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1.1 O�

�!Ì�0�Fp�?ê´XÛÚ\�"�!�SN½Né�K¿ÂØ�§�´¬

��J,éuFp�?êSº�n)"

Fp�?ê��{

1747c§êÆ[�K��3ïÄu��Ä�JÑ
Xe��§µ^¼êu(t, x)L

«t�� �x?u��ÄÌÝ§Ù¥ �x ∈ [0, A]§@o¼êu(t, x)÷veã �©�

§ 
∂2u
∂t2

(t, x) = c2 ∂
2u
∂x2

(t, x) , t ≥ 0, x ∈ [0, A],

u(t, 0) = u(t, A) = 0 , t ≥ 0,
(1)

Ù¥c > 0´�uá�k'�ëê§>.^�u(t, 0) = u(t, A) = 0L«u�üà´�½

�"u�Ä���~fB´(Å§AO´kuWì�)�(Å§þã�§�±£ã(

Å��mt�üz§äkér�¢SA^d�"

d�§Ø�êÆ[X�Ü!�VÚËã|�Ñ�åuÅ�§(1)�ïÄ§¿JÑ


Å�§(1)��«/ª)µéu��ên ∈ N∗§eã¼ê

un(t, x) = sin
(nπx
A

)
cos

(
nπct

A

)
. (2)
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·��±w�§��½t�§un(t, x)´'ux��u¼ê§äk�Ä�5�"�n =

1�§un(t, x)�¡�ÄÑ§�n ≥ 1�§un(t, x)�¡�ÚÑ"¢Sþ§<���y¢

¥u�Ä�(ÑÑ´ÄÑ�ÚÑ�|Ü"lÅ�§��Ýe§·���±é�


�un(t, x)?1�5|Üµ

u(t, x) =

∞∑
n=1

αn sin
(nπx
A

)
cos

(
nπct

A

)
, (3)

Ù¥αn´Xê"�±�y§ù��|Ü���Å¼êu(t, x)´Å�§(1)�)§ÏL

éØÓXêαn�À�§·��±|ÜÑ�ª���Å¼ê�)"3)(3)¥§XJ·�

�½t§¿�Bn = αn cos
(
nπct
A

)
§d��±òu(t, x)�¤�u¼ê��5|Ü

u(t, x) =
∞∑
n=1

Bn sin
(nπx
A

)
. (4)

�5§î.JÑXeß�µ�Ä�n�¼ê´±Ï¼ê§@o?¿��±2π�±

Ï�¼êf(x)§´Ä�±�¤�X�n�¼êcos(nx)Úsin(nx)��5|ÜQº~XÏ

é�X�Xê{an}Ú{bn}¦�

f(x) =
a0
2

+
∞∑
n=1

(an cos(nx) + bn sin(nx)) . (5)

�«�Ýw§·�F"?¿¼êf(x)Ñ�±�¤ØÓªÇn�¼ê�|Ü"=BÓ��

�êÆ[Ñ7Nî.�n�¼ê©)��{§�´���<�¿ØU�Ñ���n�¼

ê©)nØ"��êÆ[Fp�ïÄ9�§�L§¥§3ïÄ9�§)��ÿq�gò

)�¤
n�¼ê©)�/ª§<�2gÀn�¼ê©)��5"Fp�ÄgJ

Ñ§XJ©)(5)�3§@oFp�Xê÷v

an =
1

π

∫ π

−π
f(x) cos(nx)dx, bn =

1

π

∫ π

−π
f(x) sin(nx)dx. (6)

ld§n�¼ê©)�¡�FFFppp���???êêê½FFFppp���ÐÐÐmmm"

n�¼ê8�8���5

ù�Ü©��9�5�ê��£§ÓÆ��±ÀJ5�Ö"�!�8I´ïáFp

�?êÐm�k���m���©)�Ú�"

·��cÆS��Âñ�§Q²J�Lò¼êw�Ã¡��þ��{"�f(x)´

±2π�±Ï�¼ê§·�g,��±��3��±Ï[−π, π]?Øf(x)"�=

|f(x)〉 = (f(−π), · · · , f(t), · · · , f(π)) , (7)

ùÒ��uò¼êf3±Ï[−π, π]��:¼ê��¤�ü§/¤��1�þ§�ØLþ

ã�þ´Ã¡��"
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3k���5�mp§·�½ÂLü��þ��Ú�þ���Vg§~X���m

¥��þe1 = (1, 0)Úe2 = (0, 1)§duSÈ

e1 · e2 = 1 · 0 + 0 · 1 = 0, (8)

·�k�þe1Úe2��§���AÛ¿ÂB´AÛ�m¥�R�",��¡§·��±

O��þ���

|e1| =
√

(e1, e1) = 1, |e2| =
√

(e2, e2) = 1. (9)

Ïde1Úe2|¤���ü �þ|"¤¢��©)�Vg§Ò´�±ò���m�z

���þ�¤ü ���þe1Úe2��5|Ü

e = (c, d) = ce1 + de2. (10)

