þ"

� ��:��Âñ§XJ·��½Â¼ê�{fn}∞n=1Âñuf§Ò7L�¦¼ê�z

��/©þ0Âñµ=éu?¿t ∈ [a, b]§S�limn→∞ fn(t) = f(t)ÑÂñ§K¡

¼êS�{fn(x)}∞n=1ÂÂÂñññuf(x)£�
���Âñ«©§·��¡ù«Âñ�ÅÅÅ

:::ÂÂÂñññ¤"¼êf(x)¡�¼êS�{fn(x)}∞n=1�444���¼¼¼êêê"

·�[ÞA~§5N¬ÂñÚuÑ�Vg

� ~~~fff1. 3[0, 1]�Ä¼êS�fn(x) =
x2

n§éu�½t ∈ [0, 1]klimn→∞
t2

n = 0§¤

±¼êS�fn(x) =
x2

nÂñu4�¼êf(x) ≡ 0§=ð�0�¼ê"Xã1�¤«"

� ~~~fff2. 3[0, 1]�Ä¼êS�fn(x) = xn§éu�½t ∈ [0, 1)klimn→∞ t
n = 0§

éut = 1klimn→∞ t
n = 1§¤±¼êS�fn(x) = xnÂñu4�¼êf(x) =0 , x ∈ [0, 1)

1 , x = 1.
"Xã1m¤«"dddddd������ëëëYYY¼¼¼êêê���SSS���444���¼¼¼êêêØØØ���½½½ëëë

YYY"""

� ~~~fff3. 3[0, 2]�Ä¼êS�fn(x) = xn§éut ∈ (1, 2]klimn→∞ t
nØÂñ§¤±

¼êS�fn(x) = xn3[0, 2]ØÂñ§=B4�limn→∞ t
nét ∈ [0, 1]Âñ"dddddd���

���¼¼¼êêêSSS������ÂÂÂñññ555ÚÚÚ¼¼¼êêê���½½½ÂÂÂ���kkk'''"""

Å:Âñk=
Øvº��o�I���Âñ�Vgº

·��Ñ½Â¼êÂñ�Ð©µ·�F"�x¼êfn(x)�¼êf(x)�/à 0"

lã1��müÜãw§3né��§�ã�fn(x) =
x2

n�:¼ê�ÑU�Cu0§mã

�fn(x) = xn��:¼ê�Âñu0��ÝKØ��µ�C1�:Âñu0��Ý´'�

ú�"·�F"¼ê�/à 0´äk�N5�§fn(x) = xn3[0, 1]�ÂñkX¯ú

Ø��":"þþþãããyyy���NNNyyy


ÅÅÅ:::ÂÂÂñññ"""yyyééé¼¼¼êêêÂÂÂñññ���NNN555���ÝÝÝ���"""

XJl8I��5w§·��F"4�¼êf(x)U�±¼êS�fn(x)��¼ê

��
5�"~X¼êS�fn(x) = xn�z��¼ê3[0, 1]þþëY§�´4�¼

êf(x) =

0 , x ∈ [0, 1)

1 , x = 1.
3:1mä§ddfn(x)�ëY5vUD4�4�¼êf(x)§Ä
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ã 1: �µ3[0, 1]þ��Âñ�¼êS�fn(x) = x2

n§ÙÂñäk�N5¶mµ

3[0, 1]þØ��Âñ�¼êS�fn(x) = xn§3ã�þoUé�Âñ�Ýéú�:"

Ù�Ï§B´þãÅ:½Â�Âñ3/à 0þ"y/�N50¤���"·�½Â�

�Âñ§Ò´�4¼êS��Âñäk�N5§½Â�þ��:�Âñ�Ý7L�Øõ

¯"

XÛ�x��Âñº

������ÂÂÂñññ´́́333ÅÅÅ:::ÂÂÂñññ���ÄÄÄ:::þþþ½½½ÂÂÂ���"""·�ÄkQã��Âñ�½Âµ¡

¼êS�{fn(x)}∞n=1������ÂÂÂñññu¼êf(x)§XJéu?¿ε > 0§Ñ�3N ∈ N∗§¦

�|fn(x)− f(x)| < εé��x ∈ [a, b]Ún > NÑ¤á"P�fn ⇒ f"

�e5§·�l��Âñ���/Âñ�Ý��0ù�Sº§5n)��Âñ�Ä

�½Â

� �½:t ∈ [a, b]§XÛu�limn→∞ fn(t)Âñ�f(t)��ÝQº��g,��{

´§�½ε > 0§·�5w�nõ���±¦�|fn(t)− f(t)| < ε§P

N(t) = min {N ∈ N∗ : |fn(t)− f(t)| < ε, ∀n > N} , t ∈ [a, b]. (2)

� N(t)´:t?Âñ�Ý�IP§�n ≥ N(t)Òk|fn(t)− f(t)| < ε�½¤á
"g

,/§XJN(t)��§@ofn(t)Âñ��Ý�¯¶XJN(t)��§@ofn(t)Âñ

��Ý�ú"

� ?�ε > 0§¤¢��ÂñÒ´�4z��N(t)ÑØU��§êÆþ5wÒ´

¦supt∈[0,1]N(t) <∞"

� £���Âñ�êÆ½Â§½Â¥�ëêN´��6εØ�6t ∈ [a, b]�§d

�N�±����N(t)�þ.§=supt∈[0,1]N(t) = N"dd§�L�:Âñ�Ý
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�N(t)�±��tÃ'�þ.N��4§ùÒ¦���:�Âñ�ÝÑØ¬�ú"

·��,3[0, 1]�Ä¼êS�fn(x) = xnÂñ�4�¼êf(x) =

0 , x ∈ [0, 1)

1 , x = 1.
�

L§"�½t ∈ [0, 1)§�
|fn(t)− f(t)| = tn < ε¤á7Ln > logt ε = ln ε
ln t£5¿d

ut < 1§éêln εÚln tÑ´Kê¤§½=N(t) = ln ε
ln t":t��C1§N(t)g,��§�

ªlimt→1−0N(t) = +∞"¤±fn(x) = xnÂñ�L§·�o�±1�v
�C1�:Âñ

�Ý4ú§Ïd¼êS�fn(x) = xnØ��Âñ"

¼ê�?ê9Ù��Âñ

��S�4�Ú��Âñ§·���±½Â¼ê�?ê9Ù��Âñ"�,

´±[a, b]�½Â��¼êS�{un(x)}∞n=1§¼ê�?ê½Â�Ü©ÚS�Sn(x) =∑n
k=1 uk(x)�Å:4�

S(x) =
∞∑
n=1

un(x) = lim
n→∞

Sn(x) = lim
n→∞

n∑
k=1

uk(x). (3)

¼ê�?ê
∑∞

n=1 un(x)���ÂñK½Â�Ü©Ú¼êS�{Sn(x)}∞n=1���Âñ"

�ê�?êaq§¼ê�?ê
∑∞

n=1 un(x)��Âñ��Ä�5�´un(x)��Âñ

u0Ú�ÜOK§éAê�?êòk�½n1Ú½n2µ

½½½nnn 1. XJ¼ê�?ê
∑∞

n=1 un(x)��Âñ§@o¼êS�un ⇒ 0§ùp0L«ð

�0�¼ê"

½½½nnn 2. ���ÜÜÜOOOKKK. ¼ê�?ê
∑∞

n=1 un(x)��Âñ�¿©7�^�´§éu∀ε > 0§

Ñ�3N ∈ N∗§¦� ∣∣∣∣∣
n∑

k=m

uk(x)

∣∣∣∣∣ < ε, ∀m,n > N, x ∈ [a, b]. (4)

