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1.1 üN5

üN5´p¥êÆBÚ\�½Â§·�3d#Qã½Â

½½½ÂÂÂ 1.1. �¼êf(x)�½Â�´«mI§¡f(x)34«m[a, b]£££îîî���¤¤¤üüüNNN444OOO§

XJéu��x1, x2 ∈ IÚx1 < x2Ñkf(x1) ≤ f(x2)£f(x1) < f(x2)¤¶¡f(x)3

4«m[a, b]£££îîî���¤¤¤üüüNNN444~~~§XJéu��x1, x2 ∈ IÚx1 < x2Ñkf(x1) ≥

f(x2)£f(x1) > f(x2)¤

'uüN5�½ÂkA:º¦µ

1.Ü©p¥��é�î��üN5½Â�x1 < x2Ñkf(x1) < f(x2)§ÖöÆSpê�

A���ùÂ¥�½Â"

2.£î�¤üN4O�,�«�d£ã´é?¿x1, x2 ∈ IÑk(f(x1)−f(x2))(x1−x2) ≥

0£(f(x1)− f(x2))(x1 − x2) > 0¤"

3.üN57L3�½�«mIþâ�±½Â§ü:�üN5?Øvk¿Â§ØïÆ�«

m�ê8þ?Ø�üN5"

�Äf(x)´±[a, b]�½Â��¼ê"¡f(x)34«m[a, b]üüüNNN444OOO§XJéu�
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�a ≤ x1 < x2 ≤ bÑkf(x1) ≤ f(x2)¤á"ùpI��Ñ§üN4O�½Â´#NÑ

yf(x1) = f(x2)�§ù�:�p¥��½ÂØÓ"XJéu��a ≤ x1 < x2 ≤ bÑ

kf(x1) < f(x2)¤á§¡f(x)34«m[a, b]îîî���üüüNNN444OOO"

��æ^½Ây²üN5I�/Ï?�x1, x2:�¼ê�'�ÏdO�þé�"Ï

L.�KF¥�½n§·��±òüN5�?Ø=z��¼ê¼ê�3«mþ�ÎÒµ

½½½nnn 1.1. �¼êf(x)3½Â�I��§@of(x)3«mI£î�¤üN4O�¿©7�

^�´f ′(x) ≥ 0£f ′(x) > 0¤éx ∈ I¤á;f(x)3«mI£î�¤üN4~�¿©7�

^�´f ′(x) ≤ 0£f ′(x) < 0¤éx ∈ I¤á

'uüN5�O½n§·��k�
5¿¯�

1.XJ½Â�I = [a, b]´k�4«m§@o�If ′(x)3m«m(a, b)�ÎÒÒ�±?

Øf(x)34«m[a, b]�üN5§¿ØI��Äà:x = a, b�5�"ù�:�±l.�

KF¥�½n¥�yÑ5§Öö�±g1�y"Ïd§333444«««mmm???ØØØüüüNNN555´́́������BBB

���"

2.ÐÆöéN´á·�:´§XJf=3,�:x = x0?÷vf ′(x0) ≥ 0£f ′(x0) >

0¤§¿ØUíÑf3x0�üN5"Äk§üüüNNN555777LLL´́́333888ÜÜÜþþþ½½½ÂÂÂ§§§???ØØØx0���:::

���üüüNNN555vvvkkk¿¿¿ÂÂÂ¶Ùg§XXXJJJ������íííÑÑÑf333x0���������(x0 − r, x0 + r)äääkkküüüNNN555§§§

777LLLïïïÄÄÄf ′333«««mmm(x0 − r, x0 + r)���ÎÎÎÒÒÒ§==³/f ′(x0)�:&E´Ø�±íÑ�

�(x0 − r, x0 + r)�üN5�"�ÄXe¼ê

f(x) =

x+ 100x2 sin 1
x , x 6= 0

0, x = 0
(1)

�â�ê�½Âf3�N¢ê��§�f ′(0) = 1¶�´É�¾��x2 sin 1
x�K�§¼

êf(x)3x = 0NCpª��§Ïdf(x)3x = 0?Û����ÑØüN§�ã1"

3.@oXJ=k�ê3�:¼ê��&Ef ′(x0) > 0½f ′(x0) ≥ 0UíÑ�oQºé

uf ′(x0) > 0��/§�â�ê�½ÂÚ4��üN5§·��±y²�3v
�

Cx0�:yÚz÷vz < x0 < y§Ó�f(y)−f(x0)
y−x0 > 0Úf(z)−f(x0)

z−x0 > 0;�ó�§·�é�


ü�:y, z©O ux0üý�÷vf(y) > f(x0) > f(z)",·�ØUéx0NC�z�

�:ÑíÑþã5�"¤ê½n�y²Ò´aqg��Ñ�"

