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1.1 �­È©�½Âµ�½È©é'

3�ÆÏ·�¬�>éõØÓa.�È©§¦�/ªþ½NkÃõØÓ§�´%k

X�Ó�½Â��µkkk©©©���ÈÈÈ���444���"3Ú\�­È©�½Âc§·�Äk£�½È

©´XÛ½Â�µ½È©3k�4«m[a, b]?1§·�Äkyyy©©©ÈÈÈ©©©«««mmmµ

a = x0 < x1 < x2 < · · ·xn−1 < xn = b. (1)

,�\\\ÈÈÈ­­­>>>FFF///¡¡¡ÈÈÈ§ò±[xi−1, xi]�.�­>F/¡ÈCq�f(ξi)(xi−1 − xi)§Ù

¥ξi ∈ [xi−1, xi]§,�¦Ú
n∑
i=1

f(ξi)(xi−1 − xi). (2)

½Â«my©�����∆ = max(xi − xi−1)§·��Äy©�\[,����444���µ∫ b

a
f(x)dx = lim

∆→0

n∑
i=1

f(ξi)(xi−1 − xi). (3)

½È©�½ÂNy
/©0!/È0!/�4�0n�Õá�Ú½"

�e5·��Ä�­È©"�*5`§�­È©Ò´3��²¡R2�f8þ?1

�½È©$�"�Äk.4«�Dþ�yyy©©©ÈÈÈ©©©«««���µ

D = D1 ∪D2 ∪ · · · ∪Dn (4)

½Âλi)�Di¥�»§σi�k.f«�Di�¡È£5µ¡È�½Â´'�E,��Ñ


���¦¤"±Di�.�n�0­>ÎN/�¡ÈCq�f(xi, yi)σi§Ù¥(xi, yi) ∈
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È©«a ½È© �­È©

�È¼ê ��¼ê ��¼ê

È©�� ��gCþdx ü�gCþdxdy½¡È��dσ

È©«� k.4«m k.4«�

©�½©y ©�eZf«m ©�eZf«�

XÛ\È \È­>F/¡È \È­¡ÎNNÈ

XÛ�4� f«m���Ýªu0 f«����»ªu0

Di§,�\\\ÈÈÈ­­­>>>ÎÎÎNNN¡¡¡ÈÈÈ
n∑
i=1

f(xi, yi)σi (5)

½Â©�����»�∆ = max(λi),·��Äy©�©�,����444���§dd¼êf(x)3

4«�Dþ��­È©½Â�∫∫
D
f(x, y)dσ = lim

∆→0

n∑
i=1

f(xi, yi)σi. (6)

�­È©�½Â�,Ny
/©0!/È0!/�4�0n�Õá�Ú½"

555))) 1. 3��§§«��½Â´ëÏ�m8§´m«mVg�í2"Ü©©zØ�¦

«�´m8§�[�Ö�I�5¿"

?Ø�­È©§·��,��Än���µÈ©«�D£§´��k.4«�¤§

�È¼êf(x, y)ÚÈ©�σ"duÈ©�σ´3²¡xoyþ��f«�§¤±·��ò�

­È©�� ∫∫
D
f(x, y)dxdy, (7)

d�x, y�¡�È©Cþ"'u½È©Ú�­È©Vg�é'§·�o(3L�p"

�½È©�/aq§¿�¤k��¼êþ�O��­È©"�´��¼ê��È5

?Ø�Ñ
�§��¦§·��I���§k.���¼êþ��­È©"

d	§�­È©�½ÂØ·¨O��­È©��§O��­È©küÕ��{§Ò

Ð'·�O�½È©�¦^Newton-Leibnizúª
���¦^½ÂiùÚ"�e5�Ü

©§·�Ñò?Ø�­È©O���{"

1.2 �­È©�O�

�­È©O��¢�§´�{ò�­È©=z�eZ�½È©©OO�"/z��

{0�Ì�g�Øä0B3���{�¥"
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ã 1: ã¡Ð«
�­È©z\gÈ©�¿Â"�
�Ñ��«��È©§·�ò«

��¤v
[�ç^/î^§z��ç^/î^�È©�±w�y/x���½È©§,�

2òù
ç^/î^ÏLx/y���½È©�i3�å"�ãµky�x�È©^S¶m

ãµkx�y�È©^S"

�­È©z\gÈ©

z\gÈ©´?n�­È©��Ä��{§�{�¢�´ÀJ/h²0��{©

�«�µÄkòÈ©«�Uìx��©��eZ^/«�§éuz��^/«�·�2

3y��©�"dd§�­È©�±w¤x���^«�þ�½È©�\\"��«¿

ã"·�òþã©Û�¤e�úª∫∫
D
f(x, y)dxdy =

∫ b

a

[∫ ϕ2(x)

ϕ1(x)
f(x, y)dy

]
dx. (8)

ª(8)mý�/V�½È©0¡�\\\gggÈÈÈ©©©"�)ÒSÜ�½È©

I(x) =

∫ ϕ2(x)

ϕ1(x)
f(x, y)dy, (9)

´±[x, x + dx]�.�^/«�þ�½È©§ÏdÈ©Cþ´y",�·�é�X

�I(x)2±x�È©Cþ�½È©"3�
�á¥§�U¬òª(8)mý�\gÈ©��∫ b

a

∫ ϕ2(x)

ϕ1(x)
f(x, y)dydx, (10)

ù��{�{B§�´ÐÆö´· §�ØïÆÐÆö¦^"

