
�®�Æp�êÆBSK�ùÂ¼ê4�

��Ð

�®�ÆêÆ�ÆÆ�

��?Uµ2022.9

�ùÂ�ø�®�Æp�êÆBÆS¦^§?Û�²�ö#N�=1Ñ´B��"

�ùÂ¥§�±x, y�gCþ�4�þ�¼ê4�§±n,m�Cþ�4�þ�S�4

�§�ÖöÖ7«©"

1 �£:�)

�ùÂb½\®²éS�4��nØ�~
)§¿±d�Ä:ïá¼ê4��n

Ø"

1.1 ¼ê4��½ÂÚ5�

¼ê4��´ÏLÄ��ε− δ�ó½Â�"¼ê4��½Â(��S�4�¹�a

q§�´�
·A¼ê3ëY�«m£��¤½Â�A:
�Ñ
N�"ÆS¼ê4�

nØ§A­À¼êëY½Â����½Â«O"

½½½ÂÂÂ 1.1. �¼êy = f(x)3:a��%��

U0
r (a) = (a− r, a) ∪ (a, a+ r), (1)

þk½Â"¡f(x)3:a?Âñu¢êl§XJé∀ε > 0§Ñ�3δ > 0§¦�|f(x)− l| <

εé��÷v0 < |x− a| < δ�xÑ¤á"P�l = limx→a f(x)"

a'S�4�§¼ê4���±�*/�n)�¼ê��/à 0§=¼êf(x)3

:x = aNC�¼ê��,êl�©�C"·��Äü�²;~fµ¼êf0(x) =

sin
(
1
x

)
Ú¼êf1(x) = x sin

(
1
x

)
§Ùã�©OXã¤«µ4�limx→0 f1(x)´0§Ï�

�x�C0�y = f1(x)�ã��/Y30y = xÚy = −x�m§¼ê��0à ¶4

�limx→0 f0(x)Ø�3§Ï��x�C0�y = f2(x)3[−1, 1]�E��§Ø�?Û�Â

ñ"AOI�5¿�´§f0Úf13:x = 0þvk½Â§�´ùØK�4��Ün½

1



ã 1: ¼êf0(x) = sin
(
1
x

)
Ú¼êf1(x) = x sin

(
1
x

)
3x = 0NCã�ÚÂñ5�«¿ã"