3k���mcÙ´���m¥§^���þ|��5|ÜL«����þ´�\<%

��{§ü ���þ|ÒgX|¤�5�m�Ä�"

y3·��Ä[−π, π]þ�¼êf(x)�¤�Ã���m§·�EF"^����þ|

£¼ê|¤L«����þ£¼ê¤§·�I�Äkí2��Ú���Vg"1�Ú

´½Â¼ê�SÈ§·�b½[−π, π]þ�¼êf(x)Úg(x)§·�ÅÚ?Øµ

1.SSSÈÈÈk���þ�SÈ½Â���©þ¦È�Ú§éu¼ê·��Ä
∑

t∈[−π,π] f(t)g(t) ≈∫ π
−π f(x)g(x)dx§Ïd�±lÈ©�À�½Â¼ê�SÈ

(f, g) =

∫ π

−π
f(x)g(x)dx. (11)

2.������ 3SÈ�Ä:þ§¼êf(x)Úg(x)���½Â�∫ π

−π
f(x)g(x)dx = 0. (12)

3.���êêê Ã���þ£¼ê¤�����¡��ê§Ù½Â�,´g�SÈ�m�

‖f‖ =

(∫ π

−π
f2(x)dx

) 1
2

. (13)

ùp�
;��ýé�· §¼ê��ê¦^üçmÎÒ"

e��¯K´§¼ê�m¥´Ä�3�X��ê�1�����þ|Qº�Y´�

½�§·��Ä[−π, π]þ�n�¼ê|

Γ =

{
1√
2
,

1√
π

cosx,
1√
π

sinx, · · · , 1√
π

cosnx,
1√
π

sinnx, · · ·
}
. (14)

ù
n�¼ê�È©÷veã5�∫ π

−π
sinnx sinmxdx =

∫ π

−π
cosnx cosmxdx = 0 , m, n ∈ N∗, m 6= n, (15)∫ π

−π
sinnx cosmxdx = 0 , m, n ∈ N∗, (16)∫ π

−π
sin2 nxdx =

∫ π

−π
cos2 nxdx = π , n ∈ N∗. (17)
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þã5�9¡�n�¼ê8Γ�888���������555"Ïd�±w�§ò¼êf(x)�¤Fp�?

êª�n�¼ê¦Ú§Ù¢S¿Â�¦^��ü �þ|©)k���m��þ´��

�"éu¼ê�m5`§n�¼ê|ΓÒÐ'Ä�§^±|CE,�¼ê"

1.2 Fp�?êO�

�!?Ø�±Ï¼êf(x)�Fp�?ê�O�§AO/·�ob�f(x)3��±Ï

þ�È§¿Øb½f(x)´ëY�"

±Ï�2π¼ê�Fp�?ê

�Ä�Γ¥�n�¼ê��2π±Ï¼ê§·�b½f(x)´±2π�±Ï�¼ê§·�

��3��±Ï[−π, π]?Øf(x)§¿b½f(x)3��±Ï[−π, π]�È"

·�F"f(x)�±�ÑFp�?ê�/ª

f(x) =
a0
2

+

∞∑
n=1

(an cosnx+ bn sinnx) . (18)

¢Sþ§���kkkÜÜÜ©©©¼¼¼êêê���±±±���¤¤¤FFFppp���???êêê���nnn���¼¼¼êêê���555|||ÜÜÜ",3b½Ð

m(18)¤á�Ä:þ§·�Udf(x)íÑFp�XêanÚbn���µ3ª(18)�mÓ

¦cosmx¿3[−π, π]È©§·�b½Å�È©�±$�£¢Sþ�õê�¹Ø�$�¤∫ π

−π
f(x) cosmxdx =

a0
2

∫ π

−π
cosmxdx+

∞∑
n=1

(
an

∫ π

−π
cosnx cosmxdx+ bn

∫ π

−π
sinnx cosmxdx

)
= am

∫ π

−π
cosmx cosmxdx = πam. (19)

dd�ÑFp�Xê��

an =
1

π

∫ π

−π
f(x) cosnxdx, bn =

1

π

∫ π

−π
f(x) sinnxdx. (20)

ùp�±w�§òFp�?ê¥�~ê��¤a0
2 �´�
Fp�XêPÁ��B"·�

¡÷vXê(20)�Fp�?ê

a0
2

+

∞∑
n=1

(an cosnx+ bn sinnx) , (21)

�2π±±±ÏÏÏ¼¼¼êêêf(x)���FFFppp���???êêê"P�

f(x) ∼ a0
2

+

∞∑
n=1

(an cosnx+ bn sinnx) . (22)

éuf(x)�Fp�?êÚFp�Xê§·�k�~��`²µéu�õêf(x)

ó§f(x)�Fp�?êa0
2 +

∑∞
n=1 (an cosnx+ bn sinnx)�f(x)þØ��§Fp�X
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ã 1: ¼êf(x)«¿ã"