¼êüN53)K¥�A^Ì�´y²Ø�ª§üN5�{�´Ø�ªy²Ø�

.�KF¥�½n±	�aÌ���{"ùa�{���´òØ�ª��Ü©�¤¼

êf(x)§/Ïf(x)��êïÄüN5§��í�Ø�ª�'&E"

~~~ 1. �x ∈ (0, π2 )§y²Ø�ªµ
x

sinx <
tanx
x "

Proof. ½Âf(x) = sinx tanx− x2§·���`²f(x) > 0éx ∈ (0, π2 )¤á=�"�d

·�I�ïÄf(x)�5�§�Bå�·�3½Â�[0, π2 )?Øf£5µ��5`34«m
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ã 1: nÜã¡Ð«
dª(1)½Â�¼êf3:0NC�5�¶l� mw§1�Üã

´f��N«¿ã¶1�Üã´f30NC������ÛÜ«¿ã§�±*	�f30N

C�pª��¶1nÙã´�¼êf ′�«¿ã§�,f ′(0) = 1§�´f ′30���p�

K��§¦�f30NCØüN"

?Ø¼ê'��B§�´f3π
2vk½Â¤"O�

f ′(x) = sinx+
sinx

cos2 x
− 2x. (2)

duf ′©�K�,Ã{��ïÄ§·�Äk�âf ′′ïÄf ′�5�

f ′′(x) = cosx+
cos2 x+ 2 sin2 x

cos3 x
− 2 =

(
cosx+

1

cosx
− 2

)
+

2 sin2 x

cos3 x
. (3)

�â²þ�Ø�ªcosx + 1
cosx − 2 > 03x ∈ (0, π2 )¤á§¤±f

′′(x) > 03x ∈

(0, π2 )¤á§ddf
′(x)3[0, π2 )î�üN4O£5µí�f

′3[0, π2 )�î�üN5ØI

�f ′′(x)3x = 0��ê&E¤§¤±

f ′(x) > f ′(0) = 0, x ∈ [0,
π

2
), (4)

ddf(x)3[0, π2 )î�üN4O§¤±f(x) > f(0) = 03x ∈ (0, π2 )¤á"

,	§�KXJÀJg(x) = tanx
x − x

sinx2y²g(x) > 0´�~æ��§�K��À

JÜ·�¼ê?1©Û§)�¥�f/ªw,�{ü"

1.2 4����

½ÂÚEÛ

·�Äk«©4�Ú���½Â"

½½½ÂÂÂ 1.2 (4�Ú4�:). ¡:x0´¼êf(x)���£î�¤444������:::§XJ�

3x0�����(x0 − r, x0 + r)§f(x)k½ÂÙé?¿y ∈ (x0 − r, x0 + r)Ñkf(x0) ≥

f(y)£f(x0) > f(y)¤§Ó�¡f(x0)´¼êf(x)���£î�¤444������¶¡:x0´¼

êf(x)���444������:::§XJ�3x0�����(x0 − r, x0 + r)§f(x)k½ÂÙé?
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¿y ∈ (x0 − r, x0 + r)Ñkf(x0) ≤ f(y)£f(x0) < f(y)¤§Ó�¡f(x0)´¼êf(x)��

�444������

½½½ÂÂÂ 1.3 (��Ú��:). �¼êf(x)�½Â�´8ÜI§¡:x0 ∈ I´¼êf(x)��

�£î�¤���������:::§XJéu?¿y ∈ IÑkf(x0) ≥ f(y)£f(x0) > f(y)¤§Ó�

¡f(x0)´¼êf(x)������������¶¡:x0 ∈ I´¼êf(x)���£î�¤���������:::§

XJéu?¿y ∈ IÑkf(x0) ≤ f(y)£f(x0) < f(y)¤§Ó�¡f(x0)´¼êf(x)���

���������

{ü5`§4��:´ÛÜ��¥�¼ê����:§4��:�(@¿Ø�6�

�±	�5�¶���:�½ÂKI����N½Â�þ5?Ø¼ê���"w,§

444���:::ØØØ���½½½´́́������:::",��¡§������:::���ØØØ���½½½´́́444���:::µXJ½Â�´4«

m[a, b]§��5`½Â�>.�:x = a, bÏ�f(x)�3:�ýk½Â¤±ØU¤�4

�:"~Xf(x) = x2½Â�´[0, 1]§@ox = 0´���:�Ø´4��:",XJ

¼ê�½Â�´�N¢êR§@o��:Ò7,´4�:"

4�:Ú��:��O{

3þã©Û¥§·�w���:��OI�'4�:�õ�&E§Ï�4�:�½

Â´/ÛÜ0�§��:�½Â´/�Û0�"|^�ê�5�§·��±ØÏL½

Â4�:�½Â{ü/©Û4�:§��:�©ÛK'�E,7Lïá34�:�©

Û�þ"'u4�:Ú�ê�'X§·�kXe�A�½nµ

½½½nnn 1.2. ������777���^̂̂���§§§Fermat½½½nnn�f(x)3��(x0−r, x0+r)k½Â§�f ′(x)3x =

x0��"XJx0´f��4�:§@of ′(x0) = 0"