Â"ùü�¼ê´¼ê4�nØ�­��ü�~f§7LOP�·�e¡¦^î���

óy²limx→0 f1(x) = 0"

~~~ 1. y²4�limx→0 x sin
(
1
x

)
= 0"

Proof. ·�ò4�limx→0 x sin
(
1
x

)
= 0�n�ε − δ�ó�·Kµéu∀ε > 0§�é�

�δ > 0§¦�é��0 < |x| < δÑk∣∣∣∣x sin(1

x

)∣∣∣∣ < ε. (2)

éª(2)��ý·���µdu
∣∣x sin ( 1x)∣∣ < |x|§���δ = ε§Òé��0 < |x| <

δ(�
 ∣∣∣∣x sin(1

x

)∣∣∣∣ ≤ |x| < δ = ε, (3)

ddª(2)é��0 < |x| < δ¤á"

S�4��Nõ5�Ñ�±í2�¼ê4�§XY%�n!oK$�!üNk.�

n!��EÜ$��"�,¼ê4��kNõ�	�Vg§·�ÀJ­:o("

üý4�

~5�¼ê4��Ä�´¼êf(x)3x = aNC�¼ê�à y�"�é/§üý

4���Äf(x)3x = a�ý�¼ê��à "Ùî�½Â�

½½½ÂÂÂ 1.2. �¼êy = f(x)3:a�«m(a − r, a)£½a, a + r)¤þk½Â"¡f(x)3

:a?���444���£½mmm444���¤�¢êl§XJé∀ε > 0§Ñ�3δ > 0§¦�|f(x)− l| < εé

��÷va− δ < x < a£½a < x < a+ δ¤�xÑ¤á"P�l = limx→a−0 f(x)£½l =

limx→a+0 f(x)¤"
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��þã½Â�±
¼ê4�½Â��kµe§¿é¼ê½Â�ÚéA�����

Ñ?�§·Aüý�Vg"'uüý4��­��·K´

½½½nnn 1.1. �¼êy = f(x)3:a��%��U0
r (a)k½Â§@o4�limx→a f(x)Âñ

�¿©7�^�´f(x)3x = a?��m4�þ�3���"3d�¹e§f(x)3

:x = a?�4��uÙ�m4�"

þã½n�±n)�f(x)3:x = a�à &E�±�Ü�x = aNC�N�à &

E"·�Ñ�y²"

Ã¡�:�4�

·�^∞�Lê¶Ã�ò��:§=Ã¡�:§�â��ÚK��±«©�Ã¡Ú

KÃ¡"|^Ã¡�:�Vg§·���±½Â¼ê3Ã¡�:�4�µ

½½½ÂÂÂ 1.3. �¼êy = f(x)3«m(a,+∞) ∪ (−∞, a)½Â"¡f(x)3Ã¡�:∞?4�

�¢êl§XJé∀ε > 0§Ñ�3A > 0§¦�|f(x) − l| < εé��÷v|x| > A�xÑ¤

á"P�l = limx→∞ f(x)"

��§du�Ä�´Ã¡�:�4�§4�½Â¥�a:?��Vg�=C�/Ã

¡�:���0§=±Ã¡�à:�«m",	§Ã¡�:?��±½Âüý4�ÚV

ý4�§P�limx→+∞ f(x)½limx→−∞ f(x)§Öö�±g1Ö¿�ö�½Â"

���J�´§S�4�limn→∞ an�¼ê4�limx→∞ f(x)�ÎÒÑ�¹/→

∞§
S�4�¿��In ∈ N∗l1, 2C�Ã¡§
¼ê4�¿�gCþxl��ÚK�

ü����CÃ¡�:§�ö´k²w�O�"AO/§S�4��kn → ∞§¼ê

4���±üý½Âx→ +∞Úx→ −∞"�*5`§n→∞��Cx→ +∞�lÑ�

/"

2ÂÂñÚ¼ê4��uÑ

aqS�4�§¼ê4���±½Â2ÂÂñ§=4��Ã¡�:��/"/Ï4

�½Â�µe§·��±�ÑXe½Âµ

½½½ÂÂÂ 1.4. �¼êy = f(x)3:a��%��U0
r (a)þk½Â"¡f(x)3:a?222ÂÂÂÂÂÂñññ

u+∞£½−∞¤§XJé∀X > 0§Ñ�3δ > 0§¦�f(x) > X£½f(x) < −X¤

é��÷v0 < |x − a| < δ�xÑ¤á"P�limx→a f(x) = +∞£½limx→a f(x) =

−∞¤"

aq/§·���±½Âüý2ÂÂñÚ3Ã¡�:?�2ÂÂñ§±94�´V

ýÃ¡�:∞��/§ùp·�þØ�Kã"
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dd§·��±o(¼ê4�uÑ�n«�/µ

1.������uuuÑÑÑ Xlimx→0 sin
(
1
x

)
§Ù3x = 0NC¼ê��E��"

2.VVVýýý444���ØØØÚÚÚ��� Xlimx→0[x]§pd¼ê��
ØÓ�üý4�§=limx→0+0[x] =

0
limx→0−0[x] = −1"

3.222ÂÂÂÂÂÂñññ Xlimx→0
1
x§3x = 0?¼ê��∞uÑ"

Ø¹%5�

·�­#£�½Â¼ê4�limx→a f(x)�L§§T½Â�?Ø¼ê3�%�

�U0
r (a)�¼ê¥§f(x)3:x = a?�¼ê�é4�¿ÃK�§$�Nõ�¹ef(x)�

±3x = avk½Â§~XAÏ4�limx→0
sinx
x = 1§¼ê sinx

x 3x = 0©1�0¤±vk

½Â"

¼ê4�ÚS�4��'X

·�ùp­�?Ø¼ê4�ÚS�4��'Xµ8(½n"·�ÄkQã(Øµ

½½½nnn 1.2. 888(((½½½nnn. �f(x)3�%��U0
r (a)þk½Â§@olimx→x0 f(x) = l�¿©

7�^�´§éu��S�{xn}∞n=1 ⊂ U0
r (a)§��limn→∞ xn = aÑklimx→∞ f(xn) =

l"

½n��*¿Â´µ�¼ê4�limx→x0 f(x) = lÂñ�§g,f(x)3x = aNC�

¼ê�´�l/à 0�§ù´XJ�3��S�{xn}∞n=1z��Åì�a�C§@oS

�éA�¼ê�S�{f(xn)}g,±l�4�"3ù«¿Âe§S�{xn}�´f(x)¼ê4

��Âñ/�³0¥�/ô°��0"þã½n�y²´ÙG4�½Â���éÐ�S

K"

Proof. 888(((½½½nnn���yyy²²².

��¡§XJlimx→x0 f(x) = l�limn→∞ xn = a§·�^½Ây²limx→∞ f(xn) =

l"=y²§é∀ε > 0§Ñ�3N ∈ N∗¦�|f(xn)− l| < εé��n > N¤á"

·�Äk|^limx→x0 f(x) = l�½Â§é�½ε > 0§�3δ > 0¦�|f(x) − l| <

εé��0 < |x− x0| < δ¤á§5¿δ´dεû½�¶2|^limn→∞ xn = a�½Â§éu

þ¡�δ > 0§�3N0 ∈ N∗¦�|xn − a| < δé��n > N¤á§Ó�/Ndδû½¶5

¿�{xn}∞n=1 ⊂ U0
r (a)§d|xn − a| < δé��n > N¤ág,�Ñ
|f(xn)− l| < εé�

�n > N¤á"u´^½Ây²
limx→∞ f(xn) = l"

,��¡§·�^�y{y²§XJéu��S�{xn}∞n=1 ⊂ U0
r (a)§��limn→∞ xn =

aÑklimx→∞ f(xn) = l§@o¼ê4�limx→x0 f(x) = l"3�y{�Ü6e§·��
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3b½f(x)3x0?4�Ø´l£uÑ½4��l¤��¹e§`²éu,
limn→∞ xn =

aíØÑlimx→∞ f(xn) = l"

·�Äk|^4�uÑ�½Â§f(x)3x0?4�Ø´l`²�3ε > 0§éu∀δ >

0Ñ�3,�x÷v|x − a| < δ§Ó�|f(x) − l| > ε"/Ïù�b�§·�Áã�c¦

�f(xn)ØÂñul�S�xn"d�éu∀n ∈ N∗§3ØÂñ^�¥�δ = 1
n§�±é��

�xn÷v0 < |xn− a| < 1
n§Ó�|f(xn)− l| > ε"dY%�n§·�klimn→∞ xn = a¶

,
,��¡du|f(xn)− l| > ε§limn→∞ f(xn)ØÂñul"�y{�."

þã½n�Ì�A^kü�§Ù�´/Ï¼ê4�O��
S�4�§�´y²¼

ê4�uÑ"·�e¡ò�Ñ��¦^8(½ny²S�uÑ�K8§'u¼ê4��

S�4��=z·�¬3�Y~K¦^"