êanÚbn���´3b½�ª(18)¤á�Ä:þíÑ5�"éu�õê¯K§Ù�,�

¦·�¦,¼êf(x)�Fp�?ê§·�¿ØUíäTFp�?ê�uf(x)§·�I�

���´ÏL½È©O�ÑFp�Xê§,�|C¤Fp�?ê=�"

~~~ 1. f(x)´±2π�±Ï�¼ê§�f(x) = x23[0, 2π)¤á§¦f(x)�Fp�?ê"

©Ûµ·�I�5¿�´§f(x) = x2=3[0, 2π)¤á§¤±f(x)3R�ã�£Xã

¤«¤´�3mä:�",��¡§O�Fp�Xê�È©L§¥"?n�{´�E|

^n�¼ê�5�©ÜÈ©§ù��{3aqSKAO~�"

Proof. O�Fp�?ê�¢�´O�Fp�Xê§,�Ä�f(x)´±2kπ:�mä

:2π�±Ï�¼ê§���âª(20)O�[−π, π]�È©Ø�B§3[0, 2π]O�È©´�

d�",��¡§duúª�ØÓ§·�I�©mO�a0, an, bnµ

a0 =
1

π

∫ 2π

0
f(x)dx =

1

π

∫ 2π

0
x2dx =

8π2

3
. (23)

,�

an =
1

π

∫ 2π

0
x2 cosnxdx

=
1

nπ
x2 sinnx

∣∣∣∣2π
0

− 2

nπ

∫ 2π

0
x sinnxdx

=
2

n2π
x cosnx

∣∣∣∣2π
0

− 2

n2π

∫ 2π

0
cosnxdx =

4

n2
, (24)

Ù¥1���ÒÚ1n��ÒÑ¦^
©ÜÈ©§AO/ 1
nd sinnx = cosnxdx"��

bn =
1

π

∫ 2π

0
x2 sinnxdx

= − 1

nπ
x2 cosnx

∣∣∣∣2π
0

+
2

nπ

∫ 2π

0
x cosnxdx

= −4π

n
− 2

n2π

∫ 2π

0
sinnxdx = −4π

n
. (25)
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��|C�Fp�?ê

4π2

3
+
∞∑
n=1

(
4 cosnx

n2
− 4π sinnx

n

)
. (26)

éu�
vk�Ñ¼ê��¼êf(x)§·���±|^½È©�5�ïÄFp�X

ê�'Xµ

~~~ 2. �±2π�±Ï�¼êf(x)�Fp�Xê�a0, an, bn§Pg(x) = f(π − x)§�

Ñg(x)�Fp�?ê"

©ÛµÏL��{§·��±lf(x)�Fp�XêO�g(x)�Fp�Xê"

Proof. �âK¿k

an =
1

π

∫ π

−π
f(x) cosnxdx, bn =

1

π

∫ π

−π
f(x) sinnxdx. (27)

O�g(x)�Fp�XêA0, An, Bn§|^��t = π−xk§5¿�òFp�XêA0, An, Bn©

mO�

A0 =
1

π

∫ π

−π
f(π − x)dx =

1

π

∫ 2π

0
f(t)dt = a0, (28)

An =
1

π

∫ π

−π
f(π − x) cosnxdx =

1

π

∫ 2π

0
f(t) cosn(π − t)dt = (−1)nan, n ∈ N∗,(29)

Bn =
1

π

∫ π

−π
f(π − x) sinnxdx =

1

π

∫ π

−π
f(t) sinn(π − t)dt = (−1)n−1bn, n ∈ N∗,(30)

ùp¦^
p�úª

cosn(π − t) = (−1)n cosnt, sinn(π − t) = (−1)n−1 sinnt, (31)

¿�|^f±2π�±Ï�5�§Fp�Xê3[0, 2π]½[−π, π]È©¿Â�Ó"�Ñbn�

Fp�?ê

a0
2

+
∞∑
n=1

(
(−1)nan cosnx+ (−1)n−1bn sinnx

)
=
a0
2

+ (−1)n
∞∑
n=1

(an cosnx− bn sinnx) .

(32)

Û¼ê½ó¼ê�Fp�?ê

�!·�b½f(x)´±2π�±Ï�Û¼ê½ó¼ê"·���3��±Ï[−π, π]?

Øf(x)§3d«mpf(x)E�Û¼ê½ó¼ê§¿b½f(x)3��±Ï[−π, π]�È"
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ã 2: ¼êf(x)«¿ã"

XJf(x)3[−π, π]�Û¼ê§�â(20)§�È¼êf(x) cosnx3[−π, π]þ�Û¼

ê§¦^Fp�Xêan = 0én ∈ N¤á§Ïdf(x)�Fp�Xê{z�

f(x) ∼
∞∑
n=1

bn sinnx. (33)

ÏdÛ¼ê�Fp�?ê�¡����uuu???êêê"

aq/§XJf(x)3[−π, π]�ó¼ê§�â(20)§�È¼êf(x) sinnx3[−π, π]þ

�Û¼ê§¦^Fp�Xêbn = 0én ∈ N∗¤á§Ïdf(x)�Fp�Xê{z�

f(x) ∼ a0
2

+

∞∑
n=1

an sinnx. (34)

Ïdó¼ê�Fp�?ê�¡�{{{uuu???êêê"