OOO���\\\gggÈÈÈ©©©������{{{´́́kkkOOO���SSS���½½½ÈÈÈ©©©I(x)§§§,,,���OOO���			���½½½ÈÈÈ©©©
∫ b
a I(x)dx"""

S�È©I(x)´'ugCþy�½È©§O��x´ëê§éuØÓ�x§È©«

m[ϕ1(x), ϕ2(x)]Ú�È¼êf(x, y)Ñ¬Cz"éuz��xO�ÑI(x)�§·�2

òI(x)����¼ê§O�I(x)'ugCþx�½È©"

AO/§·��Ñ§��±ÄkòÈ©«�DUy��y©^/«�§,�\\�

�^/«�þ'ugCþx�½È©"���\gÈ©S�È©Cþ´x§	�È©C
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þ´y§= ∫∫
D
f(x, y)dxdy =

∫ d

c

[∫ ψ2(x)

ψ1(x)
f(x, y)dx

]
dy. (11)

ª(8)Úª(11)Ñ�±ù�­È©z�\gÈ©§��þ���"éééuuu)))KKK555`̀̀§§§···���

III������âââ���ÈÈÈ¼¼¼êêêÚÚÚÈÈÈ©©©«««������AAA:::ÀÀÀJJJOOO���þþþ���������===zzz\\\gggÈÈÈ©©©������ªªª"""�
�

Bå�§·�òª(8)Úª(11)¥\gÈ©�È©^S©O¡�kkky���xÚkkkx���y"

��·��Ñ�­È©z\gÈ©�{���^Sµ

1.xÑÈ©«�«¿ãµù�Ú½�±k����YÚ½��"

2.ÀJÜ·�È©^Sµ=ÀJª(8)�´ª(11)¥�\gÈ©"du�­È©�È©^

Skü«§ïÆ©O}Á¿�OO�þ§ÀJO�þ���^S"

3.�Ñ/Xª(8)½ª(11)\gÈ©µù�ÚØ%´O�S�È©�È©«m[ϕ1(x), ϕ2(x)]"

È©«m�O�k�¬kJÝ§ÏdïÆ(ÜÈ©«��«¿ã©Ûµéu�½

�x ∈ [a, b]£±ª(8)�~¤§O�d�y�������������Ò´S�È©�È©«m"

4.O�\gÈ©µkO�S�½È©I(x)§,�O�	�½È©
∫ b
a I(x)dx"

e¡�~K´ÏL\gÈ©O��­È©�Ä��~K"·�æ^
ü«ØÓ�È

©^S§�ìþão�Ú½�¤O�"

~~~ 1. ¦I =
∫∫
D(x2 + 2y)dxdy§Ù¥D´y = x2�y =

√
x�¤«�"

©Ûµ�K´�Ä���­È©SK§��[ÙG)KL§"

Proof. 1.xÑÈ©«�D�«¿ã"

2.ÀJÈ©^Sµ·�ùp}Áü«^S"

3.1.±ky�x�^S�Ñ\gÈ©µ(Ü«¿ã§gCþx�����´[0, 1]"é

�½x§gCþy�����´x2 ≤ y ≤
√
x"dd�Ñ\gÈ©

I =

∫ 1

0

[∫ √x
x2

(x2 + 2y)dy

]
dx. (12)

4.1.O�\gÈ©µS�È©�

I(x) =

∫ √x
x2

(x2 + 2y)dy = (x2y + y2)
∣∣√x
x2

= x
5
2 + x− 2x4. (13)

ùp�5¿§O�I(x)�È©gCþ´y§
gCþx�w�~ê"�e5

I =

∫ 1

0

(
x

5
2 + x− 2x4

)
dx =

27

70
. (14)

4



ã 2: �µ~1«¿ã¶mµ~2«¿ã"

3.2.±ky�x�^S�Ñ\gÈ©µ(Ü«¿ã§gCþy�����´[0, 1]"é

�½y§gCþx�����´y2 ≤ x ≤ √y"dd�Ñ\gÈ©

I =

∫ 1

0

[∫ √y
y2

(x2 + 2y)dx

]
dy. (15)

4.2.O�\gÈ©µS�È©�

I(y) =

∫ √y
y2

(x2 + 2y)dx = (
x3

3
+ 2yx)

∣∣∣∣
√
y

y2
=
−y6 + 7y

3
2

3
− 2y3. (16)

ùp�5¿§O�I(y)�È©gCþ´y§
gCþx�w�~ê"�e5

I =

∫ 1

0

(
7

3
y

3
2 − 1

3
y6 − 2y3

)
dy =

27

70
. (17)

·��Ñ§3O�~1¥�È©�L§¥§ÀJkx�y½´ky�x�È©^SéO

�E¤�K�´k��"3�e5�~K¥§·�òw�ÀJÈ©^S�­�5µ^,

«È©^S�UÃ{O�"

~~~ 2. ¦
∫∫
D sin y3dxdy§Ù¥D´y =

√
x§y = 2Úx = 0�¤«�"

©Ûµ�K�È©§ÀJkx�y½´ky�x�È©^SéO�´kK��"·�

ATÆ¬ÏL�È¼êsin y3�/ª§��ä=�«È©^S�±�Ñ\gÈ©"

Proof. 1.xÑÈ©«�D�«¿ã"

2.ÀJÈ©^Sµ·�ùp}Áü«^S§3e�Ú¥·�¬�Ñü�\gÈ©�

/ª§,��±�Ñ7Lkx�y�È©^S"
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3.ü«È©^S�Ñ\gÈ©µky�x�§x�����´[0, 4]§é�½�x§g