½½½nnn 1.3. ������777���^̂̂��� �f(x)3��(x0 − r, x0 + r)k½Â§�f ′(x)3x = x0���

�"XJx0´f��4�(�)�:§@of ′(x0) = 0§¿�f ′′(x0) ≤ (≥)0"

½½½nnn 1.4. ������¿¿¿©©©^̂̂��� �f(x)3��(x0 − r, x0 + r)k½Â§�f ′(x)3x = x0���

�"XJf ′(x0) = 0§¿�f ′′(x0) < (>)0§@ox0´f��4�(�)�:"

���Äþãn�½nN´'Ï§·��ÑA:o(µ

1.½½½:::ÚÚÚ444���::: ·�¡�¼êf ′�":§=÷vf ′(x0) = 0�:x0�¼êf�½½½:::

£Ü©©z¡�7:¤"��7�^�w�·�§4�:7L´½:"�ó�§XJ

·��éf�4�:§��7�^�w�·��333½½½:::¥¥¥ÏÏÏééé444���:::"

2.QQQ:::ÚÚÚ444���::: ½:¥Ø´4�:�:�¡�QQQ:::§~X¼êy = x3§:x = 0´

½:�Ø´4�:§Ïd´Q:"«©½:´4�:�´Q:´éE,�¯K§~X

�f ′(x0) = f ′′(x0) = 0�§�ê&EÎÒ��7�^��´ØÎÜ��¿©^�§·�
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Ã{ÏL�ê&E�Ñ��¿©7�^�«©T:´Q:�´4�:"£=Ø�3/�

�¿©7�^�0¤

3.���üüüNNN555½½½nnn���'''��� þã4�½nÑ�I�f3x0�:��ê&EÒv

§�*

üN5KI�f3�N«mþ��ê&E"

��¿©^�Ú��7�^��y²Ñ´�Vúª�{üA^§ïÆÓÆ�Ýº"

·�e¡�Ñ��¿©^��y²"Öö�g1Ö¿��7�^��y²µ

Proof. XJf ′(x0) = 0§¿�f ′′(x0) < 0§�Ñf(x)3x = x0�ÛÜ�Vúª

f(x) = f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2
(x− x0)2 + o

(
(x− x0)2

)
= f(x0) +

(
f ′′(x0)

2
+ o(1)

)
(x− x0)2, x→ x0, (5)

-A(x) = f ′′(x0)
2 +o(1)§Ù¥o(1)�L
��/ª���'ux�¼ê§�´Ã¡�þ"

�âf ′′(x0) < 0§�¿©��δ > 0§�x ∈ (x0− δ, x0 + δ)�§dA(x) = f ′′(x0)
2 + o(1) <

0§¤±

f(x) = f(x0) +A(x− x0)2 < f(x0), x ∈ (x0 − δ, x0 + δ). (6)

¤±x0´4��:"

�ä½:´Ø´4�:´�~��¯K§3p�êÆ��Æp«©��{kü

«µ

1.���������êêê���OOO{{{ XJf ′(x0) = 0§@o�â����ÎÒkµf ′′(x0) > 0Kx0´4�

�:¶f ′′(x0) < 0Kx0´4��:¶f ′′(x0) = 0Ã{�äx0´Ø´4�:§���ê�

O{��"

2.üüüNNN555���OOO{{{ aqp¥�/�L{0"XJ·��±y²f(x)3���(x0− δ, x0)ü

N4~§3m��(x0, x0 + δ)üN4O§=/�~mO0§@ox0Ò´f(x)�4��

:¶XJ·��±y²f(x)3���(x0 − δ, x0)üN4O§3m��(x0, x0 + δ)üN

4~§=/�Om~0§@ox0Ò´f(x)�4��:¶XJf(x)3�m���üN

5��§@ox0Ø´4�:"��¤üN5�O{·���I�3�N½Â�þO

�f ′(x)¿©Û�ê�ÎÒ"

ü«�{Ñ´�ä4�:���{§I(Ü¦^"���ê�O{�~É�u���

ê�0½´���ê/ª�E,Ã{�ä§üN5�O{KO�þ��§�é,
¾

�¼ê¬��£3p�êÆ��Æp��Ø¬��ùa¾�¼ê¤"

��§·��Ñ4�:�½Ú½µ

1.O�f�½Â�I"

2.O�f ′¿¦ÑIþ�½:§��4�:�/ÿÀ<0"5¿§XJI´4«m§«m

>.þ�:ØU¤�4�:§¤±Ø3/ÿÀ<0��"£k��U��fØ���A
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ã 2: K2«¿ã"

Ï�/§éuØ���:I�	é�§�ùÂ*ÐSK2¤

3.ÀJþã���������êêê���OOO{{{ÚüüüNNN555���OOO{{{��§©Û��/ÿÀ<0´Ø´4�

:"

34�:�Ä:þ§·��±UY�Of�½Â�I´���:§��:kü«�

Uµ4�:½´½Â�>.þ�:"·�I�jù
/ÿÀ0��:?f�¼ê��Ñ

5§¿À�Ù¥¼ê���/������:"

eã~K´�IO�4�:/��:O�¯Kµ