·��Ñ§XJ¼ê�?ê
∑∞

n=1 un(x)==´::Âñ�§=é∀t ∈ [a, b]Ñkê

�?ê
∑∞

n=1 un(t)Âñ§ddlimn→∞ un(t) = 0é��t¤á§=¼êS�{un(x)}∞n=1:

:Âñu0"¼ê�?ê
∑∞

n=1 un(x)�Âñ\r���Âñ§K�±��un(x)��

Âñu0ù��r�(Ø"

1.2 ��Âñ��O{

�ê�?êÂñ��Oaq§¼êS�½¼ê�?ê���Âñ��Ø¦^½Â½

�ÜOK§´¦^;���O{"'u��Âñ��O{�'5n�:

1.¼êS�Ú¼ê�?ê��Âñ��O{´ØÓ�§�©OPÁ"
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2.�OØ��ÂñÚ��Âñ��O{�Ø��"

3.Å:Âñ´��Âñ�7�^�§¤±�O��ÂñcÖ7(�¼êS�½?ê´Å

:Âñ�"

¼êS����Âñ

·�y3?Ø¼êS�{fn(x)}∞n=1§z�¼ê�½Â�Ñ´[a, b]§?Ø¼êS��

�Âñ¯K�1�Ú´¦Ñ4�¼êf(x)"�ä¼êS���Âñ�Ä���{´444���

���OOO{{{"¢Ã�´du�á¿vkÚ\4���Vg§��þ�Ñ
ù��{"�
Ü

6���5§·�3dÖ¿"3½n�Qã¥§ÎÒsup�L4��§ØÙG¹Â�Ó

Æ�±^maxO�sup§3d?L¿�Ó"

½½½nnn 3. 444������OOO{{{. ¼êS�{fn(x)}∞n=1��Âñu¼êf(x)�¿©7�^�

´limn→∞ supx∈[a,b] |fn(x)− f(x)| = 0"

·��Ñ§4��O{ò�O��Âñ�¯K=z�O�4�

lim
n→∞

sup
x∈[a,b]

|fn(x)− f(x)| . (5)

éuz��n§4��supx∈[a,b] |fn(x)− f(x)|£�dumaxx∈[a,b] |fn(x)− f(x)|¤�L

¼êfnl4�¼êfål���:�ål§Ny�´¼êfn�fà �/�ú�Ý0"

XJù«/�ú�Ý0�4��,´0§`²Å:Âñ��Ý¿vk3,�:L©�

ú§Ïdfn(x)�±/��0��Ý�f(x)Âñ§=��Âñ"

¦^4��O{�:á34�supx∈[a,b] |fn(x)− f(x)|�O�§éýé�¼ê¦

4�´'�æ��£��I�¦�¤§Ïd��þ�Ñ
4��O{ü�{ük��í

Ø§©O^u¼êS���ÂñÚØ��Âñ��Oµ

½½½nnn 4. ¼¼¼êêêSSS���������ÂÂÂñññ���OOO{{{. ¼êS�{fn(x)}∞n=1Å:ñu¼êf(x)§XJ�

3�S�{an}∞n=1§éuz��n ∈ N∗Ñk|fn(x)− f(x)| < ané��x ∈ [a, b]¤á§

�limn→∞ an = 0§@o¼êS�{fn(x)}∞n=1��Âñu¼êf(x)"

½½½nnn 5. ¼¼¼êêêSSS���ØØØ������ÂÂÂñññ���OOO{{{. ¼êS�{fn(x)}∞n=1Å:ñu¼êf(x)§X

J�3[a, b]þ:�{xn}∞n=1÷v4�limn→∞ [fn(xn)− f(xn)]ØÂñu0£uÑ½Âñu

�0�¤§@o¼êS�{fn(x)}∞n=1Ø��Âñu¼êf(x)"

ü�½n�QãÑk
E,§·�{üù)�eSº"½n4ÏL�ES

�{an}∞n=1÷v|fn(x)− f(x)| < ané��x ∈ [a, b]¤á§l^anL�fn�f�Âñ

�Ý§XJlimn→∞ an = 0§·�Ò�±n)fn±/�à0��Ý��Âñuf¶

½n5K=�E[a, b]þ:�{xn}∞n=1§Ù¥xn´��fn�fÂñ��ú�:§XJ4
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�limn→∞ [fn(xn)− f(xn)]ØÂñu0§Ò`²z��fnÑ�3K�/Âñè/0�

/³+�ê0xn§¤±fnØ��Âñuf"

~~~ 1. y²µ¼êS�fn(x) = nx
(
1− x2

)n
3[12 , 1]��Âñ§3[0, 1]Ø��Âñ"

©Ûµ?Ø¼êS���Âñ1�Ú´�OÅ:Âñ5§w,fnÅ:Âñuð

�0�¼ê§�e5·��@^½n4Ú½n55?Ø��Âñ5"

Proof. �½t ∈ [0, 1]ÑkS�4�

lim
n→∞

nt
(
1− t2

)n
= 0. (6)

Ï��t ∈ (0, 1]�½�§
(
1− t2

)n
���u1�ê���§(�
4�Âñu0"

e¡y²fn3[12 , 1]��Âñ§·��Ä∣∣nx (1− x2)n − 0
∣∣ ≤ n(3

4

)n
, ∀x ∈ [

1

2
, 1]. (7)

w,limn→∞
(
3
4

)n
= 0§¤±fn3[12 , 1]��Âñu0"

e¡y²fn3[0, 1]Ø��Âñ"·��ES�xn = 1√
n
§Ïd

|fn(xn)− 0| =
∣∣∣∣√n(1− 1

n

)n∣∣∣∣→ +∞, (8)

4��y²´Ï�limn→∞
(
1− 1

n

)n
= e−1§ù´þþS�4�ùÂ���~K"

^aq��{§·��±y²§é��A ∈ (0, 1)kfn3[A, 1]��Âñu0§�

´fn3[0, 1]Ø��Âñu0"ù�«O´x = 0?�ÛÉ5���§Ï�x > 0�ÓÌ�

Âñ5��´
(
1− x2

)n
§�x = 0�ÓÌ�Âñ5��´x"¢Sþ§XJfn3,«

mIØ��Âñ§�´3?¿4«m[a, b] ⊂ IÑ��Âñf§K¡fnSSS444������ÂÂÂñññuf"

�Y�?êÙ!¬�EJ9ù�Vg"

¼ê�?ê���Âñ

·�y3?Ø¼ê�?ê
∑∞

n=1 un(x)§z�¼ê�½Â�Ñ´[a, b]"du¼ê�

?ê�Ü©ÚJ±O�§4�¼ê�~~¦ØÑ5§·��ØUk�O¼ê�?ê�Å

:Âñ§¤±ØU��@^¼êS��4��O{½Ù¦�{�O��Âñ5"�d§

·�I�Äu¼ê�?ê�A:§�OÜ·���ÂñÚØ��Âñ��O{£¼ê�

?êØ��Âñ��O{3��þ¿vk��·K�Ñ§==��
~K�f(Ø§´

N´��Ñ�¤µ
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½½½nnn 6. rrr???êêê���OOO{{{. �Ä¼ê�?ê
∑∞

n=1 un(x)§XJ�3�S�{an}∞n=1§éu

z��n ∈ N∗Ñk|un(x)| < ané��x ∈ [a, b]¤á§���?ê
∑∞

n=1 anÂñ§@o¼

ê�?ê
∑∞

n=1 un(x)��Âñ"

½½½nnn 7. ¼¼¼êêê���???êêêØØØ������ÂÂÂñññ���OOO{{{. �Ä¼ê�?ê
∑∞

n=1 un(x)§XJ�3[a, b]þ

:�{xn}∞n=1÷v4�limn→∞ un(xn)ØÂñu0£uÑ½Âñu�0�¤§@o¼ê�

?ê
∑∞

n=1 un(x)Ø��Âñ"

·��Ñ½n6Ú½n7�½n4Ú½n5üü�A"½n6�E
S�{an}∞n=1�

�un(x)§/Ï�ê�?ê
∑∞

n=1 anÂñ�'�§·��y
¼ê�?ê
∑∞

n=1 un(x)�

/ÅÄ0Ø¬é�§Ïd��Âñ¶½n7K�E
:�{xn}∞n=1§ù�:��

�3`²¼êS�{un}∞n=1Ø��Âñu0§�â½n1�_�·KÒk¼ê�?

ê
∑∞

n=1 un(x)Ø��Âñ"

�e5·�/Ïü�~K5w¼ê�?ê��ÂñÚØ��Âñ��O"Ù¥¦^

r?ê�O{�§·�ÀJ�'�?ê
∑∞

n=1 an��À�p?ê½�'?ê§¿/ÏØ

�ª| sinx| ≤ |x|§ln(1 + x) ≤ xÚþ�Ø�ª�� |un(x)| < an"