Cþy�����´
√
x ≤ y ≤ 2"�Ñ\gÈ©

I =

∫ 4

0

[∫ 2

√
x

sin y3dy

]
dx. (18)

kx�y�§y�����´[0, 2]§é�½�y§gCþx�����´0 ≤ x ≤ y2"�Ñ

\gÈ©

I =

∫ 2

0

[∫ y2

0
sin y3dx

]
dy. (19)

*	\gÈ©(18)Ú(19)§\gÈ©(18)´éJO��"Ï�·�Ø��¼

êsin y3égCþy��¼ê£5µ�¼êØ´Ð�¼ê¤§ddÃ{¦^Úî4Ù

Z]úªO�ª(18)�S�È©
∫ 2√

x sin y3dy"O�\gÈ©(19)KØ¬��(J§Ï�

ÙS�È©
∫ y2

0 sin y3dx��È¼ê�±w�~�¼ê"dd·�ÀJkx�y�È©^

S"

éuÙö�ÓÆ§¢SØI��Ñü�\gÈ©�/ªÒ�±�äÈ©^S�`

�"�I��Äsin y3égCþy½xÈ©�`�=�"sin y3éyÈ©¬��¦ØÑ�¼

ê�¯K§éxÈ©K´{ü�~�¼ê½È©"

4.O�\gÈ©µS�È©�

I(y) =

∫ y2

0
sin y3dx = y2 sin y3, (20)

?�Ú

I =

∫ 2

0
y2 sin y3dy = − 1

3
cos y3

∣∣∣∣2
0

=
1− cos 8

3
. (21)

�­È©��{

��{´{z�­È©/ª�­��{§Ùg��½È©��{´�ó�«�"é

u�­È©
ó§��È¼ê½´È©«�éE,�§Ò�±�Ä��{"·�Äké

'½È©\�é��{�n)"

Äk£�½È©��{µ4«m[α, β]�4«m[a, b]�N�ϕ(t)÷vü�^�µ

1.ϕ(α) = a, ϕ(β) = b§��tlαCz�β�§ϕ(t)©ª3[a, b]"

2.ϕ(t)3[a, b]këY�ê"

@okXe(Ø ∫ b

a
f(x)dx =

∫ β

α
f(ϕ(t))ϕ′(t)dt. (22)
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·�lü��Ý5n)½È©���úªµ

///ªªª$$$������ÝÝÝ. 5¿��©'X

dx = ϕ′(t)dt, (23)

ò(23)�\ª(22)§ò�ýdxO��ϕ′(t)dt§2ògCþxO��t§Ò��ª(22)mý

�ªf"

SSSºººnnn)))���ÝÝÝ. ���½È©´±xºÝ3[a, b]È©§=x´laCz�b�"��{�

¢�´òxla�bCz�L§��,��ëêtlαCz�β�L§§,�O�È©"d

ux�Cz�ÝÚt�Cz�ÝØÓ§ÒNy3�©'X(23)"

�e5·�0��­È©���úªµ«�D′�Dk��N�x = x(ξ, η),

y = y(ξ, η).
(24)

÷vn�^�

1.´��V�£�¡��N�¤§=Q´ü��´÷�"

2.¼êx(ξ, η)Úy(ξ, η)ÑäkëY� �ê"

3.Jacobi111���ªªªJ = D(x,y)
D(ξ,η)333(ξ, η) ∈ D′??????���0"""

@okXe(Ø ∫∫
D
f(x, y)dxdy =

∫∫
D′
f(x(ξ, η), y(ξ, η))|J |dξdη (25)

üüwª(25)§·��,�±lü���5n)µ

///ªªª$$$������ÝÝÝ. ·���Jacobi1�ª´é�ê�í2§´/õéõ0��¼ê§=

dxdy =

∣∣∣∣D(x, y)

D(ξ, η)

∣∣∣∣ dξdη. (26)

ò(26)�\ª(25)§ò�ýdxdyO��
∣∣∣D(x,y)
D(ξ,η)

∣∣∣ dξdη§2ògCþx, yO��ξ, η§Ò�
�ª(25)mý�ªf"

SSSºººnnn)))���ÝÝÝ. �����È©´3xoy²¡�«�Dþ$��§·�òD���«�

È©"ÏLògCþx, y���ξ, η§·���/©�ξoη²¡�,�«�D′"dugC

þx, yÚgCþξ, ηCXºÝ�ØÓ§ÒNy3�©'X(26)"

��·�!!�­È©��úª��½È©�ØÓ:µ

1.�­È©éN�(24)�¦���N�§
�­È©KKÃd�¦§ù´�­È©E,

5¤���"dd3?1�­È©��$��§·�ØUXO�½È©�§{ü/��

éA«m[a, b]�ü�à:��[α, β]§
AT�>&g���«mD3N�(25)eéA=

�«mD′§«�D′´(x.y) ∈ D�(ξ, η)�¤k��"·��Ñ§éu���N�(25)§

Ïé«mD′´éJ�§¤±·�~^���Ñ´äk�*¿Â�4�I��"
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2.�­È©I�Jacobi1�ª??�0§½È©KÃIϕ′(t) 6= 0"

3.úúúªªª(25)mmmýýý§§§������dxdyÚÚÚ������dξdη���'''���´́́Jacobi111���ªªª���ýýýééé���|J |


ØØØ´́́111

���ªªª������"½È©��'�ϕ′(t)KÃIýé�§ù´üaÈ©�I�­:©E�?"