~~~ 2. y²4�limx→0 sin
(
1
x

)
uÑ"

Proof. ·��ÄÂñu0�S�xn = 1

(n+ 1
2)π
§@ow,k

sin

(
1

xn

)
= sin

((
n+

1

2

)
π

)
= (−1)n. (4)

dulimn→∞ sin
(

1
xn

)
ØÂñ§
limn→∞ xn = 0§�â8(½n�7�^��Ñ¼ê4

�limx→0 sin
(
1
x

)
uÑ"

¼ê4���{

¼ê4�����{�,3��þvküÕ?Ø§%´)K¥�§­���{"

��{½n���Qã´'�æ��£�ØN´n)¤§·��ÏL~fn)Ù

¹Â=�"~XAÏ4�limx→0
sinx
x = 1§?1��y = 1

x§�\���'uy�¼

êy sin
(
1
y

)
§
�x→ 0�ky → +∞§Ïd

lim
y→∞

y sin

(
1

y

)
= lim

x→0

sinx

x
= 1. (5)

��§¼ê4�����¹é¼êÚÂñª�Ó��UC"

1.2 ¼ê4�O�

�S�4�aq§¼ê4��O�Ä��Ø¦^½Â"�Ü©¼ê4��K8Ñ´

�ÄØ½ª��/§Ï�ùa4�ØU��¦^4��oK$�{K?1O�§�~�

�~fB´AÏ4�limx→0
sinx
x §Ù©fsinxÚ©1x3x → 0�Ñ´Ã¡�þ"Ïd

´0
0.Ø½ª"aq/§�k/X

∞
∞ , 1

∞, 00�Ø½´�¹"Ù¥Ø½ª∞∞�±ÏL�O

Ã¡�þþ?O�§Ø½ª1∞�±ÏLe��{O�§Ø½ª0
0KÏ~ÏL�dÃ¡�

�{O�"�e5��Ì·�ò©O?Øna�{"
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þ?�O{

�S�4��/aq§þ?�O{?Ø�´x→ +∞�Ã¡�þ�'�4�§·�

�,�±�ÑA�Ã¡�þ�þ?'X

lnx� x� x2 � ex � xx, x→ +∞. (6)

þãþ?'X^¼ê4�£ã�

lim
x→+∞

lnx

x
= lim

x→+∞

x

ex
= lim

x→+∞

ex

xx
= 0. (7)

ù
4��y²Ñ�±ÏL��S�4���/��§�´I��â¼ê4��A:?

1�
N�§5we¡�~Kµ

~~~ 3. y²limx→+∞
xk

ex = 0§Ù¥ëêk ∈ N∗"

©Ûµ�
¦^��ª½n?1Y%{K§·�I�ò¼ê4�¥�x=z��

�[x]?1©Û"

Proof. ��S�4��¯K§·�Áãé
∣∣∣xkex ∣∣∣?1� ¿A^Y%{Ky²"�â��

ª½n�x ≥ k + 1�k

ex ≥ (1 + (e− 1))[x] ≥ [x] · ([x]− 1) · · · ([x]− k)
(k + 1)!

(e− 1)k, (8)

Ù¥1�Ú� |^
x ≥ [x]"dd

0 <
xk

ex
<

xk

[x] · ([x]− 1) · · · ([x]− k + 1)
· (k + 1)!

([x]− k)(e− 1)k

≤ xk

(x− 1) · (x− 2) · · · (x− k)
· (k + 1)!

([x]− k)(e− 1)k
, (9)

Ù¥1�1�� |^
[x] ≥ x− 1"duk´�½�§Ïdk

lim
x→+∞

xk

(x− 1) · (x− 2) · · · (x− k)
= 1. (10)

,��¡·��k

lim
x→+∞

(k + 1)!

([x]− k)(e− 1)k
= 0. (11)

éª(9)^Y%�n

lim
x→+∞

xk

[x] · ([x]− 1) · · · ([x]− k + 1)
· (k + 1)!

([x]− k)(e− 1)k
= 0. (12)
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e��{

e��{´3¼ê4�¯K¥��ÊH��{��§Ù¦^u?Û1∞.4�"Ùn

Ø�â´eã¼ê4�

lim
x→∞

(
1 +

1

x

)x
= e. (13)

�'S�4�

lim
n→∞

(
1 +

1

n

)n
= e, (14)

¼ê4�(13)¢S´�r�(Ø§Ï�¼ê4�(13)¢S´Ã¡�:�Vý4�§ØØ

´xª��Ã¡�´KÃ¡Ñ�±�Ñ4��e(Ø§�é/S�4�(14)��Ä
n�

�g,êª��Ã¡��/"AO/§é4�(13)^��y = 1
x§�±�����d/

ªµ

lim
y→0

(1 + y)
1
y = e. (15)

3)KL§¥§/ª(15)´��B¦^�"

�S�4���/aq§¼ê4��e��{¢�þ�´ò�O�4��¼ê�

�e�4�(13)½(15)� §,�O�õ{��ê�4�"�Äeã~K"