~~~ 2. y²µ¼ê�?êS(x) =
∑∞

n=1 2
n sin x

3n3(−∞,+∞)Ø��Âñ§�3[−M,M ]�

�Âñ§Ù¥M´?¿�¢ê"

©Ûµ�K���ÂñÜ©/ÏØ�ª| sinx| ≤ |x|� §Ø��ÂñÜ©K´I

O/�E:�"·�5¿��E�:�xn = 3n π24��+∞§ù´
∑∞

n=1 2
n sin x

3n3k

.4«m��Âñ§3Ã.«m(−∞,+∞)Ø��Âñ"

Proof. ky²
∑∞

n=1 2
n sin x

3n3[−M,M ]��Âñµ�Ä� ∣∣∣2n sin x

3n

∣∣∣ = (2

3

)n
|x| ≤M

(
2

3

)n
, (9)

�'?ê
∑∞

n=1M
(
2
3

)n
Âñ§¤±

∑∞
n=1 2

n sin x
3n3«m[−M,M ]��Âñ"

,�y²
∑∞

n=1 2
n sin x

3n3(−∞,+∞)Ø��Âñµ�:�xn = 3n π2§@oun(xn) =

2n§u´limn→∞ un(xn)Ø´0"¤±
∑∞

n=1 2
n sin x

3n3(−∞,+∞)Ø��Âñ"

~~~ 3. �ä¼ê�?êS(x) =
∑∞

n=1
x

1+nx2
sin 1√

nx
arctan

√
x
n3«m(0,+∞)���Âñ

5"

©Ûµ�K�r?ê�O{�A^§nÜ¦^
�«Ø�ª"
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Dirichlet�O{ Abel�O{

an(x)�5� an(x)⇒ 0�'unüN an(x)��k.�'unüNüN

bn(x)�5�
∑∞

n=1 bn(x)Ü©ÚS���k.
∑∞

n=1 bn(x)��Âñ

(Ø
∑∞

n=1 an(x)bn(x)��Âñ
∑∞

n=1 an(x)bn(x)��Âñ

Proof. Äk�âsinx ≤ xé��x ≥ 0¤á§Ïd

sin
1√
nx
≤ 1√

nx
. (10)

Ùg�âtanx ≥ xéx ∈ [0, π2 )¤á§�x = arctan y��arctan y ≤ yé��y ≥ 0¤

á§Ïd

arctan

√
x

n
≤
√
x

n
. (11)

��dþ�Ø�ª1 + nx2 ≥ 2
√
nx§Ïd

x

1 + nx2
≤ 1√

n
. (12)

Ïd ∣∣∣∣ x

1 + nx2
sin

1√
nx

arctan

√
x

n

∣∣∣∣ = 1√
n
· 1√

nx
·
√
x

n
=

1

n
3
2

. (13)

du
∑∞

n=1
1

n
3
2
Âñ§¤±?ê

∑∞
n=1

x
1+nx2

sin 1√
nx

arctan
√

x
n��Âñ"

Ø
r?ê�O{§Dirichlet-Abel�O{´¼ê�?ê��Âñ�O{�,�«

6�"XJ
∑∞

n=1 un(x)�±©un(x) = an(x)bn(x)§�anÚbnäk�½5�§·�Ò

�±y²
∑∞

n=1 un(x)��Âñ"äN�SN3L�o(µ

ùp·��Ö¿������kkk...�Vgµ·�b½z��anÑ´k.¼ê§3dÄ

:þXJ¼êS�{an(x)}∞n=1��k.§´��3������...M¦�|an(x)| ≤ Mé�

�n ∈ N∗Úx ∈ [a, b]"�ó�§z��an(x)�.MnÑ�'��.M�"�â��Âñ

�½Â§ØJ�yan(x) ⇒ 0%¹{an(x)}∞n=1��k.§ddDirichlet�O{éan(x)�

�¦'Abel�O{éan(x)��¦p",��¡§¤¢an(x)énüN§´�éz��½

�t ∈ [a, b]§S�{an(t)}∞n=1Ñ´üNS�§´��'�r�(Ø"

éu¼ê�?ê�Dirichlet-Abel�O{�n)§·����Ñeãº¦§ù
º

¦�±Úê�?êDirichlet-Abel�O{éA5wµ

� A^Dirichlet�O{ÚAbel�O{�O
∑∞

n=1 un(x)Âñ5Äk��{©un(x) =

an(x)bn(x)"

� Abel�O{'Dirichlet�O{ébn(x)�¦�p§�éan(x)�¦�$§Ïd(Ø´

�Ó�"ly²5w§ü��O{ÑA^
AbelC�§Ïd´�d�"
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� 3¢S)K¥§bn�À�´'��½�µéuDirichlet�O{§~~�bn(x) =

(−1)n§bn(x) = sin(nx)Úbn(x) = cos(nx)£ü�n�¼êÑI�½Â�[a, b]Ø

�¹:2kπ¤§ù�À�¦�
∑∞

n=1 bn(x)Ü©ÚS���k.¶éuAbel�O

{§~~�bn(x)´~�¼ê§=bn(x) = Bn÷v
∑∞

n=1BnÂñ§~��~f�

)bn(x) =
(−1)n
np §Ù¥p > 0"

·�AO`²bn(x) = sin(nx)Úbn(x) = cos(nx)���k.5§�δ > 0§�Ä4«

m[δ, 2π − δ]§^��{k∣∣∣∣∣
n∑
k=1

sin kx

∣∣∣∣∣
(
½

∣∣∣∣∣
n∑
k=1

cos kx

∣∣∣∣∣
)
6

1∣∣sin x
2

∣∣ < 1

sin δ
2

, (14)

ù`²n�¼êS��Ü©Ú34«m[δ, 2π−δ]��k.",bn(x) = sin(nx)Úbn(x) =

cos(nx)3«m[0, 2π]Ø��k.§Ï�3�C2kπ�:?§n�¼êS��Ü©Ú

ª�Ã¡"/Ïþã��k.5§XJ�Ä{an}´��üN�Âñu0�S�§

^Dirichlet�O{Òk?ê
∑∞

n=1 an sin(nx)Ú
∑∞

n=1 an cos(nx)34«m[δ, 2π − δ]��

Âñ§ù´Dirichlet�O{¦^�{ü�~f"

�e5·�5w��~KÙGDirichlet-Abel�O{

~~~ 4. y²µ¼ê�?êS(x) =
∑∞

n=1(−1)nxn(1− x)3«m[0, 1]��Âñ"