~~~ 2. �f(x) = (x+ 2)2(x− 1)33[−3, 2]½Â§©Ûf(x)�4�:Ú��:"

Proof. À½½Â�[−3, 2]§O��ê

f ′(x) = (x+ 2)(x− 1)2(5x+ 4), (7)

Ïdf�½:kx1 = −2§x2 = −4
5Úx3 = 1§ùn�:´4�:�/ÿÀ<0"

?�Ú�O½:´Ä�4�:§kü«�{µÄk´���ê�O{§O���

�ê

f ′′(x) = 20x3 + 12x2 − 30x− 2. (8)

©O�\O�f ′′(−2) = −54§f ′′(−4
5) = 486

25 > 0Úf ′′(1) = 0"ddx1 = −2Úx2 =

−4
5©O�f�4��:Ú4��:"éux3 = 1·�EI�UY�Ä"£ùp�±wÑ

���ê�O{�Û�5¤

,��¡§·�æ^üN5�O{"·�ò½Â�[−3, 2]©¤oãµ

(−3,−2), (−2,−4

5
), (−4

5
, 1), (1, 2), (9)
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x [−3,−2) −2 (−2,−4
5) −4

5 (−4
5 , 1) 1 (1, 2]

y′ + 0 − 0 + 0 +

y′′ ÃI − ÃI + ÃI 0 ÃI

y ↗ 4��: ↘ 4��: ↗ �4�: ↗

L 1: ¼êf(x) = (x+ 2)2(x− 1)3�ê&EL"

ÏLf ′�/ª§f ′3oã�ÎÒ©O�+,−,+,+§¤±·��±±�f���ã�£Ø

I�x]à5¤§�L1Xã2"dã���−2,−4
5©O´4��:Ú4��:§

:x3 = 1üýfþüN4O§¤±x3 = 1Ø´4�:"

��·�O���:§Äk(½��:�ÿÀ<´ü�4�:x1 = −2Úx2 =

−4
5Úü���:−3Ú2"©OO��f(3) = −200§f(−2) = 0§f(−4

5) = 26244
3125 ≈

−8.4Úf(2) = 16§¤±f3[−3, 2]����:Ú���:�2Ú-3"O�f(−4
5)�¢SØ

I��ÑäN�§Ò�±���OÑf(3) < f(−4
5)"

1.3 ]à5

]à5�x�´¼êã���/G"~X�Ô�y = x2Úy = −x2�m���Ø

Ó§\ym��þ�Ô��ã/�e�£/X^¤§�öm��e�Ô��ã/

�þ�£/X_¤"·�F"ÏLêÆ�óî�«©��ØÓ�üa¼êã/§ã�

/X^�¡�eeeààà½´]]]§ã�/X_�¡�eeeààà½´ààà"

�
î�Ú\]àü�Vg§·�7L/ÏêÆ��ó"3��þ§]à5�

½Â´ÏL¼êã�Ú��� �'XµXJ¼ê�z�^��Ñ uã�e�

£~Xy = x2¤§K¡�eà¼ê¶XJ¼ê�z�^��Ñ uã�þ�£~

Xy = −x2¤§K¡�þà¼ê"äN�êÆ�ó´µ

½½½ÂÂÂ 1.4 (]à5���½Â). �f3(a, b)þ��§3:x0 ∈ (a, b)����§´y −

f(x0) = f ′(x0)(x− x0)§XJ

f(x) >£ <¤f(x0) + f ′(x0)(x− x0), ∀x, x0 ∈ (a, b), x 6= x0. (10)

¡f3«m(a, b)´eeeààà¼¼¼êêê£þþþààà¼¼¼êêê¤§d�¼êf3(a, b)z�:���Ñ u¼ê

ã��e£þ¤"

,§ÏL���½Â�U���¼ê½Â]à5§éuØ���¼ê§·�ke

ã����]à5½Âµ

½½½ÂÂÂ 1.5 (]à5���½Â). �f3(a, b)þ½Â§XJé?¿x1, x2 ∈ (a, b)Út ∈

(0, 1)§Ñk

tf(x1) + (1− t)f(x2) >£ <¤f(tx1 + (1− t)x2). (11)