~~~ 4. O�4�limx→+∞

(
x
x−1

)x−3
"

©Ûµ�x → +∞�k x
x−1 → 1Úx − 3 → +∞§�Kw,´1∞.Ø½ª"�K0

�e��{�IO@´"

Proof. é¼êð�C/

(
x

x− 1

)x−3
=

[(
1 +

1

x− 1

)x−1]x−3
x−1

. (16)

Ù¥�)ÒS�Ü©^y = 1
x−1��§�x→ +∞�ky → 0 + 0§dd

lim
x→+∞

(
1 +

1

x− 1

)x−1
= lim

y→0+0
(1 + y)

1
y = e. (17)

,��¡

lim
x→+∞

x− 3

x− 1
= 1, (18)

Ïd

lim
x→+∞

(
x

x− 1

)x−3
= lim

x→+∞

[(
1 +

1

x− 1

)x−1]x−3
x−1

= exp

[
lim
x→0

x− 3

x− 1

]
= e. (19)
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�dÃ¡��{

�dÃ¡��{�{´Ø½ª)K¥O��{B!�J�wÍ�O��{§Ó��

´ÐÆöN´�^��{§¦^c�Ö7n)�dÃ¡��Sº"

·�Q²?ØLÃ¡�þ�þ?§¢Sþéuü�Ã¡�þ
ó·���±?

ØÙþ?'X§^±��ü�Ã¡�þÂñu0��Ýé'"~X�x → 0�x2Úx3Ñ

´Ã¡�þ§�´w,�xé��|x3|'|x2|�§ù`²x3Âñu0��Ý'x2¯§

ù«�¹·�¡x3´'x2�p��Ã¡�þ¶,��¡§sinxÚx�´Ã¡�þ§


limx→0
sinx
x = 1§ù`²xÚsinx3x→ 0����C"

�
�Bå�§�!��dÃ¡���Äx → 0��/"Äk´'uÃ¡�þ��

½Â

½½½ÂÂÂ 1.5. �x → 0��f(x)Úg(x)´ü�Ã¡�þ£=limx→0 f(x) = limx→0 g(x) =

0¤§·�kXe½Â

1.¡f(x)´'g(x)ppp������ÃÃÃ¡¡¡���þþþ§XJlimx→0
f(x)
g(x) = 0§P�f(x) = o(g(x))"

2.¡f(x)´'g(x)$$$������ÃÃÃ¡¡¡���þþþ§XJlimx→0
f(x)
g(x) =∞§P�g(x) = o(f(x))"

3.¡f(x)´�g(x)ÓÓÓ������ÃÃÃ¡¡¡���þþþ§XJlimx→0
f(x)
g(x) = l§Ù¥4�l´¢ê"

4.¡f(x)´�g(x)���ddd���ÃÃÃ¡¡¡���þþþ§XJlimx→0
f(x)
g(x) = 1§P�f(x) ∼ g(x)"

±e�d�Ã¡�þI�ÓÆ�Ýº§Ù¥x→ 0µ

1.nnn���¼¼¼êêê sinx ∼ x§1− cosx ∼ x2

2 §tanx ∼ x"

2.éééêêêÚÚÚ���êêê ex − 1 ∼ x§ln(1 + x) ∼ x"3dÄ:�kíØax − 1 ∼ x ln a§Ù

¥a > 0"

3.���nnn���¼¼¼êêê arcsinx ∼ x§arctanx ∼ x"

4.ÙÙÙ¦¦¦ �ëêa ∈ R§(1 + x)a − 1 ∼ ax"

Ù¥�dÃ¡�(1 + x)a − 1 ∼ ax�UØÐn)§~X�Äa = 1
2�§·�k

lim
x→0

√
1 + x− 1

x
= lim

x→0

1√
1 + x+ 1

=
1

2
, (20)

ÏdÃ¡�þ
√
1 + x − 1�Ã¡�þx

2�d"Ù{�A�Ã¡�þ´�*�N´�y

�"