©ÛµduS(x)�z��äk(−1)n/ª§��±}Á¦^Dirichlet�O{�OÙ

��Âñ5"

Proof. Äky²S(x)�ýé��Âñ5§¦^Dirichlet�O{§ÀJ

bn(x) = (−1)n, an(x) = xn(1− x). (15)

w,bn�Ü©ÚS�´��k.�",��¡§¼êS�an(x)énüN4~§�

3[0, 1]Å:Âñu0§·�e¡^½n25y²an(x)��Âñu0"ÏL¦�¦4���

�{�±éan(x)?1� 

an(x) = xn(1− x) ≤ an
(

n

n+ 1

)
=

nn

(n+ 1)n+1
, (16)

duan(x)�K

|an(x)− 0| ≤ nn

(n+ 1)n+1
=

1

n+ 1
, (17)

dlimn→∞
1

n+1 = 0�an(x)��Âñu0"^Dirichlet�O{�
∑∞

n=1(−1)nxn(1− x)��

Âñ"

éu�K·�Ñ�Ö¿µ3~K5¥·�ÏL��Âñ�5��±y²?

ê
∑∞

n=1 an(x) =
∑∞

n=1 x
n(1 − x)3[0, 1]Ø��Âñ§,k��´an ⇒ 0§ù`

9



²½n1���´Øé�µ=
∑∞

n=1 an(x)��Âñ%¹an ⇒ 0§�´an ⇒ 0íØ

Ñ
∑∞

n=1 an(x)��Âñ"

�K,����5¿�:´§?ê
∑∞

n=1(−1)nxn(1−x)���Âñ5´ØU^r?

ê�O{5�O�"Ùnd´§XJ�3r?ê
∑∞

n=1 an÷v|(−1)nxn(1− x)| < an§

ù�(ØÓ��±`²?ê
∑∞

n=1 x
n(1 − x)�Âñ§,�Y·�¬y²

∑∞
n=1 x

n(1 −

x)¿Ø��Âñ"ùL²§r?ê�O{¢Sþ´����r�(Ø§dur?ê

�|un(x)| ≤ an��3§§Ø=�y
∑∞

n=1 un(x)��Âñ§��y

∑∞

n=1 |un(x)|��

Âñ"XJ��¼ê�?ê
∑∞

n=1 un(x)÷v
∑∞

n=1 |un(x)|��Âñ§·�¡¼ê�?

ê
∑∞

n=1 un(x)ýýýééé������ÂÂÂñññ"�ê�?ê�ýéÂñaq§
∑∞

n=1 un(x)ýé��Âñ

�±íÑ
∑∞

n=1 un(x)��Âñ"¤±¦^r?ê�O{¢Sþ��y²
?ê�ýé

��Âñ§´���r�(Ø"X�K�?ê
∑∞

n=1(−1)nxn(1 − x)´��Âñ�§�

Øýé��Âñ§ù��?ê�¡�^̂̂���������ÂÂÂñññ�"

1.3 ��Âñ�¼ê5��D4

·�Q²`L��Âñ�±ò¼êS�fn(x)�5�D4�4�¼êf(x)§ù´

�!?Ø�:"aq/§��Âñ�¼ê�?êS(x) =
∑∞

n=1 un(x)§��±ò�

�un(x)�5�D4�4�¼êS(x)"dd§·��±ÏLïÄü�un(x)�5�§5

u÷4�¼êS(x)�5�"ùB´·�ïÄ¼ê�?ê�ª�8�§ÏL¼ê�?

ê
∑∞

n=1 un(x)L�vkwªL�ª��a�2��¼ê"

AO/§ØØ´¼êS�{fn(x)}∞n=1�´¼ê�?ê
∑∞

n=1 un(x)§·�Ñb½½Â

��[a, b]"

ëY5�D4

��Âñ�Ä��5�Ò´�±D4ëY5§�é¼êS�Ú¼ê�?ê©Ode

�(Øµ

½½½nnn 8. �¼êS�fn(x)3[a, b]��Âñuf(x)§XJz��fn(x)Ñ´[a, b]þ�ëY

¼ê§@of(x)�´[a, b]þ�ëY¼ê"

½½½nnn 9. �¼ê�?êS(x) =
∑∞

n=1 un(x)��Âñ§XJz��un(x)Ñ´[a, b]þ�ë

Y¼ê§@o4�¼êS(x)�´[a, b]þ�ëY¼ê"

·��Ñ§�,½n8Ú½n9Ñb�fn½un34«m[a, b]��Âñ§XJ·�Uy

²fn½un3m«m½Ã¡«mI��Âñ§Ó��±òfn½un3«mI�ëY5D4�

4�¼êfÚS"Ù¥��d´ëY5´Å:½Â�§·���3I�z��f4«m?

ØëY5�D4§Ò�±�Ñ4�¼ê3I´z�:ÑëY"