555))) 2. úª(25)mý�¤±´Jacobi1�ªýé�|J |§´Ï���'X(26)¥�

�dxdyÚdξdηÑL«¡È§¡È7L´��¶,��¡§½È©���'X(23)§dxÚdt=

=L«gCþ�Cz§ù�Cz�±´K�"

��·�o(�­È©��{�Ú½§��{�8I´{z�­È©§l���­

È©����#��{ü��­È©µ

1.�Ñ���c��­È©§xÑÙÈ©«�"

2.�Ñ��¦^�N�£Xª(24)¤9ÙJacobi1�ªJ"

3.�âN�(24)¦����#È©«�D′µùpD′�L(x.y) ∈ D�(ξ, η)�¤k��"

éuE,���O�D′éæ�§�´éukAÛ¿Â�{ü��ù�Ú½�~{ü"

4.�âúª(25)�Ñ#��­È©"

4�IC�{

4�IC�´�3ª(24)¥�Äx = r cos θ,

y = r sin θ.
(27)

éu�½(x, y)§Cþ(r, θ)�LÙ4�I"ÏLO�Jacobi÷v1�ª

D(x, y)

D(ξ, η)
= r. (28)

·�5¿�4�I%@r ≥ 0§dd�Ñ4�I��úª∫∫
D
f(x, y)dxdy =

∫∫
D′
f(r cos θ, r sin θ)rdrdθ. (29)

4�I��{k�o^Qº·�Þ��~fµXã3§bX,�­È©
∫∫
D f(x, y)dxdyÈ

©«�D´ü �x2 + y2 ≤ 1§@o34�I��(27)�¿Âe#�È©«�D′´Ý

/{(r, θ) : r ∈ [0, 1], θ ∈ [0, 2π]§Ý/þ�È©´�B=z\gÈ©�"~X·�¦^k

Èr�Èθ�^S��uéuz���½�θ§·�3r ∈ [0, 1]È©§éuü �
óÒ

´éuz����θ·�k¡¦�»þ�z��:"ÒÐ'¯2i\§·�`kr2i

�¤�X�÷/«�§,�3z����¯K2i"

3A^4�I��{�§·�î��Å����{´o�Ú½"�´3dD¦D′�

L§£Ú½3.¤§·��IÏLD34�Ie�A5Ò�±�ÑD′"e¡·��Ñ·Ü
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ã 3: 4�I���«¿ã§ÏL4�I��§·��±ò���ç^/î^�È©�ª

=��÷/§3z���½��θéålgCþrÈ©"

¦^4�I���üaÈ©µ

1.��È¼êf(x, y)¹k�x2 + y2�§'Xªr2 = x2 + y2�{z�È¼ê"

2.�È©«�D�±�:��%��½÷/�§d�#«�D′3(r, θ)²¡�Ý/"

þãü��¹§cöz{�È¼ê§�öz{È©«�§Ñ��
z{�­È©��

^"�´þãüaØ�¹¦^4�I���¤k�/"

~~~ 3. ¦I =
∫∫
D(4− x2 − y2)−

1
2 dxdy§Ù¥D´ü �x2 + y2 ≤ 131����Ü©"

©Ûµ�KlÈ©«��/ªÚ�È¼ê�/ªþÑ�B¦^4�I��{§áu

ùa¯K�Ä�SK"

Proof. �KÈ©«��÷/§�È¼ê¹x2 + y2§¦^4�I���~�B"·�A

OP§���¢�´ò���­È©z�,���­È©"���Ú½Xeµ

1.xãÚ�Ñ��­È©§dÚÑ"

2.O�Jacobi1�ª��J = r"

3.¦)#�È©«�§D′�Ý/[0, 1]× [0, π2 ]"

4.�Ñ#��­È©

I =

∫∫
D′
r(4− r2)−

1
2 drdθ. (30)

�e5^kr�θ�^Sz\gÈ©§duÈ©«�´Ý/§éu�½�θ ∈ [0, π2 ]Ñ
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ã 4: ~4«¿ã§Ù¥mã�Ñ
O�θ > π
3�§ÏLR»½nO�r����

�[0, 2 cos θ]��{"

kr ∈ [0, 1]"·��ÑäNÚ½µ

I =

∫∫
D′
r(4− r2)−

1
2 drdθ

=

∫ π
2

0

(∫ 1

0

(
r(4− r2)−

1
2

)
dr

)
dθ

=

∫ π
2

0

(
−
√

4− r2
∣∣∣1
0

)
dθ

=

∫ π
2

0
(2−

√
3)dθ =

2−
√

3

2
π. (31)

555))) 3. �â²�§4�I����#��­È©�§ÀJkr�θ�È©^S'��B

O�"

éu�
'�E,�K8§ÏL4�I�����#«�D′�U'�E,§I�

�9©ã?Øµ

~~~ 4. ¦I =
∫∫
D(x2 + y2)

1
2 dxdy§Ù¥Ddü��x2 + y2 = 1Úx2 − 2x+ y2 = 0��Ü

©31���S�«�"

©Ûµ�K�È¼ê¹kx2 + y2§¦^4�I��{�±��~�O�þ§�

,����#È©«�D′´Ø5K�§�´·��I�l�½θ�r�������Ý

�ÄD′=�",��¡§�KXJØ¦^4�I��{§�È¼ê
√
x2 + y2�~J?

n�£Ï�/X
√
x2 + 1�¼ê�Ø½È©´�~æ��¤

Proof. du�È¼ê�/ª§·��Ä¦^4�I��§��Ú½Xeµ

1.xãÚ�Ñ��­È©§dÚÑ"
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2.O�Jacobi1�ª��J = r"