·�ÏLe¡�~K0��dÃ¡��¦^�{µ

~~~ 5. O�4�limx→0
sin(2x2)
3(tanx)2

"
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Proof. �â�dÃ¡�'Xx ∼ sinxksin
(
2x2
)
∼ 2x2§dd�±C/

lim
x→0

sin
(
2x2
)

3 (tanx)2
= lim

x→0

[
sin
(
2x2
)

2x2
· 2x

2

3x2
· 3x2

3(tanx)2

]

=

[
lim
x→0

sin
(
2x2
)

2x2

]
·
[
lim
x→0

2x2

3x2

]
·
[
lim
x→0

( x

tanx

)2]
= lim

x→0

2x2

3x2
=

2

3
. (21)

¢Sþ§ª(21)¥é¼ê
sin(2x2)
3(tanx)2

¦��Ø���ð�C/§�±�*n)�

ò�4�limx→0
sin(2x2)
3(tanx)2

©f¥��sin
(
2x2
)
O���dÃ¡�þ2x2§ò©1¥�

�3(tanx)2O���dÃ¡�þ3x2"�dÃ¡�O��k

lim
x→0

sin
(
2x2
)

3 (tanx)2
= lim

x→0

2x2

3x2
. (22)

dd�Ñ�K4��2
3"

AAAOOO´́́www§§§���dddÃÃÃ¡¡¡���CCC������UUU333¦¦¦ÈÈÈªªª½½½©©©ªªª¥¥¥???111§§§ÏÏÏ���ÙÙÙ������´́́ªªª(21)¥¥¥

¦¦¦������ØØØ���������$$$���§§§


������������///OOO���000"""·�5wXe�~f

~~~ 6. O�4�limx→0
sinx−tanx

x3
"

Proof. Äk�Ñ�(��{

lim
x→0

sinx− tanx

x3
= lim

x→0

tanx(cosx− 1)

x3

=

[
lim
x→0

tanx

x

]
·
[
lim
c→0

cosx− 1

x2

]
= −1

2
. (23)

�«�Ø��{´§�â�dÃ¡�'Xsinx ∼ xÚtanx ∼ x§��ò4

�limx→0
sinx−tanx

x3
©f¥�sinxÚtanxÑO��x§��

lim
x→0

sinx− tanx

x3
= lim

x→0

x− x
x3

= 0. (24)

ª(24)�Ñ�Ø(J��Ï´§�,sinx ∼ xÚtanx ∼ x§·�¿vk?ÛnØ�yü

|�dÃ¡���sinx− tanx�x− xäk�dÃ¡�'X§ÏdþãO�´�Ø�"

d	§3�(�)�¥·�²xsinx− tanx´�−x3

2 �d�Ã¡�þ§dd´'x�p

��Ã¡�þ"

ÐÆöØUò�dÃ¡�n)����O�§
´�n)�dÃ¡�´¦��Ø�

��dC/�¢�§dd�d�U3¦ªÚØª¥¦^§·�o(�eã½nµ

9



½½½nnn 1.3. �x→ 0�f(x)Úg(x)´�|�dÃ¡�þ§@o

1.©ª4�limx→0
f(x)
h(x) = limx→0

g(x)
h(x)"

2.¦ª4�limx→0 f(x)h(x) = limx→0 g(x)h(x)"

��·��Ñe��{��þ�±��dÃ¡��{��z§·�±dc~K¥�

4�limx→+∞

(
x
x−1

)x−3
�~?1)ºµ·��±é¼ê

(
x
x−1

)x−3
�éêO�µ

lim
x→+∞

(
x

x− 1

)x−3
= lim

x→+∞
exp

[
(x− 3) ln

(
1 +

1

x− 1

)]
. (25)

dux→ +∞� 1
x−1´Ã¡�þ§¤±k�dÃ¡�'X

ln

(
1 +

1

x− 1

)
∼ 1

x− 1
, (26)

u´k

lim
x→+∞

(
x

x− 1

)x−3
= exp

[
lim

x→+∞

x− 3

x− 1

]
= e. (27)

e��{Ú�dÃ¡��{þò4�z{�exp
[
limx→+∞

x−3
x−1

]
?1O�"

â7�{K{0

â7�{K´O�Ø½ª∞∞Ú
0
0¼ê4���{§éÜ©K8â7�{K�±¯�

O�4�"du�9�ê§·��3��ÆÏâÆSâ7�{K§ùp·���{�0

�"3Ï¥�Á¥§du·�vkÆâ7�{K§XJ¦^â7�{KO��Ø½á�


â7�{K�¦^^�§´�Ø�L§©�§��>&¦^"

�Ä∞∞Ú
0
0.Ø½ª4�limx→x0

f(x)
g(x)§ùpx0�±´¢ê½Ã¡�:§¿�b½¼

êf(x)Úg(x)þ��§¿�÷vg′(x0) 6= 0Úlimx→x0
f ′(x)
g′(x)Âñ§@o

lim
x→x0

f(x)

g(x)
= lim

x→x0

f ′(x)

g′(x)
. (28)

AO/§XJ4�limx→x0
f ′(x)
g′(x)uÑ§Ï~ØU`²4�limx→x0

f(x)
g(x)uÑ"

~X·�dc¦^Y%�ny²limx→+∞
xk

ex = 0§Ù¥k ∈ N∗§y²�~E,"¢

Sþ·��±ÏL�kgâ7�{K��

lim
x→+∞

xk

ex
= lim

x→+∞

kxk−1

ex
= · · · = lim

x→+∞

k!

ex
= 0. (29)

2 *Ðò�

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"
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� *ÐSK1µ¥�JÝ§¦^¼ê4���*n)©ÛÂñ5¿A^8(½ny

²"

� *ÐSK2µ{üJÝ§�dÃ¡��{�A«C/"

� *ÐSK3µ{üJÝ§��.4�§�)e��{Ú�éê�{"

� *ÐSK4µ¥�JÝ§¼ê4�nÜK"