10



e¡´½n8Ú½n9����A^µ

~~~ 5. y²µ¼ê�?êS(x) =
∑∞

n=1 x
n(1− x)3[0, 1]Ø��Âñ"

Proof. y²?êØ��Âñ�~5�{´½n7§,½n7´ÏLun(x)Ø��Âñ

u05íÑ
∑∞

n=1 un(x)Ø��Âñ",3~K4·�y²
xn(1 − x) ⇒ 0§¤±·�

Ã{ÏL½n75y²
∑∞

n=1 x
n(1− x)3[0, 1]Ø��Âñ"

·�|^ëY5�D4�{§ÏL�'S�¦ÚúªO�¼ê�?ê�4�¼ê

S(x) =
∞∑
n=1

xn(1− x) =


x

1−x(1− x) = x , x ∈ [0, 1)

0 , x = 1.
(18)

XJ
∑∞

n=1 x
n(1−x)��Âñ§�â¼êxn(1−x)3[0, 1]�ëY5�±íÑS(x)3[0, 1]ë

Y",ÏL�'S�úª�Ñ�S(x)¿ØëY§íÑgñ§¤±¼ê�?

ê
∑∞

n=1 x
n(1− x)Ø��Âñ"

½È©�D4

�é¼êS�Ú¼ê�?ê©Ode�(Ø

½½½nnn 10. �¼êS�fn(x)3[a, b]��Âñuf(x)§XJz��fn(x)Ñ3[a, b]þ�È§

@of(x)3[a, b]þ�È§¿�½È©�÷v∫ b

a
f(x)dx = lim

n→∞

∫ b

a
fn(x)dx. (19)

½½½nnn 11. �¼ê�?êS(x) =
∑∞

n=1 un(x)��Âñ§XJz��un(x)Ñ3[a, b]þ�

È§@o4�¼êS(x)3[a, b]þ�È§¿�½È©�÷v∫ b

a
S(x)dx =

∞∑
n=1

∫ b

a
un(x)dx. (20)

·��Ñ§½n11��uw�·�?ê¦ÚÒÚ½È©Ò3O�¥�±��gS∫ b

a

( ∞∑
n=1

un(x)

)
dx =

∞∑
n=1

∫ b

a
un(x)dx. (21)

ù�/��gS03¢S$�¥�~�B§�´cJ´7L�y
∑∞

n=1 un(x)3[a, b]�

�Âñ"

11



�ê�D4

�ê�D4½n���cü�(ØQã��E,§·�Äký�¼êS�Ú¼ê�

?êQã(Ø§2)ºÙ¥�dµ

½½½nnn 12. �¼êS�fn(x)3[a, b]÷veãn�^�

1.¼êS�fn(x)3[a, b]Å:Âñuf(x)¶

2.z��fn(x)Ñ3[a, b]þÑkëY��¼ê¶

3.�¼êS�f ′n(x)3[a, b]��Âñ¶

@o4�¼êf(x)3[a, b]þkëY��¼ê§¿��¼êS�f ′n(x)3[a, b]��Âñ

uf ′(x)§=limn→∞ f
′
n(t) = f ′(t)é��t ∈ [a, b]¤á"

½½½nnn 13. �¼ê�?êS(x) =
∑∞

n=1 un(x)3[a, b]÷veãn�^�

1.¼ê�?ê
∑∞

n=1 un(x)3[a, b]Å:ÂñuS(x)¶

2.z��un(x)Ñ3[a, b]þÑkëY��¼ê¶

3.�¼ê�¼ê�?ê
∑∞

n=1 u
′
n(x)��Âñ¶

@o4�¼êS(x)3[a, b]þkëY��¼ê§¿��¼ê�¼ê�?ê
∑∞

n=1 u
′
n(x)�

�ÂñS′(x)§=S′(t) =
∑∞

n=1 u
′
n(t)é��t ∈ [a, b]¤á"

½n13��uw�·�?ê¦ÚÒÚ½¦�$�Ò3O�¥�±��gS

d

dx

( ∞∑
n=1

un(x)

)
=

∞∑
n=1

u′n(x). (22)

,�ê�D4�'ëY5Ú½È©�D4¤I^���E,§ÙÌ�«O3

uµ·�òfn(x)½un(x)���5��D4�4�¼êf(x)½S(x)§¤�6�¿�

´fn(x)½
∑∞

n=1 un(x)���Âñ5§´�¼êS�f
′
n(x)½?ê

∑∞
n=1 u

′
n(x)���Â

ñ5"

·�Þ�~`²§=dfn(x)���Âñ5Ã{D4��5§±)ºþãü�½n

�Sºµ3[0, π]�Ä¼êS�fn(x) =
sin(n2x)

n §w,fn ⇒ 0§P4�¼êf(x) = 0"�

Ä�¼êS��f ′n(x) = n cos
(
n2x

)
§w,f ′n(x)ØÂñu0§ù`²�¼êS�f ′n(x)¿

ØÂñuf ′(x)"ù`²=dfn(x)½
∑∞

n=1 un(x)���Âñ5¿Ã{�Ñ�¼ê�Âñ

5"l©Û�nØ)º§´�¼êf ′n(x)�¼ê�Ï~J±^fn(x)��§XJ����

¼ê�'X§Ò7LI��¼ê���&E"

d	§�,½n12Ú½n13Ñb�f ′n½
∑∞

n=1 u
′
n34«m[a, b]��Âñ§XJ·�

Uy²fn½
∑∞

n=1 un3m«m½Ã¡«mI��Âñ§Ó��±òfn½un3«mI���

5D4�4�¼êfÚS"Ù¥��d´��´Å:½Â�§·���3I�z��f4

«m?Ø��5�D4§Ò�±�Ñ4�¼ê3I´z�:Ñ��"

·�5w½n13�����A^§T~K¥�E|´�~;.�µ
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~~~ 6. 3(1,+∞)þ½Â¼ê�?êζ(x) =
∑∞

n=1
1
nx§y²ζ(x)3(1,+∞)þ�3ëY�

�¼ê"

©Ûµ�un(x) =
1
nx§ÏL�y¬uy

∑∞
n=1 u

′
n(x) = −

∑∞
n=1

lnn
nx 3(1,+∞)¿Ø�

�Âñ§¤±ØU��3(1,+∞)þ¦^½n13"�d§·�3f«m[1 + δ,+∞)þy

²
∑∞

n=1
lnn
nx ��Âñ§�â½n13kζ(x)3��f«m[1 + δ,+∞)þ�3ëY��¼

ê"duδ�?¿5§ζ(x)3(1,+∞)?¿:Ñ����¼êëY"ù«y²��Âñ

/ò¦Ùg0��{´�§��"

Proof. N´�y½n13�cü�^�µ
∑∞

n=1
1
nxÅ:Âñuζ(x)�z��un(x) =

1
nxä

këY��¼ê"duu′n(x) = − lnn
nx §·�I�?Ø

∑∞
n=1

lnn
nx 3(1,+∞)���Âñ

5"

?�δ > 0§·�5y²
∑∞

n=1
lnn
nx 3[1 + δ,+∞)���Âñ5µ^r?ê�O{∣∣∣∣ lnnnx

∣∣∣∣ ≤ lnn

n1+δ
, (23)

�âê�?êÜ©�£§·��±y²?ê
∑∞

n=1
lnn
n1+δÂñ§¤±

∑∞
n=1

lnn
nx 3[1 +

δ,+∞)��Âñ"

,�3«m[1 + δ,+∞)A^½n13§Ò�±��ζ(x)3?¿f«m[1 + δ,+∞)ä

këY��¼ê"�Ä�ζ(x)���5Ú�¼ê�ëY5Ñ´Å:½Â�§éu∀t ∈

(1 +∞)§Ñ�3δ¦�t ∈ [1 + δ,+∞)§¤±ζ(x)3?¿x = tÑ����¼êëY§Ï

dζ(x)3(1,+∞)?¿:Ñ����¼êëY"

·��Ñζ(x) =
∑∞

n=1
1
nx´Í¶�iùZeta¼ê§¢Sþ·��±�E|^½

n13y²ζ(x)´Ã¡g���"w,ζ(x)´½Â3(1,+∞)���¼ê§Í¶�iùß

�K(¡§XJrζ(x)ÏLEC¼ê�)Ûòÿ�{òÿ�3E²¡C½Â�E�¼

ê§@oζ(x)¤k��²�":Ñ¢Üþ�1
2"k��´§iùZeta¼ê�g,ê¥�

ê�©Ùk��éX§Ø�êÆ[@�§�kkô�iùß�âkô�x�nâß��

Ü1",î8��§<�¿vkuÐÑv
k��êÆóä5y²iùß�"

��§·�5w��g´Ø���´ék��~K§ù�~KØI��[ÝºÙ�

{§�I�ÖÃÙ)�aÉ��Âñ�5¼ê5�D4ù�óä�%å=�µ

~~~ 7. y²±e·Kµ

1.éu��x ∈ Rkex =
∑∞

n=0
xn

n!"

2.·�5½00 = 1§@o
∫ 1
0

1
xxdx =

∑∞
n=1

1
nn"

©Ûµ1�¯´�ê¼ê��V?ê§§òex�¤
õ�ª¼ê���Âñ4�§
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Ny
¼ê�?êL�Ù¦¼ê�r�%å"/Ïex�õ�ª¼êÐm§·��±ïÄ

E,¼ê 1
xx�½È©"

Proof. 1.-un(x) =
xn

n!§w,¼ê�?ê
∑∞

n=0 un(x)3(−∞,+∞)Å:Âñ§½Â4�

¼êS(x) =
∑∞

n=0
xn

n!"·��8I´y²S(x) = S′(x)é��x ∈ R¤á§(ÜÐ�^

�S(0) = 1¦)~�©�§§Ò�±��S(x) = ex"

·�ÄkÏL½n13y²4�¼êS(x)¦�§�d·���Ä¼ê�?ê
∑∞

n=0
xn

n!�

¼ê�¼ê�?ê�

∞∑
n=0

u′n(x) = 0 +
x0

0!
+
x1

1!
+ · · · =

∞∑
n=0

xn

n!
. (24)