7



ã 3: ã¥Ð«
��eà¼ê"dux1 < x2§:tx1+(1− t)x2´0u:x1Úx2�m�

:§@o�I:(tx1 + (1− t)x2, tf(x1) + (1− t)f(x2))K´ë�:(x1, y1)Ú(x2, y2)�

�ãþ�:"·��Ñ§eà¼ê�½Âw�·�§ë�(x1, y1)Ú(x2, y2)��ãþ�

z��:§Ñ u¼ê�ã/�þ"

¡f3«m(a, b)´eeeààà¼¼¼êêê£þþþààà¼¼¼êêê¤§½Â�AÛ¿Â�ã3"

·��Ñ]à5���½Â1.5%¹
��½Â1.4"½Â1.5´ér�(Ø§�,½

Â1.5Ø�¦¼êfëY§�´·��±l½Â1.5�^�ÒíÑþà¼êÚeà¼êÑ

´ëY¼ê£y²ëY�L§éæ�¤"Òp�êÆ��§ó§�In)½Â1.49

ÙAÛ¿Â=�§,Ø�Æ���Y�§¬Ú\½Â1.5��]à5�½Â"

�üN5aq§·���ØÏL½Â�O¼ê�]à5§´ÏL���ê�ÎÒ

�Oµ

½½½nnn 1.5 (¿©^�). �f(x)3(a, b)����§XJf ′′(x) > £ < ¤0é?¿x ∈

(a, b)¤á§@of3(a, b)þþ�eà£�þà¤�"

éu�½�¼êf§Ù����ÎÒØ�½o�Ó§�â����ÎÒ§XJé�

���ð���«m@of3T«m7,eà§XJé����ð�K�«m@of3

T«m7,þà§q�þàÚeà«m�:�¡�$$$:::"éu����0�Ü©§]

à5�©Û´�~æ��§p�êÆ�§¥��Ø�9éE,�]à5¯K"£5µ�

���0�:Ø�½´$:§$:�½Â�¦�müý]à5ØÓ¤

1.4 ìC���ã

ìC�

ìC��¶gÂÒ´¼êã�Øä�C���§~X�'~¼êy = 1
xÒ±ü��

8



I¶y = 0Úx = 0�ü^ìC�§�x½yé��§�'~¼êy = 1
xã��C�I¶"

î�©ÛìC�I©�¹?Øµ

1.RRR���ìììCCC��� ùaìC�´��x¶²1�ìC�"x = c´y = f(x)�R�ìC��¿

©7�^�§�¦�x→ c£�)üý�/c+0½c−0¤§¼ê4�limx→c f(x)�∞£�

)±∞¤uÑ§ddx = c´y = f(x)�1�amä:"dddddd···���AAA���333111���aaammmäää

:::ÏÏÏéééRRR���ìììCCC���"~Xy = 1
x�31�amä:x = 0§�limx→0

1
x = ∞§¤

±x = 0´y = 1
x�R�ìC�"

2.������ìììCCC���=ØR�ux¶�ìC�§ùaìC���Ç�3§�±�¤y = ax+b�

/ª"y = ax+ b´y = f(x)���ìC�¦�x→ +∞½x→ −∞�¼êy = f(x)�ã

�¬�ìC��C"Ù¥a, b�±keãúª(½

a = lim
x→+∞

f(x)

x
, b = lim

x→+∞
(f(x)− ax) , (12)

Ïd3(½��ìC���I�@úª(12)O�=�§XJO�L§¥uya½bé

A�4�Ø�3§`²¼êf(x)Ø�3��ìC�"AOJ«§ì?��±©�

�+∞Ú�−∞��üaìC�§XJ�Ä�−∞���ìC�§K�òúª(12)4�

¥�+∞U�−∞"

·��Ñ§��¼ê�õkü^��ìC�§��UØ�3��ìC�§�´�±

kÃ¡õ^R�ìC�"~X¼êy = tanx�3Ã¡õ^R�ìC�x = kπ + π
2§�´

¿Ø�3��ìC�"

�ã��{

¼ê�ã¿Ø�¦·��O�Å��r¼êã��?Û&EÑ�Ñ5§��´·

�r¼ê�Ì�&ELyÑ5"Ì�&E�±�â�f, f ′, f ′′��'5©�oaµ

1."""���&&&EEE �¼ê�½Â�!ëY5!mä:!Ú�I¶��:"

2.������&&&EEE �¼ê�üN5!4�:!½:"

3.������&&&EEE �¼ê�]à5!$:"

4.ììì???&&&EEE xÑ¼ê�ìC�§¿�âìC�xÑ¼ê���r³"

3¼ê�ãc§I�·�Äkò¼ê�oa&EÑ�nÐ"S.þ§·�¬ò¼

ê���&EÚ��&E�n�L�§ÏL©«m��{�ny��êÚ���ê�Î

Ò",��'�:´

�ã��NÚ½Xeµ

1."""���&&&EEE �Ñ¼ê�½Â�!ëY5!mä:!Ú�I¶��:§3O�mä:�

�±^�é�¼ê�R�ìC�"