� *ÐSK5µ(JJÝ§8(½n�·K�Ä½"

� *ÐÖ¿K1µ¥�JÝ§�
kJÝ�¼ê4�nÜK"

� *ÐÖ¿K2µ¥�JÝ§ε− δ�óy²K"

� *ÐÖ¿K3µ¥�JÝ§Ã¡�þþ?©ÛnÜK"

� *ÐÖ¿K4µ(JJÝ§¼ê4���{�\�n)"

2.2 *ÐSK

KKK 1. ¯4�limx→+∞
sin(x2)

√
x

ln
(
1+x

3
2

)
arctan(5x)

´Ä�3§X�3�O�4���§Ø�3�

y²"

©Ûµùa©Û4�Âñ5�K8§I�·�Äk�â¼ê�/ªßÿÑ4�Âñ

�´uÑ"�KÌI�·�©�©Ûx→ +∞�sin
(
x2
)
,
√
x,
(
1 + x

3
2

)
, arctan(5x)ùo

�éu4���^§´¼ê4��nÜK"

Proof. ·�©O�Äsin
(
x2
)
,
√
x,
(
1 + x

3
2

)
, arctan(5x)ùo�éu4���^µ�x→

+∞�arctan(5x)Âñuπ
2§
ln

(
1 + x

3
2

)
±9

√
x´Ã¡�þ§¿�

√
x'ln

(
1 + x

3
2

)
ä

k�p�þ?§(Üþã�±��

lim
x→+∞

√
x

ln
(
1 + x

3
2

)
arctan(5x)

= +∞. (30)

��n�¼êsin
(
x2
)
KuÑ§�´´k.�"

·�r4�
¤ü�Ü©�¦È

lim
x→+∞

sin
(
x2
)√

x

ln
(
1 + x

3
2

)
arctan(5x)

= lim
x→+∞

 √
x

ln
(
1 + x

3
2

)
arctan(5x)

· sin
(
x2
) . (31)

dusin
(
x2
)
3[−1, 1]��§4��±w���Ã¡�þ¦±�����¼ê§u´§

ù¦�¦Èª
√
x

ln
(
1+x

3
2

)
arctan(5x)

· sin
(
x2
)
k��0§k�é�§ù��4�7,´uÑ

�"£þþþããã©©©ÛÛÛ¦¦¦���···���kkk


yyy²²²���888IIIµµµyyy²²²444���uuuÑÑÑ"¤
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î�y²4��uÑI�^�8(½nµ·�ÀJü�ªu+∞�S�xn =
√
nπÚyn =

√(
2n+ 1

2

)
π"·���

lim
n→∞

 √
xn

ln

(
1 + x

3
2
n

)
arctan (5xn)

· sin
(
x2n
) = 0. (32)

±9

lim
n→∞

 √
yn

ln

(
1 + y

3
2
n

)
arctan (5yn)

· sin
(
y2n
) = lim

n→∞

√
yn

ln

(
1 + y

3
2
n

)
arctan (5yn)

= +∞.

(33)

�â8(�n§XJK8¥�4�Âñ§@oS�xnÚyn�\���S�4�7LÂ

ñuÓ���§=¼ê4�"du·�é�
ü�S�Âñ�ØÓ�S�4�§ù`²

�K�¼ê4�uÑ"

KKK 2. ¦^�dÃ¡��{O�e�4�

1.limx→1 tan
(

sinπx
4(x−1)

)
2.limn→∞ n ( n

√
a− 1)§Ù¥ëêa > 0

3.limx→0+
1−
√
cosx

x−x cos
√
x

©Ûµ�K���¯þ¦^�dÃ¡��{§�´3~5�dÃ¡��{�Ä:þ

I��Ñ�
U?"1�¯I�·�ÄkÏL��=z�0NC�4�,�¦^�dÃ

¡��{;���§1�¯I�·�ÄkòS�4�=z�¼ê4�2¦^�dÃ¡�

�{§1n¯I�·�k�êC/2¦^�dÃ¡��{"

Proof. 1.·�O�limx→1
sinπx
4(x−1)§Äk��y = x− 1�

lim
x→1

sinπx

4(x− 1)
= lim

y→0

sin (πy + π)

4y
= lim

y→0

− sinπy

4y
= lim

y→0

−πy
4y

= −π
4
. (34)

ddlimx→1 tan
(

sinπx
4(x−1)

)
= −1"

2.�K�S�4�§·�òÙU��¼ê4�O�"�â8(½n§·�kS�4

�Ú¼ê4��éA'X

lim
n→∞

n
(
n
√
a− 1

)
= lim

x→+∞
x
(
a

1
x − 1

)
. (35)

5¿�ª(35)¤á�^�´¼ê4�limx→+∞ x
(
a

1
x − 1

)
Âñ§ÄK8(½nÃ�"�

e5é¼ê4���y = 1
xµ

lim
x→+∞

x
(
a

1
x − 1

)
= lim

y→0+0

ay − 1

y
= ln a. (36)
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du¼ê4�Âñ§�ª(35)¤á§¤±�KS�4�Âñuln a"

3.�KÏ�©f�Ò��3J±��¦^�dÃ¡�§AÄk?1©ªknz"

lim
x→0+0

1−
√
cosx

x− x cos
√
x
= lim

x→0+0

1− cosx

x(1− cos
√
x)(1 +

√
cosx)