3.¦)#�È©«�§D′´'�Ø5K�ã/",
�Ä�·��Y�æ^

kr�θ�È©^S§·���
)éu�½θ�r�����=�"ù�:�O�

´Ø(J�µ�θ ∈ [0, π3 ]�§r�����´[0, 1]¶�θ ∈ [π3 ,
π
2 ]�§r�����

´[0, 2 cos θ]"

4.�Ñ#��­È©

I =

∫∫
D′
r2drdθ. (32)

,�z¤\gÈ©O�§AO/�È©3r, θ�Ie�È©«�´Ø5Kã/§·

�I�©ãO�È©

I =

∫∫
D′
r2drdθ

=

∫ π
3

0

(∫ 1

0
r2dr

)
dθ +

∫ π
2

π
3

(∫ 2 cos θ

0
r2dr

)
dθ

=

∫ π
3

0

1

3
dθ +

∫ π
2

π
3

8

3
cos3 θdθ

=
π

9
+

2

9
(9 sin θ + sin(3θ))

∣∣∣∣π2
π
3

=
π + 16

9
−
√

3. (33)

·��Ñ§~4���kJÝ���{K8§ÙJÝNy3�����(r, θ)²¡

«�D′´Ø5K�ã/",
·�¿ØI�
)Ù��ã/§�I�l(x, y)²¡«

�DþJ��é�½θ�r�����§Òv±^u�Y\gÈ©O�"

1.3 Ù¦;K

�©lCþ��­È©

·�?Ø�a�±{zO���­È©"�ÄÝ/[a1, a2]× [b1, b2]��­È©§X

J�È¼ê�±�¤��'ux�¼êÚ��'uy�¼ê�È§=/X

I =

∫∫
[a1,a2]×[b1,b2]

f(x)g(y)dxdy. (34)

·�¡daÈ©�ÝÝÝ///þþþ���©©©lllCCCþþþ������­­­ÈÈÈ©©©"~X~K3¥§4�IC����­

È©
∫∫
D′ r(4− r2)−

1
2 drdθÒ´Ý/[0, 1]× [0, π2 ]�©lCþ��­È©"

11



ùa�­È©k����{µ∫∫
[a1,a2]×[b1,b2]

f(x)g(y)dxdy =

∫ a2

a1

(∫ b2

b1

f(x)g(y)dy

)
dx

=

∫ a2

a1

f(x) ·
(∫ b2

b1

g(y)dy

)
dx

=

(∫ a2

a1

f(x)dx

)(∫ b2

b1

g(y)dy

)
, (35)

Ù¥1���Ò|^Ç�­È©z\gÈ©úª§1��Ú1n��ÒK�E|^
ò

~êJÑ½È©ª��{"

·�òúª(35)A^u~3�È©�±��{zO�µ∫∫
D′
r(4− r2)−

1
2 drdθ =

(∫ 1

0
r(4− r2)−

1
2 dr

)
·

(∫ π
2

0
1dθ

)
= (2−

√
3) · π

2
. (36)

3¡ék©lCþ/ª�È©«��Ý/��/§�±A^úª(35)"

pdÈ©

pdÈ©´�Xe�½È©

I =

∫ ∞
−∞

e−x
2
dx =

√
π. (37)

d	pdÈ©�ÊÏ�½È©ØÓ§pdÈ©½Â3Ã¡«m(−∞,+∞)
Ø´,�k

�«m§ù��½È©¡�Ã¡È©§'uÃ¡È©��¦½Âò3�Y�²"

·���¼êe−x
2
��¼êØ´{ü¼ê§ddpdÈ©IØU^Úî4ÙZ]ú

ªO�§�,·�¢S�±�ÑpdÈ©��§�{/Ï
�­È©�{µ(∫ ∞
0

e−x
2
dx

)2

=

(∫ ∞
0

e−x
2
dx

)(∫ ∞
0

e−y
2
dy

)
=

∫∫
[0,∞]×[0,∞]

e−x
2−y2dxdy

=

∫ π
2

0

(∫ ∞
0

re−r
2
dr

)
dθ =

π

4
, (38)

Ù¥1���ÒUC
È©Cþ�¶i§1���Ò´Ý/þ�©lCþ��­È©�

O�úª(35)§1n��Ò´4�I��{"Ïd�âé¡5∫ ∞
−∞

e−x
2
dx = 2

∫ ∞
0

e−x
2
dx =

√
π. (39)