2.������&&&EEE O��êf ′§O�½:¿±½:�.©Ûf ′3ØÓ«m�ÎÒ§�
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Ñf3��«m�üN5Ú4�:"

3.������&&&EEE O��êf ′′§±f ′′�":�.©Ûf ′′3ØÓ«m�ÎÒ§�Ñf3��«

m�]à5Ú$:"

4.ììì???��� O�f���ìC�"

5.������LLL��� òf ′, f ′′3��«m�&E�n3L�¥§dd�Ñf3��«m�üN5

]à5§Ó��Ñ4�:Ú$:"5¿§3y©L����«m¥§Ay©f¤k�m

ä:!½:Ú$:"

6.£££::: O�f3eZ�:�¼ê�§I3�I�þ"£:´�

)ã/��� �"

7.���ããã k3�I�þxÑìC��ã/§,��ìf3��«m�üN5]à5§�ì

þ�Ú�£:±�ã/"

~~~ 3. ©Û¼êy = (x−1)3
(x+1)2

�üN5!4�!]à5!ìC�§¿�ã"

Proof. ·�Äk�ny = f(x) = (x−1)3
(x+1)2

��«&E"

"""���&&&EEE ½Â�{x 6= −1}"3x 6= −1�z��:fÑëY§3x = −1?

lim
x→−1+0

(x− 1)3

(x+ 1)2
= lim

x→−1−0

(x− 1)3

(x+ 1)2
= −∞, (13)

Ïd-1´1�amä:§Ó���x = −1´���R�ìC�"y = f(x)��I¶��

:´(0,−1)Ú(1, 0)"

������&&&EEEÄkO�

f ′(x) =
(x− 1)2(x+ 5)

(x+ 1)3
. (14)

ddfkü�½:−5, 1"(Üf ′�©1�ÎÒ§�nf��«m�üN5±94�

:µ3(−∞,−5)üN4O¶3(−5,−1)üN4~¶3(−1, 1)üN4O¶3(1,+∞)üN

4O"¤±−5´4��:§1Ø´4�:"

������&&&EEEÄkO�

f ′′(x) =
24(x− 1)

(x+ 1)4
, (15)

dd©Ûf�]à5µ3(−∞,−1)Ú(−1, 1)þà¶3(1,+∞)eà"¤±1´���$

:"·��Ñ§�,f3ü�«m(−∞,−1)Ú(−1, 1)©Oþà§�´·�ØU^¿8(

¡f3(−∞,−1) ∪ (−1, 1)þà§Ï�]à57L3m«m½Â§Ó�f3-1?¿vk½

Â"

ìììCCC��� O�4�

lim
x→+∞

f(x)

x
= lim

x→+∞

(x− 1)3

x(x+ 1)2
= 1, (16)

Ú

lim
x→+∞

(f(x)− x) = lim
x→+∞

−5x2 − 4x− 1

(x+ 1)2
= −5. (17)
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x (−∞,−5) −5 (−5,−1) −1 (−1, 1) 1 (1,+∞)

y′ + 0 − Ã½Â + 0 +

y′′ − − − Ã½Â − 0 +

y ↗,_ 4��: ↘,_ 4��: ↗,_ 4��: ↗,^

L 2: ¼êy = (x−1)3
(x+1)2

�ê&EL"

dd���^ìC�y = x− 5",��¡§òþã4�x→ +∞U�x→ −∞4��Ø

C§Ïdy = x− 5´f(x)�����ìC�"

������LLL��� dufk��mä:§��4�:Ú��$:§·�±ùn�:©ã�

nf��ê&EXL2"

£££:::ÚÚÚ���ããã Äké�¼êþA�:§X:(−2,−27), (0,−1), (1, 0), (2, 14)",�x

ÑìC�x = −1ÚìC�y = x − 5§ü^ìC�ò�I²¡y©¤�oÜ©§�´�

â·�£:�(J§¼êã� uü^ìC��Ñ��e�Úmþ�"��·��±â

dxã"

2 *Ðò�

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"

� *ÐSK1µ¥�JÝ§üN5�O{�A^"

� *ÐSK2µ¥�JÝ§kØ��:�4���¯K"

� *ÐSK3µ¥�JÝ§O�þ����ãK"

� *ÐÖ¿K1µ{üJÝ§4���nÜK"

� *ÐÖ¿K2µ¥�JÝ§üN5�A^"

� *ÐÖ¿K3µ¥�JÝ§4�½n�y²KA^"

� *ÐÖ¿K4µ¥�JÝ§A^¯K"

2.2 *ÐSK

KKK 1. �α > 0§XJf(x) =
(
1 + 1

x

)x+α
3(0,+∞)î�üN4~§¦α�����"