O�Û¼ê½ó¼ê�Fp�?ê§·��I�O����Fp�Xê§�±~�

ó�þµ

~~~ 3. f(x)´±2π�±Ï�¼ê§�f(x) = x23[−π, π)¤á§¦f(x)�Fp�?ê"

©ÛµXã¤«§�â±Ï5§�K�¼êf(x)�ó¼ê"I�X«©�K¼ê

�~K1¼ê�«O§=B/ªþ§�äk�Ó�L�ª"

Proof. �Ä�f(x)3(−π, π)�ó¼ê§�IO�Fp�Xêa0Úan=�µ

a0 =
1

π

∫ π

−π
x2dx =

2

3
π2. (35)

±9

an =
1

π

∫ π

−π
x2 cosnxdx

=
1

nπ
x2 sinnx

∣∣∣∣π
−π
− 2

nπ

∫ π

−π
x sinnxdx

=
2

n2π
x cosnx

∣∣∣∣π
−π
− 2

n2π

∫ π

−π
cosnxdx = (−1)n

4

n2
, (36)
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I�5¿cosnπ = (−1)n"dd�Ñ{u?ê

π2

3
+

∞∑
n=1

(−1)n
4

n2
cosnx. (37)

?¿±Ï�Fp�?ê

ù�!·�b½f(x)´±2l�±Ï�±Ï¼ê§Ïd·��±��3��±

Ï[−l, l]?Ø§,�b½f(x)3[−l, l]�È"

XJ��Ñ2l±Ï¼ê�n�¼êÐm§ÒI�n�¼ê���±2l�±Ï§=ä

ksin πx
l Úcos πxl �/ª§½=

f(x) ∼ a0
2

+

∞∑
n=1

(
an cos

nπx

l
+ bn sin

nπx

l

)
. (38)

��2π±ÏFp�Xê�í��ª§�±��

an =
1

l

∫ l

−l
f(x) cos

nπx

l
dx, bn =

1

l

∫ l

−l
f(x) sin

nπx

l
dx. (39)

O�2l±Ï¼êFp�?ê��{�dc��§ÏLúª(39)O�Fp�Xê=�"

2l±Ï¼êf(x)Fp�?ê�k�«n)�ªµ·�éf(x)�� C�g(y) =

f(πl y)§��2π±Ï¼êg(x)ÚFp�?ê

f(
π

l
y) = g(y) ∼ a0

2
+

∞∑
n=1

(an cosny + bn sinny) . (40)

?1C�x = π
l y��

f(x) ∼ a0
2

+

∞∑
n=1

(
an cos

nπx

l
+ bn sin

nπx

l

)
, (41)

Ù¥Fp�Xê

an =
1

π

∫ π

−π
g(y) cosnydy =

1

l

∫ l

−l
f(x) cos

nπx

l
dx, (42)

�ª(39)��"

±ÏòÿÚFp�?ê

ù�!·�?Ø�±Ï¼ê�Fp�?ê§�Ñùa¼êFp�?ê��{´Äk

ÏL±±±ÏÏÏòòòÿÿÿ����±Ï¼ê§,��ÑÙFp�?ê"·�b½?Ø��±Ï¼

êÑ´k.4«m��È¼ê"
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ã 3: n«òÿ�ª�¼êã�«¿ã"

ùprNòÿ�Vgµ�½k�«m[a, b]þ�¼êf(x)§òÿ´��E��3R½

Â�¼êF (x)§Ù¥F3«m[a, b]þ�¼ê��f�Ó"lã�þw§F (x)�ã/��

uòf3«m[a, b]þ�ã�ò����¢ê�½Â�"±Ïòÿ§g,´3(�F´

±Ï¼ê�Ä:þ?1�òÿ"

±Ïòÿ��kn«�¹µ

1.~~~555òòòÿÿÿ �¼êf(x)3«m[−π, π)½Â£½´,���2π�«m¤§·��±ò

ù�k�«m�¼ê�3��«m[2kπ − π, 2kπ + π)ØäE§��½Â3R�¼

êF (x)§=

F (2kπ + t) = f(t), k ∈ Z, t ∈ [−π, π). (43)

ddÒ����2π±Ï¼êF (x)"·�òF�Fp�?ê¡�k.«m[−π, π)½Â�

¼êf�Fp�?ê"

2.óóóòòòÿÿÿ �¼êf(x)3«m[0, π]½Â§�
����3R½Â�2π±Ïó¼êF (x)§

·�©�üÚµ1�Ú§òf(x)é¡���[−π, π]þ�ó¼êf1(x)§=

f1(x) =

f(x) , x ∈ [0, π],

f(−x) , x ∈ [−π, 0).
(44)

,�2¦^~5�òÿ��§ò[−π, π]þ�ó¼êf1(x)òÿ�½Â3R�¼êF (x)µ

F (2kπ + t) = f1(t), k ∈ Z, t ∈ [−π, π). (45)

9



w´�§òÿ���¼êF´Rþ�ó¼ê§Ïdù�òÿL§¡�óòÿ",��

¡§duó¼êF�Fp�?ê´{u?ê§·�òF�{u?ê¡�½Â3[0, π]þ�

¼êf(x)�{u?ê"

3.ÛÛÛòòòÿÿÿ �¼êf(x)3«m[0, π]½Â§�
����3R½Â�2π±ÏÛ¼êF (x)§

·�©�üÚµ1�Ú§òf(x)é¡���[−π, π]þ�Û¼êf1(x)£5µXJf(0) 6=

0�U��f1Ã{¤�Û¼ê§�´�Ä�Fp�Xê�½Â�ü�:¼ê�Ã'§·

��±�Ñ0?¼ê��K�¤§=

f1(x) =

f(x) , x ∈ [0, π],

−f(−x) , x ∈ [−π, 0).
(46)

,�2¦^~5�òÿ��§ò[−π, π]þ�Û¼êf1(x)òÿ�½Â3R�¼êF (x)µ

F (2kπ + t) = f1(t), k ∈ Z, t ∈ [−π, π). (47)

w´�§òÿ���¼êF´Rþ�Û¼ê§Ïdù�òÿL§¡�Ûòÿ",��

¡§duÛ¼êF�Fp�?ê´�u?ê§·�òF��u?ê¡�½Â3[0, π]þ�

¼êf(x)��u?ê"

k'±Ïòÿ!ÛòÿÚóòÿ§��±ÏLã3�*n)"��'u±Ïòÿ�

¢~´§~K1¥·�?Ø��,´2π±Ï¼êf(x)�Fp�?ê§�´ù�Fp�?

ê��±w¤½Â3ü�±Ï[0, 2π)þ�¼ê�Fp�?ê"oó�§òÿ��{�

�*¿Fp�?ê�Vg§¦�·��±ék�«m��±Ï¼ê½ÂFp�?ê!�

u?ê½{u?ê"

��§·�?Øü«AÏ��¹µ

1.��·�%@~5�±Ïòÿ´é��2π�«m£X[−π, π)½[0, 2π)¤þ�¼ê?

1�§ù�òÿ���¼ê´2π±Ï¼ê"¢Sþ§XJ·��Ä½Â3��«

m[−l, l)�¼êf(x)�Fp�?ê§·��±òfÄkòÿ�Rþ±Ï�2l�¼ê§,�

O�2l±Ï¼ê�Fp�?ê��f�Fp�?ê"

2.��·�%@Ûòÿ½óòÿ´é«m[0, π]½[−π, 0]ù�±0�à:���π�«mþ

�¼ê?1�§ù�òÿ���¼ê´2π±Ï¼ê"¢Sþ§XJ·��Ä½Â3�

�«m[0, l]�¼êf(x)�Fp�?ê§·��±òfòÿ�Rþ±Ï�2l�Û¼ê½ó¼

ê§,�O�2l±Ï¼ê��u/{u?ê��f��u/{u?ê"