·�I�ÏL¼ê�?ê
∑∞

n=0
xn

n!���Âñ5§5`²S(x)��",
∑∞

n=0
xn

n!3«

m(−∞,+∞)¿Ø��Âñ§·�=y²éu��M > 0§¼ê�?ê
∑∞

n=0
xn

n!3«

m[−M,M ]��Âñ"^r?ê�O{k∣∣∣∣xnn!
∣∣∣∣ ≤ Mn

n!
, (25)

^D’Alembert�O{kê�?ê
∑∞

n=0
Mn

n! Âñ§Ïd¼ê�?ê
∑∞

n=0
xn

n!3[−M,M ]�

�Âñ"

�â½n13§du
∑∞

n=0 u
′
n(x)3[−M,M ]��Âñ§¤±S(x)3[−M,M ]äkëY

��¼ê§¿�S′(x) =
∑∞

n=0 u
′
n(x)"�âª(24)Ò��S′(x) =

∑∞
n=0 un(x) = S(x)é

��x ∈ [−M,M ]¤á"�Ä�«mëêM > 0�?¿5§S′(x) = S(x)é��x ∈ RÑ

¤á"

2.·�F"/Ïex =
∑∞

n=0
xn

n!ò
1
xxL�Ñ5µ

1

xx
= x−x = e−x lnx =

∞∑
n=0

(−x lnx)n

n!
. (26)

·�5¿�§þã�ª�U`²¼ê�?ê
∑∞

n=0
(−x lnx)n

n! Å:Âñu 1
xx§XJ�O

� 1
xx3[0, 1]þ�È©§·���y²¼ê�?ê

∑∞
n=0

(−x lnx)n
n! 2[0, 1]��Âñ"

ÄkÏL¦���{y²|x lnx| ≤ e−1§Ïd∣∣∣∣(−x lnx)nn!

∣∣∣∣ ≤ e−n

n!
, (27)

^D’Alembert�O{kê�?ê
∑∞

n=0
e−n

n! Âñ§Ïd¼ê�?ê
∑∞

n=0
(−x lnx)n

n! 3[0, 1]�

�Âñ"u´�â½È©�D4∫ 1

0

1

xx
dx =

∞∑
n=0

1

n!

∫ 1

0
(−x lnx)ndx. (28)
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3þþ½È©ùÂ¥§·�QÏL©ÜÈ©O�eã½È©∫ 1

0
(x lnx)ndx =

(−1)nn!
(n+ 1)n+1

, (29)

Ïd ∫ 1

0

1

xx
dx =

∞∑
n=0

1

n!

∫ 1

0
(−x lnx)ndx =

∞∑
n=1

1

nn
. (30)

¢Sþ§�K12¯gu²;�¼ê�§

∞∑
n=1

f(n) =

∫ ∞
0

f(x)dx. (31)

�K1�¯�Ñ
���C�)f(x) = 1
xx§�,Ù3mý�½È©È©þ�¿Ø�

�"<ÝêÆ[RamanujanQ³Sú*	Ñþã¼ê�§ý��)µ

∞∑
n=1

n5

e2πn − 1
=

∫ ∞
0

x5

e2πx − 1
dx =

1

504
. (32)

1.4 *l¼ê�m�Ýþ�Ýn)��Âñ

ù�Ü©�ÀÖSN"·�y3Ø3ïÄü�¼ê§´ò�N[a, b]þ�ëY¼ê

w����5�mC[a, b]5g�"

S�{an}∞n=1ÂñuA§·��±ÏL:an�A�ålª�05�x§��ulimn→∞ |an−

a| = 0¶:�{(xn, yn)}∞n=1Âñu(X,Y )§·��±ÏL:(xn, yn)�:(X,Y )�ålª

�05�x§ü:mål^^��½nL«§=limn→∞

√
(xn −X)2 + (yn − Y )2 = 0"

·��Ñ²¡þ�:´��îAp��m���§��îAp��m�´�5�

m§��g,��{´§·�UØU�Ó��5�m�C[a, b]¥�?¿ü�¼ê½Âå

l�VgQº·�^ρ(f, g)L�¼êf, g ∈ C[a, b]�m�ål§·�½Â�ålØU´

�¿�§Ù7L�îAp��m¥�ålkaq�?§·�o(
eãn�Ä�^�

1.���KKK555 ρ(f, g) ≥ 0é��f, g ∈ C[a, b]¤á"ρ(f, g) = 0��=�f = g"

2.ééé¡¡¡555 ρ(f, g) = ρ(g, f)é��f, g ∈ C[a, b]¤á"

3.nnn���ØØØ���ªªª ρ(f, h) ≤ ρ(g, h) + ρ(f, g)é��f, g, h ∈ C[a, b]¤á"

XJþãn��¦þ÷v§·�¡C[a, b]þ�¼êρ(·, ·)���ÝÝÝþþþ"

du¼ê�±w�Ã¡���þ§Ïdkeãü«������ª½ÂÝþµ

1.½Âρ∞(f, g) = maxx∈[a,b] |f(x) − g(x)|§duf, gÑ´ëY¼êþã����3"ù

«½Â�ª±f, gþål���¼ê�����f, g�ål"

2.½Âρ2(f, g) =
(∫ b

a |f(x)− g(x)|
2dx
) 1

2
§ù«½Â�ª���´ò��½ní2�Ã
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¡��þþ§��u�¼êf(x)− g(x)3��:¼ê��Úm�Ò"

ØJ�yþãü«ÝþÑÎÜn^½Â"

�âÝþ�Vg§·�ØJ��ÑÂñ�½Âµ¡¼êS�{fn}∞n=1 ⊂ C[a, b]Âñ

uf§XJlimn→∞ ρ(fn, f) = 0"3d½Â¥@^limn→∞ ρ∞(fn, f) = 0§·�¬��

¼êS�{fn}∞n=1��Âñ�(Ø"�ó�§¼êS����Âñ¢S´ëY¼ê3Ý

þρ∞¿Âe�Âñ"

Ü©ÓÆ�U¬¯§Ó�Ýþ��o·��ÆSρ∞¿Âe�Âñ5��Âñ§

Ø�ÄÝþρ2¿Âe�ÂñQº¢Sþρ∞¿Âe�Âñ5�Ð?þ§XJ¼êS

�{fn}∞n=1 ⊂ C[a, b]��Âñuf§�â��Âñ�5�á�Òkf ∈ C[a, b]§ù«5�

¤�Ýþ�������555",ρ2KØäkù��5�§½ÂeãëY¼êS�

fn(x) =


−1 , x ∈ [−1,−n−1],

nx , x ∈ (−n−1, n−1),

1 , x ∈ [n−1, 1].

(33)

�±�yfn(x)3[−1, 1]¿Ø��Âñ§�´3Ýþρ2��^e§fn(x)Âñu©ã¼ê

f(x) =

−1 , x ∈ [−1, 0],

1 , x ∈ (0, 1],
(34)

=limn→∞ ρ2(fn, f) = 0"¤±Ýþρ2Øäk��5§Ï�ëY¼ê3Ýþρ2�^e�

±ÂñuØëY�¼ê"

¢Sþ§<��±3ëY¼ê�mC[a, b]�Ä:þ§ÏLÖ¿¼ê��{§¦�Ý

þρ2äk��5§ù�L§¡�������zzz"�Ä²��È¼ê�m

L2[a, b] =

{
f :

∫ b

a
|f(x)|2dx <∞

}
. (35)

�±�yL2[a, b]�´�5�m§�C[a, b] ⊂ L2[a, b]"�����¼ê�5�m§L2[a, b]�

±�y?�¼êS�{fn}∞n=1 ⊂ L2[a, b]§Ýþρ2�^e�4��½�3L2[a, b]S"