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©Ûµ�K��©ÛüN5�E|"�K�)K'�´/Ï�¼ê3+∞�4�©

Û�¼ê�ÎÒ"

Proof. ÏL©Û�êf ′�ÎÒ©ÛüN5§O�

f ′(x) =

(
1 +

1

x

)x+α(
(x+ α) ln

(
1 +

1

x

))′
=

(
1 +

1

x

)x+α [
ln

(
1 +

1

x

)
− x+ α

x2 + x

]
. (18)

½Â

u(x) = ln

(
1 +

1

x

)
− x+ α

x2 + x
. (19)

5¿�u�f ′ÓÒ§Ïd·��I�©Ûu�ÎÒÒ�±��f ′�ÎÒ"�d·�UYO

�u��¼ê

u′(x) =
α+ (2α− 1)x

x2(1 + x)2
. (20)

�âu′©f�g��Xê·��±?�Ú©Ûu′�ÎÒµ

1.XJα ≥ 1
2§d�u

′(x) > 0éx ∈ (0,+∞)¤á§u´uéx→ (0,+∞)üN4O"�


du�üN5ïÄu�ÎÒ§·�5¿�4�

lim
x→+∞

u(x) = 0, (21)

ù`²

u(x) < lim
x→+∞

u(x) = 0, (22)

=u(x) < 0éx→ (0,+∞)¤á§Ïdf ′(x) < 0éx→ (0,+∞)¤á§?�Úf(x)3(0,+∞)î

�üN4~"

2.XJα < 1
2§@o�x ∈

(
α

1−2α ,+∞
)
kα + (2α − 1)x < 0§`²d�u′(x) < 0§u

´uéx ∈
(

α
1−2α ,+∞

)
üN4~"¤±

u(x) > lim
x→+∞

u(x) = 0, x ∈
(

α

1− 2α
,+∞

)
. (23)

?�Úf ′(x) > 0éx ∈
(

α
1−2α ,+∞

)
¤á§�K�gñ"

KKK 2. 2020ppp���êêêÆÆÆBÏÏÏ"""���ÁÁÁKKK. ¦½Â��[−1, 1]�¼êf(x) = x
2
3 −

(
x2 − 1

) 1
3�

¤k4�:Ú��:"

©Ûµ�K��²´f30?��êØ�3§ÏdØU���â¤ê½n�äx =

0´Ø´4�:"
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-1 -0.5 0 0.5 1
1

1.1

1.2

1.3

1.4

1.5

1.6

ã 4: K2«¿ã"

Proof. ½Â�(½�[−1, 1]§·�ØJO�x 6= 0,±1�f��êµ

f ′(x) =
2

3
x−

1
3 − 2x

3

(
x2 − 1

)− 2
3 =

2x

3

(
x−

4
3 −

(
x2 − 1

)− 2
3

)
(24)

�x = 0,±1�fØ��"¯¢þy²f3ù
:Ø��´É~æ��§y²�JÝ��

ù�~K��§�·�ùp�v7�O�ù
�ê"·��I�33Ïé4�:�

/ÿÀ<0�§rù
/N<0�Ø��:Ñ\\/ÿÀ<0¥=�"-f ′(x) = 0��

x−
4
3 =

(
x2 − 1

)− 2
3 , (25)

�m¦�−3
2g��

x2 =
∣∣x2 − 1

∣∣ , (26)

)�x = ±
√
2
2 ´½:"u´·�é�
Ê�4�:/ÿÀ<0µ±1, 0,±

√
2
2 "

�e5§duf ′′�~JO�§·�©ã�Äf ′�ÎÒ"duf´ó¼ê§·�Äk

3x ∈ (0, 1)�Ä"-g(x) = x−
2
3 = 1

3√
x2
3x ∈ (0,+∞)üN4~§d	

x−
4
3 −

(
x2 − 1

)− 2
3 = g

(
x2
)
− g

(∣∣x2 − 1
∣∣) . (27)

�x ∈ (0,
√
2
2 )�x2 <

∣∣x2 − 1
∣∣§¤±g (x2) − g

(∣∣x2 − 1
∣∣) > 0§¤±f ′(x) > 0¶�

A�§�x ∈ (
√
2
2 , 1)�x

2 >
∣∣x2 − 1

∣∣§¤±g (x2) − g
(∣∣x2 − 1

∣∣) < 0§¤±f ′(x) <

0"£5¿f ′3ùüã¼ê�7,ÓÒ§�f ′AÏ�¼ê��yÙÎÒ��±¤d

d§¼êf3(0, 1)þ�Czª³´kO�~"duf´ó¼ê§·���±aq�

Ñf3x ∈ (−
√
2
2 , 0)Úx ∈ (−1,−

√
2
2 )�üN5§�n3L3"nþ¤ã§±

√
2
2 ´f�4�

�:§0,±1´4��:"

��ïÄ��:"�±O��f(−1) = f(0) = f(1) = 1Úf(
√
2
2 ) = f(−

√
2
2 ) = 2

2
3"

ddfkn����:0,±1Úü�4��:±
√
2