·��Ñ§du¼êe−x
2
��¼êØ´{ü¼ê§¤±·�ØU¦Ñ,��½«

m[a, b]þ�È©�
∫ b
a e−x

2
dx§�´·�T|�±¦Ñ¼êe−x

2
3¢ê8R�N�È©

�"·�5weã~Kµ

12



~~~ 5. �¯
(∫ 1

0 e−x
2
dx
)2
�π

2

∫ 1
0 e−x

2
xdx���'X"

©Ûµ�K/ªþ�pdÈ©�O��~aq§�´)K�7Lc[�ÄpdÈ©

í��z��[!´Ä�±=£��K"

Proof. du/ªþ�pdÈ©�O�ªCq§·�òúª(38)���L5¿Å��y�

Ò´Ä¤áµ (∫ 1

0
e−x

2
dx

)2

?

(∫ 1

0
e−x

2
dx

)(∫ 1

0
e−y

2
dy

)
?

∫
[0,1]×[0,1]

e−x
2−y2dxdy

?

∫ π
2

0

(∫ 1

0
re−r

2
dr

)
dθ

?
π

2

∫ 1

0
xe−x

2
dx

Ù¥1���ÒUC
È©Cþ�¶i§1���Ò´Ý/þ�©lCþ��­È©�

O�úª(35)§1o��ÒK´½È©�O�"1n��Òwq´¦^
��§@o§

´Ä�(Qº

�Y´Ä½��3|^4�I��UC�È¼ê«�L§p§�±ò(x, y)�I¿

Âe�Ý/«�[0,∞] × [0,∞]z�(r, θ)�I¿Âe�Ý/«�[0,∞] × [0, 2π]§�´Ø

�±ò(x, y)�I¿Âe�Ý/«�[0, 1] × [0, 1]%ØUz�(r, θ)�I¿Âe�Ý/«

�"¢Sþ(r, θ)�I¿Âe�Ý/«�[0, 1]× [0, π2 ]éA�´(x, y)�I¿Âe1���

�ü ÷/§´Ý/«�[0, 1]× [0, 1]�f8§Ïd1�� �ATW\>"

¤±§�Y´(
∫ 1

0 e−x
2
dx)2 > π

2

∫ 1
0 e−x

2
xdx"

3Ü©©z¥§eã�È©Ñ�±¡�pdÈ©µ∫ ∞
−∞

e−ax
2+bx+cdx =

√
π

a
e
b2

4a
+c, (40)

Ù¥a > 0§b, c�±´?¿¢ê"�ó�§��e��êþ´���g�Xê�Kê�

�gõ�ª§@où��¼ê3R�N�È©Ò´�±O��"ª(40)�y²´3��

�È©��{�Ä:þí2§y²3�k,��Öö�öS"

2 ²;SK

Ø
�£:Ü©ù)�IOK	§�ÙSK¹�¹e¡�)KE|µ\gÈ©�

O�£K1¤!ýé�È©�O��©Ü©{Úé¡{£K2K3¤!��Cþ��{

£K4K5¤Ú^©lCþ{�Ú½È©k'�y²K£K6¤"
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ã 5: �µK1«¿ã¶mµK2«¿ã"

2.1 ~K

KKK 1. O�\gÈ©I =
∫ π

0 dx
∫ π
x

sin y
y dy"

Proof. �ÙO�\gÈ©�K8§�½Ø´4\��O�½È©§
´F"\ò\g

È©Äk���­È©§,�N�È©gS�­#O�\gÈ©"�K\gÈ©�S�

È©´
∫ π
x

sin y
y dy"5¿�¼ê sin y

y ��¼ê¿ØÐ¦£¢Sþ�¼ê{ü¼ê¤§¤±

ØU¦^Úî4ÙZ]úªO�½È©
∫ π
x

sin y
y dy"

ò\gÈ©z£­È©´dcÔö��L§"\gÈ©w�·�§éu�

½0 ≤ x ≤ π§gCþy����´x ≤ y ≤ π§�âù�A:�±xÑÈ©«�D§´

±(0, 0), (0, π), (π, π)�º:�����n�/"�È¼êÃIUC§E´ sin y
y "u´·

�l\gÈ©���­È©

I =

∫ π

0
dx

∫ π

x

sin y

y
dy =

∫
D

sin y

y
dxdy. (41)

�e5O��­È©§·�ÀJkÈx�Èy�^S§é�½y ∈ [0, π]§x�����

´0 ≤ x ≤ y"ddòI�¤\gÈ©O�

I =

∫
D

sin y

y
dxdy

=

∫ π

0

(∫ y

0

sin y

y
dx

)
dy

=

∫ π

0
sin ydy = 2. (42)

KKK 2. ¦I =
∫∫
D

∣∣x− y2
∣∣dxdy§Ù¥D = [0, 1]× [−1, 1]"

©Ûµ�K�ýé��­È©O�§��a'�nÜ�­È©O�K§IO�{´

©«�O�§ó�(Üé¡5"
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Proof. ·�òÈ©«�D�â�Ô�x = y2©¤ü�«�§�ý�D1£�±w�þe

ü�Ü©ë�3�å¤§mý�D2§·�©O3ü�«�O�½È©§=©OO�

I1 =

∫∫
D1

∣∣x− y2
∣∣ dxdy =

∫∫
D1

(
y2 − x

)
dxdy, (43)

Ú

I2 =

∫∫
D2

∣∣x− y2
∣∣ dxdy =

∫∫
D2

(
x− y2

)
dxdy. (44)

·�ÀJkx�y�ÊHÈ©^S"éu�½x ∈ [0, 1]§y3D2¥����´[−
√
x,
√
x]"

,��¡y3D1����K�)üã[−1,−
√
x] ∪ [

√
x, 1]§ùwq¬��æ�§�´·

�5¿�éu'ux¶é¡�:(a, b)Ú(a,−b)§¦�'uI1��È¼êy2 − x���´

���§ÏdD1þeüÜ©È©´��é¡�§È©��Ï
��§¤±�I�O�

�Ü©È©Ò�±"

dd·�©OO�ü��­È©µ

I1 =

∫∫
D1

(
y2 − x

)
dxdy

= 2

∫ 1

0

(∫ 1

√
x

(
y2 − x