~~~ 4. �f(x) = x23«m[0, π]½Â§O�f(x)��u?ê§{u?êÚFp�?ê"

©Ûµ�KI�5¿f�½Â�´[0, π]§¤±�,ÛòÿÚóòÿ���´2π±Ï

¼ê§~5±Ïòÿ��%´±Ïπ�¼ê"ïÆÏLxã��{´òÿ�\´n)"

�K«¿ãXã4¤«"
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Proof. Äkéf(x)?1óòÿ��±Ï¼êF (x)§���´÷vF (x) = x23x ∈

[−π, π]�2π±Ï¼ê"F (x)´ó¼ê§�{u?ê3~K3®²O�L§Ïd

f(x)�{u?êµ
π2

3
+

∞∑
n=1

(−1)n
4

n2
cosnx. (48)

Äkéf(x)?1Ûòÿ��±Ï¼êG(x)§���´÷vG(x) = x23x ∈ [0, π]¤

á§�G(x) = −x23x ∈ [−π, 0)¤á�2π±Ï¼ê"F (x)´Û¼ê§O�Ù�u?ê

bn =
1

π

∫ π

−π
G(x) sinnxdx =

2

π

∫ π

0
x2 sinnxdx

= − 2

nπ
x2 cosnx

∣∣∣∣π
0

+
4

nπ

∫ π

0
x cosnxdx

= (−1)n−1
2π

n
− 4

n2π

∫ π

0
sinnxdx = (−1)n−1

2π

n
− 4 [1− (−1)n]

n3π
, (49)

AO/§1���Ò|^
�È¼êG(x) sinnx´ó¼ê�5�"Ïd

f(x)��u?êµ
∞∑
n=1

(
(−1)n−1

2π

n
− 4 [1− (−1)n]

n3π

)
sinnx. (50)

��éf(x)?1±Ïòÿ��π±Ï¼êH(x)§÷vH(x) = x23x ∈ [0, π)¤á§

ÏdO�ÙFp�Xê£5µùpFp�Xê�O�LuE,§�±ØO�¤

a0 =
2

π

∫ π

0
x2dx =

2π2

3
, (51)

an =
2

π

∫ π

0
x2 cos

nx

2
dx =

4
(
π2n2 − 8

)
sin
(
πn
2

)
+ 16πn cos

(
πn
2

)
n3π

, (52)

bn =
2

π

∫ π

0
x2 sin

nx

2
dx = −

4
(
π2n2 − 8

)
cos
(
πn
2

)
− 16πn sin

(
πn
2

)
+ 32

n3π
, (53)

�\��

f(x) ∼ π2

3
+

∞∑
n=1

[
4
(
π2n2 − 8

)
sin
(
πn
2

)
+ 16πn cos

(
πn
2

)
n3π

cos
(πn

2

)
−

4
(
π2n2 − 8

)
cos
(
πn
2

)
− 16πn sin

(
πn
2

)
+ 32

n3π
sin
(πn

2

)]
. (54)