2 "
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x (−1,−
√
2
2 ) −

√
2
2 (−

√
2
2 , 0) 0 (0,

√
2
2 )

√
2
2 (

√
2
2 , 1)

y′ + 0 − Ø�� + 0 +

y ↗ 4��: ↘ 4��: ↗ 4��: ↘

L 3: ¼êf(x) = x
2
3 −

(
x2 − 1

) 1
3�ê&EL"

KKK 3. ©Û¼êy = x2(x−1)
(x+1)2

�üN5!4�!]à5!ìC�§¿�ã"

©Ûµ��dc~K§�K�O�þ���[!�õ§^uÖööS�ã�{éì

ÆS¦^"

Proof. ·�Äk�ny = f(x) = x2(x−1)
(x+1)2

��«&E"

"""���&&&EEE ½Â�{x 6= −1}"3x 6= −1�z��:fÑëY§3x = −1?

lim
x→−1+0

x2(x− 1)

(x+ 1)2
= lim

x→−1−0

x2(x− 1)

(x+ 1)2
= −∞. (28)

ddx = −1´R�ìC�"y = f(x)��I¶��:´(0, 0)Ú(1, 0)"

������&&&EEEÄkO�

f ′(x) =
x(x2 + 3x− 2)

(x+ 1)3
. (29)

ddfkn�½:§l����g´µx1 = −3−
√
17

2 , x2 = 0, x3 = −3+
√
17

2 "(

Üf ′�©1�ÎÒ§·�ØJ�nf��«m�üN5±94�:µ3(−∞, −3−
√
17

2 )ü

N4O¶3(−3−
√
17

2 ,−1)üN4~¶3(−1, 0)üN4O¶3(0, −3+
√
17

2 )üN4~¶

3(−3+
√
17

2 ,+∞)üN4O"�â«m�üN5§:−3±
√
17

2 ´4��§:0´4��:"

������&&&EEEÄkO�

f ′′(x) =
10x− 2

(x+ 1)4
, (30)

·�ØJ�nf��«m�]à5±94�:µ3(−∞,−1)Ú(−1, 15)©Oþà¶

3(15 ,+∞)eà"¤±:1
5´���$:"

ìììCCC��� O�4�

lim
x→+∞

f(x)

x
= lim

x→+∞

x(x− 1)

(x+ 1)2
= 1, (31)

Ú

lim
x→+∞

(f(x)− x) = lim
x→+∞

−x(3x+ 1)

(x+ 1)2
= −3. (32)

dd���^ìC�y = x− 3",��¡§òþã4�x→ +∞U�x→ −∞4��Ø

C§Ïdy = x− 3´�����ìC�"

������LLL��� �n����&E��L4"du¼êk��mä:§n�½:Ú��

!:§·��±ùÊ�:�.©¤8ã?1?Øµ
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x (−∞, −3−
√
17

2 ) −3−
√
17

2 (−3−
√
17

2 ,−1) −1 (−1, 0) 0

y′ + 0 − Ã½Â + 0

y′′ − − − Ã½Â − −

y ↗,_ 4��: ↘,_ mä: ↗,_ 4��:

x (0, 15)
1
5 (15 ,

−3+
√
17

2 ) −3+
√
17

2 (−3+
√
17

2 ,+∞)

y′ − − − 0 +

y′′ − 0 + + +

y ↘,_ $: ↘,^ 4��: ↗,^

L 4: ¼êy = x2(x−1)
(x+1)2

�ê&EL"

£££:::ÚÚÚ���ããã Äké�¼êþA�:§X:(−2,−12), (0, 0), (1, 0), (2, 49)§,�xÑ

ìC�§�ììC��ã"

2.3 *ÐÖ¿K

ÖÖÖ 1. O�e�¼ê�4�Ú��

1.y = 2 tanx− tan2 x§½Â�(0,+∞)"

2.y =
∣∣x(x2 − 1)

∣∣§½Â�R"

ÖÖÖ 2. �n ∈ N∗§y²�§xn+2 − 2xn − 1 = 0�3����¢�"

ÖÖÖ 3. �Ä3[a, b]���5~�©�§>�¯Kµ

y′′ + p(x)y′ + q(x)y = r(x), a < x < b, y(a) = A, y(b) = B, (33)

Ù¥p, q, r��½¼ê§A,B��½~ê§eq(x) < 0é��x ∈ (a, b)¤á§@o�§�

õ�k��)y(x)"

ÖÖÖ 4. �a´�½��¢ê§XJòa©¤eZ��¢ê�Ú§XÛ©�±¦�ù


©��¢êÈ��º
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