)
dy

)
dx = 2

∫ 1

0

(
1

3
+

2

3
x

3
2 − x

)
dx =

1

5
. (45)

±9

I1 =

∫∫
D2

(
x− y2

)
dxdy

=

∫ 1

0

(∫ √x
−
√
x

(
x− y2

)
dy

)
dx =

∫ 1

0

4

3
x

3
2 dx =

8

15
. (46)

�ª

I = I1 + I2 =
11

15
. (47)

KKK 3. ¦I =
∫∫
D |3x+ 4y|dxdy§Ù¥D´²¡þ�ü �"

©Ûµ�K�2020cSGpêÚ�Ï"�ÁK§�;.�ýé��­È©O�§·

�I��â3x+4y�ÎÒ©ü�«�O��­È©",	��±(Üé¡5§Ï��È

«�ü �'u��3x+ 4y = 0¶é¡§
�È¼ê|3x+ 4y|3'u��3x+ 4y = 0¶

é¡�:�¼ê��´���§�Ò´`·��IO�ü �3��3x+ 4y = 0�ý�

�­È©�,�¦±�=�"�´Ü©ÓÆw�ýé�È©��é¡�{§¬��,�

@��È¼ê3o���´©Oé¡�§,��O������È©�¦±o§ù´I

O��Ø�{"
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ã 6: K4«¿ã"

Proof. ·�O�ü �3��3x+ 4y = 0þý«�D1�­È©§�âé¡5òD1þÈ

©¦±2Ò��Dþ�È©�"^4�I��{O�"duD1´����§4�IC�

e�«�D′1´(r, θ)²¡�Ý/[0, 1]× [− arctan 3
4 , π − arctan 3

4 ]§ddO�µ∫∫
D
|3x+ 4y|dxdy = 2

∫∫
D1

(3x+ 4y)dxdy

= 2

∫∫
[0,1]×[− arctan 3

4
,π−arctan 3

4
]
r2(3 cos θ + 4 sin θ)drdθ

= 2

(∫ 1

0
r2dr

)[∫ π−arctan 3
4

− arctan 3
4

(3 cos θ + 4 sin θ)dθ

]

=
2

3

[
3 sin θ − 4 cos θ

∣∣∣∣π−arctan 3
4

− arctan 3
4

]
=

20

3
, (48)

Ù¥1���Ò^é¡5§1���Ò´4�I��{§1n��Ò^�©lCþ��

­È©O��ª(35)"

KKK 4. ¦I =
∫∫
D

(√
y
x +
√
xy
)

dxdy§Ù¥Ddo^­�xy = 1§xy = 9§y = xÚy =

4x31����¤�«�"

©Ûµ�K�A:´È©«�AOE,§´��­>o>/"�d·��Ä���

�{§(Ü�È¼ê�5�¦^��u =
√

y
xÚv =

√
xy"

Proof. ·�^�� ·��ÄXe���u =
√

y
x ,

v =
√
xy,

(49)
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ã 7: K5«¿ã"

·�I��)Ñ(x, y)'u(u, v)�L�ªx = v
u ,

y = uv.
(50)

,�¦)Jacobi1�ª��

J =
D(x, y)

D(u, v)
=

∣∣∣∣∣∣ −
v
u2

1
u

v u

∣∣∣∣∣∣ = −2v

u
. (51)

ùp·��±wÑ§�¤±3���ÿvkÀJu = y
xÚv =

√
xy§´�
3�

Ñ(x, y)'uu, v�L�ª�{B§©OJacobi1�ªO�"

�e5¦(u, v)²¡þ#È©«�D′§�âÈ©«�>�o^­��A�§·�é

N´ä½D′´Ý/[1, 2]× [1, 3]"dd�Ñ#��­È©

I =

∫
D′

(u+ v)
2v

u
dudv. (52)

du´Ý/þ�È©§�Y�O�¿Ø(Jµ

I =

∫
D′

(
2 +

2v2

u

)
dudv

=

∫
D′

2vdudv +

∫
D′

2v2

u
dudv

= 8 +

(∫ 2

1

1

u
du

)(∫ 3

1
2v2dv

)
= 8 +

52

3
ln 2. (53)

KKK 5. ¦I =
∫∫
D e

x
x+y dxdy§Ù¥D´y = 1− x§y = 0Úx = 0�¤«�"

©Ûµ�K�,È©«�é{ü§�´�È¼ê%éE,§Ï���^\gÈ©§

�È¼êe
x
x+y±gCþxÚy�È©Ñ�ØÑ5§Ï�e

x
x+y��¼êoØ´{ü¼ê"Ï

d·�ÀJ¦^�����{§±z{�È¼ê�1�8�"
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Proof. �
z{�È¼ê§·��ÄXe���x = ξ,

x+ y = η,
(54)

·�I��)Ñ(x, y)'u(ξ, η)�L�ªx = ξ,

y = η − ξ.
(55)

,�¦)Jacobi1�ª��

J =
D(x, y)

D(ξ, η)
= −1. (56)

�e5��¦Ñ(x, y)²¡þ�«�DéA�(ξ, η)²¡«�D′§ù�L§´'�

J�"·���D´±(0, 0), (1, 0), (0, 1)n:�º:�����n�/§éuD¥�

:§η = x+y�����´η ∈ [0, 1]¶éη = x+y�½§gCþξ = x�������u

��x + y = η�D�����Ü©§Ïdξ = x�����´ξ ∈ [0, η]"dd§(ξ, η)²

¡þ�«�D′´±:(0, 0), (0, 1), (1, 1)�º:�����n�/"dd·��Ñ���

��­È©

I =

∫∫