���K�(�§·��Ñé���:@£"�â�Y�Fp�?ê�Â

ñ5nØ§·�¢S�±y²{u?ê(48)!��?ê(50)3(0, π)þþÅ:Âñ

uf(x) = x2§=

x2 =
π2

3
+
∞∑
n=1

(−1)n
4

n2
cosnx

=
∞∑
n=1

(
(−1)n−1

2π

n
− 4 [1− (−1)n]

n3π

)
sinnx, x ∈ (0, π). (55)
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ù�U¬¦�Ü©ÓÆéuFp�?ê���5ëê¦¯µ²²Fp�Xê´ÏLúª

(½�§�u?êÚ{u?êü«Fp�?ê�Xê�ÛØÓºù´Ï�Fp�?ê¢

S�é±Ï2π�¼êÐm§¤±�N/?ØFp�?ê��AT3��2π���±Ï

?1"duª(55)�3��±Ï(0, π)�Ä
��?êÚ{u?êÚ¼ê§Ïdü�Ú

¼ê/|Ü0/Âñ�Ó��¼êx2"XJ?Øª(55)�u?êÚ{u?ê3(−π, 0)�

Ú¼ê§���Ú¼êB´ØÓ�"

1.3 Fp�?ênØ

�!·�0�ÚFp�?ê�'�ü��nØµÂñ5nØÚXênØ"Ù¥F

p�?ê�Âñ5nØ´�8y�êÆÑvk��)û�¯K§·��0�ü�Ä�(

Ø"Fp�XênØI�/Ï'�p�*:âBun)§Ä��Ü©´Ýºøl��ú

ª=�"

d	§3p�êÆ��ÆS§ùü�nØ�A^Ñ´E,ê�?ê�O�"~X

·�@Ò��ê�?ê
∑∞

n=1
1
n2´Âñ�§/ÏFp�?ê�nØ�±y²

∑∞
n=1

1
n2 =

π2

6 "

Å:Âñ5nØ

3p�êÆ��Æp§·��?ØFp�?ê�Å:Âñ"

�Äf(x)´2π±Ï¼ê§ÙFp�?ê

a0
2

+

∞∑
n=1

(an cosnx+ bn sinnx) . (56)

·�Q²`L§þãFp�?ê�,½Â�f(x)�Fp�?ê§�´�õê�¹eFp

�?êÑØÂñuf(x)§$�Fp�?ê3�
:��ØÂñ"·�7Léf(x)�1w

5JÑ�¦§âU�yf(x)�Fp�?ê´Å:Âñ�§¿ïÄFp�?ê�4�¼

ê"

·��Ñe¡�Âñ5(Øµ

½½½nnn 1. f(x)´2π±Ï¼ê§XJf(x)3��±Ï[−π, π]÷veãü«(Ø��µ

1.)))|||���XXX^̂̂��� f(x)3[−π, π]©ãëY�©ãüN"

2. f(x)3[−π, π]©ã��"

@of(x)�Fp�?êÅ:Âñ�Ú¼êS(x) = f(x+0)+f(x−0)
2 £=�m4��²þ

�¤"

'uþã½n·��ÑeZ`²

12



ã 4: ~K5«¿ã"

� ©ãëY£©ã��Ú©ãüNÓn¤�½Â§´�k��1�amä:©

��§¼êf(x)3[−π, π]����«mþëY"�¤±JÑ©ã�Vg§´Ï

�f(x)��±Ï¼ê§ék�U3±Ï�q�:/¤mä:§~X~K1�¼êÒ

´Xd"

� Fp�?ê�Ú¼êS(x) = f(x+0)+f(x−0)
2 ¿�f(x)§¢SþXJx0´f(x)�ëY

:§@of(x0) = f(x0−0) = f(x0+0)§d�S(x0) = f(x0)¶XJXJx0´f(x)�

mä:§@oS(x0)�f(x0)~~Ø��"