���J�´§²��È¼ê�mL2[a, b]�½Âp§¦^�È©´LebesgueÈ©

�RiemannÈ©§Ïd�±�¹�´L�¼ê"¿�²��È¼ê�m´�±½ÂSÈ

����m§=Hilbert�m"3y�êÆÚþfåÆ¥§²��È¼ê�mL2[a, b]Ú

Ýþρ2´�~^�"

2 ²;SK

�!NõK8Ñ´nÜ|^��Âñ��5��nÜK§I�ÓÆ�ò��Âñ�

�O{Ú¼ê5��D4K¬0Ï"
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2.1 ~K

KKK 1. �ä¼ê�?êS(x) =
∑∞

n=2 ln
(
1 + x

n ln2 n

)
3«m[−1, 1]Ú«m[1,+∞)���

Âñ5"

©Ûµ�KNy
Ó��¼ê�?êS(x)3ØÓ�«mþ§��Âñ5�UØÓ"

·����¤±�K�¼ê�?ê3[1,+∞)Ø��Âñ�´3[−1, 1]��Âñ§´Ï

�/³+�ê0S�xn = n ln2 nØ3[−1, 1]¥"

Proof. ½Âun(x) = ln
(
1 + x

n ln2 n

)
"

Äk?Ø
∑∞

n=2 un(x)3[−1, 1]���Âñ5"Äk·�5¿�un(x)3x ∈ [−1, 1]´

üN4O¼ê§Ïd∣∣∣∣ln(1 + x

n ln2 n

)∣∣∣∣ ≤ max

{
ln

(
1 +

1

n ln2 n

)
,− ln

(
1− 1

n ln2 n

)}
, (36)

·�Ï"¦^Ø�ªx ≤ ln(1 + x)émýü�©O�OµÄké�− ln
(
1− 1

n ln2 n

)
��

 

− ln

(
1− 1

n ln2 n

)
= ln

n ln2 n

n ln2 n− 1
≥ ln

n ln2 n+ 1

n ln2 n
. (37)

Ïd�� ∣∣∣∣ln(1 + x

n ln2 n

)∣∣∣∣ ≤ ln
n ln2 n

n ln2 n− 1
= ln

(
1 +

1

n ln2 n− 1

)
. (38)

¤±

max

{
ln

(
1 +

1

n ln2 n

)
,− ln

(
1− 1

n ln2 n

)}
≤ ln

(
1 +

1

n ln2 n− 1

)
≤ 1

n ln2 n− 1
.

(39)

^'��O{§�â?ê
∑∞

n=2
1

n ln2 n
Âñ�±í�?ê

∑∞
n=2

1
n ln2 n−1Âñ"Ïd¼ê

�?êS(x) =
∑∞

n=2 ln
(
1 + x

n ln2 n

)
3«m[−1, 1]��Âñ"

,��¡§�ÄS�xn = n ln2 n ∈ [1,+∞)§·�kun(xn) = ln 2é��n ≥ 2¤

á§Ïdlimn→∞ un(xn)Ø´0§^½n5�S(x) =
∑∞

n=2 ln
(
1 + x

n ln2 n

)
3«m[1,+∞]Ø

��Âñ"

KKK 2. �Ä¼ê�?êS(x) =
∑∞

n=1

(
x+ 1

n

)n
§£�e�¯K

1.y²µS(x)�Âñ�D = (−1, 1)"

2.�äS(x)3Dþ���Âñ5"

3.y²µS(x)´Dþ�ëY¼ê"

©Ûµ·�Ö¿ÂÂÂñññ����Vgµ�Ñ¼ê�?ê
∑∞

n=1 un(x)§Âñ�D´�

D =

{
t ∈ R :

∞∑
n=1

un(x)3:x = tÂñ

}
. (40)
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y²¼ê�?êÂñ��K8��9ê�?êÂñ����{§Ø�9¼ê�?ê

���Âñ�{"3á�Ù
∑∞

n=1

(
x+ 1

n

)n
Âñ�Ä:þ§·��±&¢?ê3Âñ

�Dþ´Ä��Âñ"~X�K�,S(x)3D = (−1, 1)ëY§�´ëY5¿Ø´��Ï

L
∑∞

n=1

(
x+ 1

n

)n
3(−1, 1)��Âñ��§´y²
?ê3(−1, 1)S4��Âñ£=

3z��f4«m��Âñ¤"

Proof. -un(x) =
(
x+ 1

n

)n
"

1.�½|x| < 1§·�y²ê�?ê
∑∞

n=1

(
x+ 1

n

)n
ýéÂñ§=¹ýé����?

ê
∑∞

n=1

∣∣x+ 1
n

∣∣nÂñ"^Cauchy�O{

lim
n→∞

∣∣∣∣x+
1

n

∣∣∣∣ = |x| < 1, (41)

¤±ê�?ê
∑∞

n=1

(
x+ 1

n

)n
ýéÂñ"5¿�3x < 0�ê�?ê

∑∞
n=1

(
x+ 1

n

)n
Ø´

��?ê§¤±ØU��é�?ê¦^Cauchy�O{"

�½|x| ≥ 1§·�y²ê�?ê
∑∞

n=1

(
x+ 1

n

)n
uÑ"5¿�4�

lim
n→∞

(
x+

1

n

)n
= lim

n→∞
xn
(
1 +

1

nx

)n
=

+∞ , |x| > 1,

e , |x| = 1.
(42)

Ù¥·�A^4�'X

lim
n→∞

(
1 +

1

nx

)n
= e

1
x . (43)

du4�limn→∞
(
x+ 1

n

)n
Ø´0§`²?ê

∑∞
n=1

(
x+ 1

n

)n
uÑ"

2.·�y²
∑∞

n=1

(
x+ 1

n

)n
3(−1, 1)Ø��Âñ"�Ä:�xn = 1− 1

n§d�un(xn) =

1§limn→∞ un(xn)Ø´0§Ïd?ê
∑∞

n=1

(
x+ 1

n

)n
3D = (−1, 1)Ø��Âñ"

3.du
∑∞

n=1

(
x+ 1

n

)n
3(−1, 1)Ø��Âñ§·�ØU��^½n9��S(x)3(−1, 1)�

ëY5"·�ò¦Ùg§y²¼ê�?ê
∑∞

n=1

(
x+ 1

n

)n
3[−a, a]��Âñ§Ù

¥a < 1�?¿�¢ê"

^r?ê�O{"dua < 1§�3v
��N ∈ N∗§�n > N�ka+ 1
n <

1+a
2 <

1"£5µ1+a
2 ��±�¤?¿��0um«m(a, 1)�¢ê§Ù8�´�ya + 1

n3nv


���¹e�u���u1��¢ê¤Ïd∣∣∣∣x+
1

n

∣∣∣∣n ≤ (a+ 1

n

)n
<

(
1 + a

2

)n
, ∀n > N, (44)

d1+a
2 < 1k

∑∞
n=N+1

(
1+a
2

)n
Âñ§¤±¼ê�?ê

∑∞
n=N+1

(
x+ 1

n

)n
3[−a, a]��Â

ñ"�Ä�Âñ5�k��Ã'§��
∑∞

n=1

(
x+ 1

n

)n
3−a, a]��Âñ"2^½

n9§S(x)3[−a, a]¤áé��a < 1¤á§^a?¿5�S(x)3[−1, 1]ëY"
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KKK 3. �Ä¼ê�?êS(x) =
∑∞

n=1
e−nx

1+n2§£�e�¯Kµ

1.y²µ¼ê�?ê
∑∞

n=1
e−nx

1+n2�Âñ�D = [0,+∞)"

2.y²µS(x)3[0,+∞)ëY"

3.y²µS(x)3(0,+∞)��"