D′

e
ξ
η dξdη (57)

�e5·�O�#��­È©§O��'��,´È©^S�ÀJµdu�È¼

êe
ξ
ηéuξ��¼ê´�±O��§éuη��È¼êKÃ{O�§·�^kξ�η�A

©ÙGä"éu�½η ∈ [0, 1]§ξ�����´[0, η]§¤±

I =

∫∫
D′

e
ξ
η dξdη

=

∫ 1

0

(∫ η

0
e
ξ
η dξ

)
dη

=

∫ 1

0

(
ηe

ξ
η

)∣∣∣ξ=η
ξ=0

dη =

∫ 1

0
η(e− 1)dη =

e− 1

2
. (58)

KKK 6. �f(x)´[0, 1]þ��ëY¼ê§�f(x)3[0, 1]����´m§���M§¦yµ

1 6

(∫ 1

0

dx

f(x)

)(∫ 1

0
f(x)dx

)
6

(m+M)2

4mM
. (59)

©Ûµ�K�,´y²½È©Ø�ª§�´�/Ï�­È©�{§=ÏL�EÝ/

þ�©lCþ��­È©§ò½È©Ü¤¤�­È©"
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Proof. ·�ÄkÏL��pdÈ©�{(38)§ÏL©lCþÈ©5�(35)òü�½È©

Ü¤��­È©µ(∫ 1

0

1

f(x)
dx

)
·
(∫ 1

0
f(x)dx

)
=

(∫ 1

0

1

f(x)
dx

)
·
(∫ 1

0
f(y)dy

)
=

∫
[0,1]×[0,1]

f(y)

f(x)
dxdy. (60)

XJ3þã$�¥§UC1���ªmà½È©gCþ�¶ik(∫ 1

0

1

f(x)
dx

)
·
(∫ 1

0
f(x)dx

)
=

∫
[0,1]×[0,1]

f(x)

f(y)
dxdy, (61)

üª�\��(∫ 1

0

1

f(x)
dx

)
·
(∫ 1

0
f(x)dx

)
=

∫
[0,1]×[0,1]

1

2

(
f(x)

f(y)
+
f(y)

f(x)

)
dxdy. (62)

�â²þ�Ø�ªk
1

2

(
f(x)

f(y)
+
f(y)

f(x)

)
≥ 1, (63)

Ïd (∫ 1

0

1

f(x)
dx

)
·
(∫ 1

0
f(x)dx

)
≥
∫

[0,1]×[0,1]
1dxdy = 1. (64)

,��¡§�Ä�
f(x)

f(y)
∈ [

m

M
,
M

m
], (65)

¤±
f(x)

f(y)
+

(
f(x)

f(y)

)−1

≤ M

m
+
m

M
=
M2 +m2

mM
, (66)

ù�Ø�ª´é�¼êf(x) = x+ x−1�5�"�´¦^ù��{Ã{y²mý�Ø�

Ò§Ï�²þ�Ø�ªkM2+m2

mM ≥ (m+M)2

4mM "

�d§·��ÄÙ¦��{§3�K8�Ø�ª¦^²þ�Ø�ª

I =

(∫ 1

0

1

f(x)
dx

)(∫ 1

0
f(x)dx

)
=

∫ 1

0

√
mM

f(x)
dx ·

∫ 1

0

f(x)√
mM

dx

≤ 1

4

[∫ 1

0

(√
mM

f(x)
+

f(x)√
mM

)
dx

]2

, (67)

Ù¥1���ª´3ü�È©¥©O¦±/Ø±Xê
√
mM§1��Ø�ª¦^
þ�

Ø�ªab ≤ 1
4(a+ b)2§ùpa, b�ü�È©ª"

·��Äª(67)���È©��È¼ê"duf(x) ∈ [m,M ]§·�k

f(x)√
mM

∈ [

√
m

M
,

√
M

m
], (68)
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|^é�¼êf(x) = x+ x−1�5���

√
mM

f(x)
+

(√
mM

f(x)

)−1

≤
√
m

M
+

√
M

m
. (69)

�\ª(67)

I ≤ 1

4

[∫ 1

0

(√
mM

f(x)
+

f(x)√
mM

)
dx

]2

≤ 1

4

(√
m

M
+

√
M

m

)2

=
(m+M)2

4mM
. (70)

2.2 °ÀÖ¿K

ÖÖÖ 1. O�½È©
∫ 1

0
x−1
lnx dx"£J«µ�Ä�­È©

∫∫
D x

ydσ§Ù¥D = [0, 1]× [0, 1]¤

ÖÖÖ 2. ¦I =
∫∫
D |xy − 1|dxdy§Ù¥D´��/[0, 1]× [0, 1]"

ÖÖÖ 3. ¦I =
∫∫
D(x+ y)dxdy§Ù¥D ´y2 = 2x§x+ y = 4Úx+ y = 12�¤«�"

ÖÖÖ 4. �f´[−1, 1]þ�ëY¼ê§¦yµ
∫∫
|x|+|y|≤1 f(x+ y)dxdy =

∫ 1
−1 f(z)dz"

ÖÖÖ 5. SchwarzØØØ���ªªª. �fÚg´[a, b]þ��È¼ê§¦yµ
(∫ b

a f(x)g(x)dx
)2
≤(∫ b

a f
2(x)dx

)(∫ b
a g

2(x)dx
)
"£J«µ3D = [a, b]× [a, b]�Ä�­È©

∫∫
D(f(x)g(y)−

f(y)g(x))2dσ¤

ÖÖÖ 6. ®�f(x)´[0, 1]þüN4~��ëY¼ê§¦yµ
∫ 1
0 xf

2(x)dx∫ 1
0 xf(x)dx

6
∫ 1
0 f

2(x)dx∫ 1
0 f(x)dx

"£J

«µ3D = [0, 1]×[0, 1]�Ä�­È©I =
∫∫
D f(x)f(y)y(f(x)−f(y))dσ¿y²I ≥ 0"¤
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