= lim
x→0+0

1− cosx

2x(1− cos
√
x)
, (37)

ùp¦^
limx→0+0 1+
√
cosx = 2"�â�dÃ¡�'X1− cosx ∼ x2

2 Ú1− cos
√
x ∼

x
2�

lim
x→0+0

1−
√
cosx

x− x cos
√
x
= lim

x→0+0

1− cosx

2x(1− cos
√
x)

= lim
x→0+0

x2

2

2x · x2
=

1

2
. (38)

KKK 3. O�e���.4�µ

1.limx→0

(
xex+1
xπx+1

) 1
x2

2.limx→0+0 x
x

3.limx→0+0

(
1 + 1

x

)x
©Ûµ�K���¯Ñ´��.4�µ1�¯´1∞.§^e��{)K§I�(Ü

�dÃ¡��{¶1�¯Ú1n¯ØU¦^e��{§I�·��éê©Û"Ù¥1n

¯�e�4�limx→∞
(
1 + 1

x

)x
N´· §�´�5¿Âñ:�ØÓ"

Proof. 1.�
A^e��{§·�é4�?1C/

lim
x→0

(
xex + 1

xπx + 1

) 1
x2

= lim
x→0

(
1 +

xex − xπx

xπx + 1

) 1
x2

= lim
x→0

(1 + xex − xπx

xπx + 1

) xπx+1
x(ex−πx)

 ex−πx
x(xπx+1)

. (39)

du�x→ 0�xex−xπx
xπx+1 ´Ã¡�þ§¦^��y = xex−xπx

xπx+1 �

lim
x→0

(
1 +

xex − xπx

xπx + 1

) xπx+1
x(ex−πx)

= lim
y→0

(1 + y)
1
y = e (40)

¤±

lim
x→0

(1 + xex − xπx

xπx + 1

) xπx+1
x(ex−πx)

 ex−πx
x(xπx+1)

= exp

[
lim
x→0

ex − πx

x (xπx + 1)

]
. (41)

�e5dulimx→0 (xπ
x + 1) = 1§Ïd

lim
x→0

ex − πx

x (xπx + 1)
= lim

x→0

ex − πx

x
. (42)

(Ü�dÃ¡�'Xk

lim
x→0

ex − 1

x
= 1, lim

x→0

πx − 1

x
= lnπ. (43)
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dd

lim
x→0

ex − πx

x
= lim

x→0

ex − 1

x
− lim
x→0

πx − 1

x
= 1− lnπ. (44)

nþlimx→0

(
xex+1
xπx+1

) 1
x2 = e1−lnπ = e

π"

2.�KØU¦^e��{§·�æ^�éê��{§du

lim
x→0+0

xx = lim
x→0+0

exp(x lnx) = exp

(
lim

x→0+0
x lnx

)
. (45)

·�I�O�limx→0+0 x lnx"·�?1©Ûµ�x → 0 + 0�§x´Ã¡�þ
lnx´

Ã¡�þ§
�âdc�þ?©Û§éê�é4��K�´�u�5��§¦^·

�ßÿù�4�ÉÃ¡�þxK���§¤±4�´0"�
î�`²þã§·�^�

�y = 1
xµ

lim
x→0+0

x lnx = lim
y→+∞

ln
(
1
y

)
y

= − lim
y→+∞

ln y

y
= 0, (46)

Ù¥4�limy→+∞
ln y
y = 0´Ã¡�þþ?�O�²;(Ø§�±¦^Y%{Ky²"

Ïd�K4��e0 = 1"

3.�K�,¦^�éê��{§5¿�

lim
x→0+0

(
1 +

1

x

)x
= lim

x→0+0
exp

[
x ln

(
1 +

1

x

)]
= exp

[
lim

x→0+0
x ln

(
1 +

1

x

)]
. (47)

5¿��x → 0 + 0�§x´Ã¡�þ
ln
(
1 + 1

x

)
´Ã¡�þ§�
²(Ù'X·�¦

^��y = 1
x�

lim
x→0+0

x ln

(
1 +

1

x

)
= lim

y→+∞

ln(1 + y)

y
= 0. (48)

Ïd�K4��e0 = 1"

KKK 4. �a1, · · · , ap´p��¢ê§÷va1 ≥ a2 ≥ · · · ≥ ap"O�e¡ü�4�§¿é'

Ù«O

1.limx→0+0

(
ax1+a

x
2+···+axp
p

) 1
x

2.limx→+∞

(
ax1+a

x
2+···+axp
p

) 1
x

©©©ÛÛÛ �Kü¯/ªþaq§�´1�¯´1∞.Ø½ª§1�¯K�Y%�n²;

¯Ka.�q"
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Proof. 1.?1C/

lim
x→0+0

(
ax1 + ax2 + · · ·+ axp

p

) 1
x

= lim
x→0+0

[
1 +

(
ax1 + ax2 + · · ·+ axp

p
− 1

)] 1
x

= lim
x→0+0

([
1 +

(
ax1 + ax2 + · · ·+ axp

p
− 1

)] p

(ax1−1)+(ax2−1)+···+(axp−1)