e¡·�±~3�{u?ê��~K?ØÂñ5(Ø9ÙA^µ

~~~ 5. ¦¦�?êx2 = 4π2

3 +
∑∞

n=1

(
4 cosnx
n2 − 4π sinnx

n

)
¤á�x�����¿O�ê�?

ê
∑∞

n=1
1
n2Ú

∑∞
n=1

(−1)n
n2 ��"

©ÛµdFp�?ê4π2

3 +
∑∞

n=1

(
4 cosnx
n2 − 4π sinnx

n

)
��ê�?ê���{´�\

AÏ�x"

Proof. �â~K1�(Ø§�Ä2π±Ï¼êf(x)÷vf(x) = x23[0, 2π)¤á§@o

n�¼ê?ê4π2

3 +
∑∞

n=1

(
4 cosnx
n2 − 4π sinnx

n

)
´f(x)�Fp�?ê"5¿�f(x)3�

�±Ï[0, 2π)´ëY�üN�§ÎÜ)|�X^�§¤±Fp�?êS(x) = 4π2

3 +∑∞
n=1

(
4 cosnx
n2 − 4π sinnx

n

)
Å:Âñ§¿�Ú¼êS(x)3Ø
2kπ±	�:Ñ�f(x)�

Ó§ã/Xã¤«§=

S(x) =

f(x) , x 6= 2kπ, k ∈ Z,

2π2 , x 6= 2kπ, k ∈ Z.
(57)

dd�ªx2 = 4π2

3 +
∑∞

n=1

(
4 cosnx
n2 − 4π sinnx

n

)
3:x ∈ (0, 2π)¤á"

3Fp�?êS(x) = 4π2

3 +
∑∞

n=1

(
4 cosnx
n2 − 4π sinnx

n

)
�\x = 0�

S(0) = 2π2 =
4π2

3
+ 4

∞∑
n=1

1

n2
, (58)
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Ïd
∑∞

n=1
1
n2 = π2

6 ¶�\x = π�

S(π) = π2 =
4π2

3
+ 4

∞∑
n=1

(−1)n

n2
, (59)

Ïd
∑∞

n=1
(−1)n
n2 = −π2

12"

��·�{ü!!Fp�?êÂñ5�y²�üC{¤")|�Xy²
©ãëY

�©ãüN�¼êäkÂñ�Fp�?ê§<��åuò)|�X^��°�ëY¼

ê§�´Reymondu1873cy²
§éu?¿�½:§�3��ëY¼êÙFp�?

ê3T:uÑ"<�ò¦Ùg§F"U
y²äk�½1w5�¼ê�Fp�?ê

A�??Âñ£=3�õê:ÑÂñ¤"Kolmogorov31926c�E
���È¼ê§

ÙFp�?ê3?¿:ÑÂñ§¿ýóéu∀p > 1§XJ
∫ π
−π |f |

pdx < ∞§@oÙF

p�?ê�½A�??Âñ"ù�ß��y²�~(J§1965cCarlesonæ�E,�

M#�{y²
p = 2��¹§1967cHuntí2Carleson��{y²
p > 1��¹§�

ªCarlesonÏd¼�
C��ø"éu���ëY¼ê§Fp�?ê´ÄA�??Â

ñ§´�8vk)û�¯K"

Fp�Xê�5�

�Äf(x)´2π±Ï¼ê§ÙFp�Xêa0, an, bnäk���¹Â§Ù��*�Ny

Ò´øl��úªµ

½½½nnn 2. f(x)´2π±Ï¼ê§XJf(x)3��±Ï[−π, π]k.�È§@oFp�Xê÷

v
a20
2

+
∞∑
k=1

(
a2k + b2k

)
=

1

π

∫ π

−π
f2(x)dx. (60)

þãFp�Xê�5��±^uO�E,�ê�?ê

~~~ 6. |^~K5�(ØO�ê�?ê
∑∞

n=1
1
n4"

©ÛµO�E,ê�?ê��{§Ø
�\AÏ�x§øl��úª�´é��

g´"AOI�5¿§Fp�?ê�~ê�´a0
2 §øl��úªI��\�´a0"

Proof. ·�é~K5�¼ê¦^øl��úª§5¿·��±3±Ï[0, 2π]^øl��

úª
1

π

∫ 2π

0
x4dx =

32π4

9
+ 16

( ∞∑
n=1

1

n4

)
+ 16π2

( ∞∑
n=1

1

n2

)
. (61)

|^
∑∞

n=1
1
n2 = π2

6 ��

∞∑
n=1

1

n4
=

1

16

(
32π4

5
− 32π4

9

)
− π2

( ∞∑
n=1

1

n2

)
=
π4

90
. (62)
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2 *Ðò�

2.1 *ÐKVA

*Ðò�KÜ©JÝ��§ïÆ�âK8SNÀJ5�Ö"

� *ÐSK1µ¥�JÝ§Fp�Xê�©Û§²;E|"

� *ÐSK2µ¥�JÝ§Fp�Xê�'�O�K§O�þ��"

� *ÐSK3µ¥�JÝ§øl��úª�A^"

2.2 *ÐSK

KKK 1. f(x)´±2π�±Ï�ng��¼ê§�f(x)�Fp�?ê�

a0
2

+
∞∑
n=1

(an cosnx+ bn sinnx),

y²Fp�?ê��Âñ"

©Ûµy²?ê��Âñ����{´r?ê�O{§g,�6éFp�X

êanÚbn��O"�O�E|´�~²;�©ÜÈ©{"

Proof. �âFp�Xêúªk

an =
1

π

∫ π

−π
f(x) cosnxdx, bn =

1

π

∫ π

−π
f(x) sinnxdx. (63)

duf��§|^©ÜÈ©{

an =
1

π

∫ π

−π
f(x) cosnxdx

=
1

nπ
f(x) sinnx

∣∣∣∣π
−π
− 1

nπ

∫ π

−π
f ′(x) sinnxdx

=
1

n2π
f ′(x) cosnx

∣∣∣∣π
−π
− 1

n2π

∫ π

−π
f ′′(x) cosnxdx. (64)

5¿�f´���±Ï¼ê§g,�¼êf ′�´±Ï¼ê§=f ′(0) = f ′(2π)§Ïd

an = − 1

n2π

∫ π

−π
f ′′(x) cosnxdx. (65)
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5¿�f ′′��"¤±f ′′3[−π, π]´k.ëY¼ê§�M = maxx∈[−π,π] |f ′′(x)|§@o

|an| =
∣∣∣∣ 1

n2π

∫ π

−π
f ′′(x) cosnxdx

∣∣∣∣ ≤ 1

n2π

∫ π

−π
|f ′′(x) cosnx|dx ≤ 2πM

n2π
=

2M

n2
. (66)

Ón¦^üg©ÜÈ©��

bn = − 1

n2π

∫ π

−π
f ′′(x) sinnxdx. (67)

¤±

|bn| ≤
2M

n2
. (68)