©Ûµ�K�þ�K�~aq§?ê
∑∞

n=1
e−nx

1+n23[0,+∞)��Âñ§�´�¼ê

S�3[0,+∞)Ø��Âñ"

Proof. -un(x) =
e−nx

1+n2"

1.�½x ≥ 0§·�y²��?ê
∑∞

n=1
e−nx

1+n2��Âñ"^'��O{

e−nx

1 + n2
≤ 1

1 + n2
, (45)

d
∑∞

n=1
1

1+n2Âñ�
∑∞

n=1
e−nx

1+n2Å:Âñ"

�½x < 0�§·�y²��?ê
∑∞

n=1
e−nx

1+n2Ø��Âñ"5¿�4�

lim
n→∞

(e−x)
n

1 + n2
= +∞, (46)

ù´Ï�e−x > 1´�½�~ê"Ïd
∑∞

n=1
e−nx

1+n2uÑ"

2.·�^r?ê�O{y²¼ê�?êS(x) =
∑∞

n=1
e−nx

1+n2§du∣∣∣∣ e−nx1 + n2

∣∣∣∣ ≤ 1

1 + n2
, ∀x ∈ [0 +∞). (47)

z��un(x)Ñ3[0,+∞)ëY§�â½n9kS(x)3[0,+∞)ëY"

3.duu′n(x) = −ne−nx
1+n2 §ÏLr?ê�O{Ã{�O

∑∞
n=1 u

′
n(x)3[0,+∞)��Â

ñ§Ï�·�=k ∣∣∣∣−ne−nx1 + n2

∣∣∣∣ ≤ n

1 + n2
. (48)

·�=�y²
∑∞

n=1
−ne−nx
1+n2 3[a,+∞)��Âñ§Ù¥a´?¿�¢ê"Ïd∣∣∣∣−ne−nx1 + n2

∣∣∣∣ = n

(1 + n2)exn
≤ n

(1 + n2)cn
≤ 1

2cn
, ∀x ≥ a, (49)

Ù¥c = ea > 1"Ïd�¼ê�¼ê�?ê
∑∞

n=1
−ne−nx
1+n2 3[a,+∞)��Âñ"^½

n13§du
∑∞

n=1 un(x)Å:Âñ§z��un(x)þ�3ëY�ê�
∑∞

n=1 u
′
n(x)��Â

ñ§��S(x)3[a,+∞)këY��¼ê"(Üa�?¿5§S(x)3(0,+∞)z�:Ñk

ëY��¼ê"
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KKK 4. ¼êS�fn(x)þ´[a, b]þ�ëY¼ê§XJfn(x)3(a, b)��Âñuf(x)§y

²µ

1.4�limn→∞ fn(a)Úlimn→∞ fn(b)Âñ"

2.�(a, b)þ�¼êf(x)Ö¿½Âf(a) = limn→∞ fn(a)Úf(b) = limn→∞ fn(b)§@o¼

êS�fn(x)3[a, b]��Âñuf(x)§ddíÑf(x)3[a, b]ëY"

©Ûµ�K�(Ø)º
·�o34«m?Ø��Âñ5��Ï§Ï�X

Jfn(x)3m«m(a, b)��Âñ§/Ïfn(x)�ëY5·���±y²fn(x)3���4

«m[a, b]���Âñ§¤±3m«m(a, b)?ØëY¼ê���Âñ´vk¿Â�§Ø

X�½34«m[a, b]?Ø"�K�æ^ε −N�óy²?êÂñ5�K8§JÝ��§

y²�{�/n©{0§=ò��O��|fn(a)− fm(a)|©¤nÜ©?Ø"

Proof. 1.·��y²4�limn→∞ fn(a)Âñ"du·�¿Ø�Ù4�limn→∞ fn(a)�

äN�§¤±æ^�ÜOK´�{µé∀ε > 0§·�y²�3N ∈ N∗¦�|fn(a) −

fm(a)| < εé��n,m > N¤á"·�ò��O��|fn(a)− fm(a)|©¤nÜ©?Ø

|fn(a)− fm(a)| ≤ |fn(x)− fn(a)|+ |fn(x)− fm(x)|+ |fm(x)− fm(a)| , (50)

Ù¥1��Ú1n�ýé��±^Ü©Ú¼êSnÚSm�ëY5�O§1��Ø�ªK

d��Âñ5��"ùpx ∈ (a, b)´�½�v
�Cua�:§dufnÚfm3:aNC

äkëY5§¤±�±@��|fn(x)− fn(a)|Ú�|fm(x)− fm(a)|v
�"��Âñ

�y�|fn(x)− fm(x)|�v
�§ùB´/n©{0�g´"

y²�ö��{Xeµ�â��Âñ��ÜOK§�3v
��N0 ∈ N∗§¦�é

��n,m > N0k

|fn(x)− fm(x)| <
ε

3
, ∀x ∈ (a, b), (51)

d�éu(½�nÚm§¼êfn(x)Úfm(x)3:aëY§Ïd�âëY5½Â§�3�~

êδnÚδmk

|fn(x)− fn(a)| <
ε

3
, ∀x ∈ (a, a+ δn), (52)

Ú

|fm(x)− fm(a)| <
ε

3
, ∀x ∈ (a, a+ δm), (53)

�é(½�nÚm�x ∈ (a, a+ δn) ∩ (a, a+ δm)§(ÜØ�ª(50)k

|fn(a)− fm(a)| ≤ |fn(x)− fn(a)|+ |fn(x)− fm(x)|+ |fm(x)− fm(a)| <
ε

3
+
ε

3
+
ε

3
= ε,

(54)

éu��m,n > N0¤á"Ïdlimn→∞ fn(a)Âñ"

2.(Ü1�¯§·���¼êS�fn(x)3m«m(a, b)��Âñ§3:aÚ:bü:

Âñ§XJ?Øfn(x)34«m[a, b]���Âñ5§Âñ��ÝÒ©�
(a, b)Úa, bü
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:��n�³å"·�^½Ây²fn(x)��Âñuf(x)"é∀ε > 0§·�y²�

3N ∈ N∗¦�|fn(x)− f(x)| < εé��n > NÚx ∈ [a, b]¤á"

�âfn(x)3(a, b)���Âñ5§�3N1§é��n > N1k

|fn(x)− f(x)| < ε, ∀x ∈ (a, b), (55)

�âS(x)3a, bü:�Âñ5§�3N2, N3÷v

|fn(a)− f(a)| < ε, ∀n > N2, (56)

Ú

|fn(b)− f(b)| < ε, ∀n > N3. (57)

�ÄN = max{N1, N2, N3}§@o�n > N�þãn�Ø��OÑ¤á§=

|fn(x)− f(x)| < ε, ∀x ∈ [a, b], (58)

Ïdfn(x)3[a, b]��Âñuf(x)"

2.2 °ÀÖ¿K

ÖÖÖ 1. ¦yµ¼ê�?êS(x) =
∑∞

n=1
x2

(1+x2)n
3(−∞,∞)Ø��Âñ"£J«µ/Ïë

Y5�D4§^�y{¤

ÖÖÖ 2. y²µ¼ê�?êS(x) =
∑∞

n=1
(−1)n
1+nx3(0,+∞)Ø��Âñ§�´3[a,+∞)��

Âñ§Ù¥a > 0"

ÖÖÖ 3. O�eã4�

1.limx→3
∑+∞

n=1
1
2n

(
x−4
x−2

)n
.

2.limn→∞
∫ 1
0

(
1 + x

n

)n
dx.

ÖÖÖ 4. �f(x)´[0, 1]þ�ëY¼ê§�f(1) = 0§�^��Âñ�½Ây²fn(x) =

xnf(x)��Âñ"

21