) (ax1−1)+(ax2−1)+···+(axp−1)
px

= exp

[
lim

x→0+0

(ax1 − 1) + (ax2 − 1) + · · ·+
(
axp − 1

)
px

]
, (49)

Ù¥1nÚz{|^

ax1+a

x
2+···+axp
p − 1´Ã¡�þ§¤±

lim
x→0+0

[
1 +

(
ax1 + ax2 + · · ·+ axp

p
− 1

)] p

(ax1−1)+(ax2−1)+···+(axp−1)
= e. (50)

�â�dÃ¡�5�k

lim
x→0+0

axj − 1

x
= ln (aj) , j = 1, 2, · · · , p. (51)

dd

lim
x→0+0

(
ax1 + ax2 + · · ·+ axp

p

) 1
x

= e

∑p
j=1

ln(aj)
p = p

√√√√ p∏
j=1

aj . (52)

2.^Y%�n

a1

p
1
x

=

(
ax1
p

) 1
x

≤
(
ax1 + ax2 + · · ·+ axp

p

) 1
x

≤
(
pax1
p

) 1
x

= a1. (53)

du

lim
x→+∞

a1

p
1
x

= a1. (54)

Ïd�K4��a1"

KKK 5. �ä±e·K�Ø§e�(�y²§Ø�(�Ñ�~§Ù¥f(x)´3�N¢ê½

Â�¼ê

1.eé?¿a ∈ Rþklimn→∞ f (n+ a) = 0§K7klimx→+∞ f(x) = 0"

2.eé?¿a ∈ Rþklimn→∞ f
(
a
n

)
= 0§K7klimx→0 f(x) = 0"

©©©ÛÛÛ �K�ü�·KÑ´Ø�½¤á�§�~��EéuÐÆö5`�Uk


©Û"ÀJù�K�Ì�8�´4�[��*�N¬8(½n�¹Âµ�â8(½

nlimx→+∞ f(x) = 0·�g,klimn→∞ f (n+ a) = 0é��a¤á§�´�L5¿Ø

é§=BlNõS�{f(n + a)}∞n=15w¼ê�S�Âñ�0§�Ã{�y�N¼ê4

�limx→+∞ f(x) = 0�Âñ§ùÒÐ'/+¥½	0��§J���"
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Proof. 1.�E�~

f(x) =

1 , x = n+ 1
n , n ∈ N∗/{1},

0 Ù¦�¹.
(55)

�Ò´`f�3/Xx = n+ 1
n�:¼ê��1§Ù{�Ü©:�¼ê��0"

éuz��a ∈ R§:�{n + a}∞n=1�õ��¹����1�:§Ù{:�o�0§

¤±limn→∞ f (n+ a) = 0"
S�
{
n+ 1

n

}
ªu+∞§�limn→+∞ f

(
n+ 1

n

)
= 1§�â

8(½n¼ê4�limx→+∞ f(x) = 0Ø¤á"

2.�E�~

f(x) =

1 , x = 1
n n
√
2
, n ∈ N∗,

0 Ù¦�¹.
(56)

�Ò´`f�3/Xx = 1
n n
√
2
�:¼ê��1§Ù{�Ü©:�¼ê��0"|^�Ó�

�{w,klimx→+∞ f(x) = 0Ø¤á"�´éu�½a§S�
{
a
n

}∞
n=1
§Ù¥�õ��

¹��/X 1
n n
√
2
�ê¦�T:¼ê��1§ù�(Ø�±^�y{`²µeØ,§�

3 a
m1
Ú a

m2
Ñ�±�¤ 1

n n
√
2
�/ª§=µ

a

m1
=

1

n1
n1
√
2
,

a

m2
=

1

n2
n2
√
2
, m1,m2, n1, n2 ∈ N∗, n1 6= n2, m1 6= m2. (57)

Ø{�
m2

m1
=
n2
n1
· 2

1
n2
− 1
n1 . (58)

dum1,m2, n1, n2 ∈ N∗�n1 6= n2§Ïdk2
1
n2
− 1
n1´Ãnê§gñ"ÏdS�

{
a
n

}∞
n=1
§

Ù¥�õ��¹��/Xx = 1
n n
√
2
�ê§�limn→∞ f

(
a
n

)
= 0"

2.3 *ÐÖ¿K

ÖÖÖ 1. O�e�4�

1.limx→+∞

(√
x+

√
x+
√
x− x

)
"

2.limx→0
2 sinx−sin(2x)

x3
"

3.limx→∞
(
sin 1

x + cos 1
x

)x
"

4.limx→0

√
1+x− 6√1+x
3√1+x−1 "

ÖÖÖ 2. �f(x)Úg(x)3x = a����%��k½Â§�limx→a f(x) = c�limx→a g(x) =

+∞§Ù¥0 < c < 1"^ε− δ�óy²limx→a f(x)
g(x) = 0"

ÖÖÖ 3. ®�limx→+∞

(√
x2 − x+ 1− ax− b

)
= 0§O�ëêa, b�¤k�U��"

16



ÖÖÖ 4. �f(x)3x = 0���pk½Â§£�e�¯Kµ

1.y²limx→0 f(x)Âñ�¿©7�^�´limx→0 f(x
3)Âñ"

2.¯limx→0 f(x)Âñ�limx→0 f(x
2)Âñ�·K¿©7�5XÛ§`²\�(Ø"
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