ÏdéFp�?ê�z��?1�O

|an cosnx+ bn sinnx| ≤ |an|+ |bn| ≤
4M

n2
. (69)

^r?ê�O{�±��Fp�?ê��Âñ"

KKK 2. f(x)´±2π�±Ï�ëY¼ê§ÙFp�Xê�a0, an, bn§½Â

F (x) =
1

π

∫ π

−π
f(t)f(x+ t)dt,

¦F (x)�Fp�?ê"

©ÛµF (x)�Fp�Xê�±�Ñ\gÈ©�/ª§�E|^È©�S�±

^f(x)�Fp�XêL«F (x)�Fp�Xê"d	·��E|^
±Ï¼ê�È©5

�§XJfäk2π±Ï§@o
∫ π
−π f(x)dx =

∫ π+a
−π+a f(x)dx§Ù¥a´?¿¢ê"

Proof. ·�b½F (x)�Fp�Xê�A0, An, Bn§·�Äky²F (x)´ó¼ê

F (−x) =
1

π

∫ π

−π
f(t)f(t−x)dt =

1

π

∫ π−x

−π−x
f(s+x)f(s)ds =

1

π

∫ π

−π
f(s)f(x+s)ds = F (x),

(70)

ùp1���Ò¦^
��s = t − x§1n��ÒK|^
�È¼êg(s) = f(s +

x)f(s)��ü�±Ï¼ê¦È§äk2π±Ï�5�"ddFp�XêBn = 0"

�XO�A0"@^Fp�Xêúª¿��È©^S

A0 =
1

π

∫ π

−π
F (x)dx =

1

π2

∫ π

−π

[∫ π

−π
f(t)f(x+ t)dt

]
dx

=
1

π2

∫ π

−π
f(t)

[∫ π

−π
f(x+ t)dx

]
dt. (71)

éu�½t§duf´±Ï¼ê∫ π

−π
f(x+ t)dx =

∫ π−t

−π−t
f(x)dx =

∫ π

−π
f(x)dx = πa0, (72)
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Ïd

A0 =
1

π2

∫ π

−π
πa0f(t)dt = a20. (73)

��O�An"@^Fp�Xêúª¿��È©^S

A0 =
1

π

∫ π

−π
F (x) cosnxdx =

1

π2

∫ π

−π

[∫ π

−π
f(t)f(x+ t)dt

]
cosnxdx

=
1

π2

∫ π

−π
f(t)

[∫ π

−π
f(x+ t) cosnxdx

]
dt. (74)

�Ä�È©¥�Äf3tÚx+ t���§·�écosnx^��úª

cosnx = cosn(x+ t) cosnt+ sinn(x+ t) sinnt. (75)

dd

A0 =
1

π2

∫ π

−π
f(t)

[∫ π

−π
f(x+ t) (cosn(x+ t) cosnt+ sinn(x+ t) sinnt) dx

]
dt

=
1

π2

∫ π

−π
f(t) cosnt

[∫ π

−π
f(x+ t) cosn(x+ t)dx

]
dt

+
1

π2

∫ π

−π
f(t) sinnt

[∫ π

−π
f(x+ t) sinn(x+ t)dx

]
dt. (76)

éu�½t§S��È©�±O�∫ π

−π
f(x+ t) cosn(x+ t)dx =

∫ π−t

−π−t
f(x) cosnxdx = πan. (77)

Ón ∫ π

−π
f(x+ t) sinn(x+ t)dx =

∫ π−t

−π−t
f(x) sinnxdx = πbn. (78)

dd

A0 =
1

π2

∫ π

−π
πanf(t) cosntdt+

1

π2

∫ π

−π
πbnf(t) sinntdt = a2n + b2n. (79)

dd�ÑF (x)�Fp�?ê

F (x) ∼ a20
2

+

∞∑
n=1

(
a2n + b2n

)
cosnx. (80)

KKK 3. f(x)Úg(x)Ñ´±2π�±Ï�¼ê§�3[−π, π]þëY�È§ÙFp�?ê�

f(x) ∼ a0
2

+

∞∑
n=1

(an cosnx+ bn sinnx), g(x) ∼ c0
2

+

∞∑
n=1

(cn cosnx+ dn sinnx).

¦yµ
1

π

∫ π

−π
f(x)g(x)dx =

a0c0
2

+
∞∑
n=1

(ancn + bndn) . (81)
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©Ûµ|^øl��úª�|ÜïÄFp�Xê5��IOg´"

Proof. Äk�±�Ñf(x)Úg(x)�øl��úª

a20
2

+
∞∑
k=1

(
a2k + b2k

)
=

1

π

∫ π

−π
f2(x)dx, (82)

c20
2

+
∞∑
k=1

(
c2k + d2k

)
=

1

π

∫ π

−π
g2(x)dx. (83)

,��¡§�âFp�Xê�½Â§f(x) + g(x)�Fp�Xê�ufÚgFp�Xê�

Ú§¤±^f(x) + g(x)�øl��úª

(a0 + c0)
2

2
+

∞∑
k=1

(
(ak + ck)

2 + (bk + dk)
2
)

=
1

π

∫ π

−π
(f(x) + g(x))2dx. (84)

^(84)~�ª(82)Úª(83)Ò�±��K8�¦�(Ø"
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