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1.1 nÈ©�½Â

��½È©Ú�È©§·�l/©0!/È0!/�4�0n�Ú½n)nÈ

©�½Â"

�Än��m¥�«�ΩÚn�¼êf(x, y, z)§nÈ©�½ÂÚ½�

1.©©© òΩ©�n�pØU��«�Ωi"

2.ÈÈÈ 3z��«��:(xi, yi, zi) ∈ Ωi§¦Ú
∑

i f(xi, yi, zi)∆Vi§Ù¥∆Vi´Ωi�N

È"

3.���444��� Øä\[�«�y©§=¦����«���»ªu0§Úª�4�½Â�n

È© ∫∫∫
Ω
f(x, y, z)dxdydz = lim

λ→0

∑
i

f(xi, yi, zi)∆Vi, (1)

Ù¥λ½Â�¤k�«��»��ö��»"

È©�n���´È©«�!�È¼êÚÈ©��§nÈ©�È©«�´n��

m�«�§�È¼ê´n�¼ê§È©��´NÈ��§��dxdydz½dV"
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ã 1: nÈ©z\gÈ©«¿ã"�µ/k���0¶mµ/k���0"

1.2 ���IenÈ©�O�

nÈ©z\gÈ©

nÈ©z\gÈ©O�´nÈ©�Ä��O��{§ÙØ%´én�«�Ω�

©"dun��m�E,5§·�ònÈ©z\gÈ©��{©�üaµ

1.///kkk���������000 Xã1�ã¤«§�½gCþ(x, y)�§z3Ω�����´z1(x, y) ≤

z ≤ z2(x, y)§(x, y)�������DK´Ω3�I²¡XoY�ÝK"�*5w§·

�òΩ÷z��©¤éõ/�^0§3z�/�^0þO���½È©§,�2òù


/�^0Ê(¤���«�Ω§��u2O����¡Dþ��È©µ∫∫∫
Ω
f(x, y, z)dxdydz =

∫∫
D

[∫ z2(x,y)

z1(x,y)
f(x, y, z)dz

]
dxdy. (2)

2.///kkk���������000 Xã1mã¤«§�½gCþz�§(x, y)3Ω�����´��u«

�Ω²1u�I²¡XoY����¡"�*5w§·�òΩ�¤Nõ²1u�I²

¡XoY�/�¡0§3z��/�¡0O����È©§,�2òù
/�¡0Ê

(¤���«�Ω§��u2O�z�����½È©µ∫∫∫
Ω
f(x, y, z)dxdydz =

∫ b

a

[∫∫
Dz

f(x, y, z)dxdy

]
dz. (3)

�Ò´`§O�nÈ©éA�\gÈ©§¢S´©OO���½È©Ú�È

©§�Ä��È©��O��E,5§O�nÈ©�L§Ï~��©æ�§Ïd�

{~�O�þ´7L�"

��È©aq§z\gÈ©�Ú½�±©�oÚµ

1.xÑÈ©«�«¿ãµn��m�«¿ã´'�Jx�§�dïÆÙG�
~��ã

/§�N¹"

2.ÀJÜ·�È©^SµÏ~´ÀJ/k���0½/k���0§Ó�I�ÀJ�½

@�gCþ?1È©"ÀJ´Ä�(�Uû½
O�þ§·��e5¬;�?Ø"
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ã 2: �ãµ~1È©«�c�Ω«¿ã"mãµéu�½z§(x, y)�����Dz
(x,y)�

«¿ã"

3.�Ñ/Xª(2)½ª(3)\gÈ©µù�Ü©J:�,´È©þe�ÚÈ©«��O

�§Ï~�(Ü«¿ã?1"

4.O�\gÈ©§=O���½È©Ú��·�È©"

�e5·�ÒXÛÀJÈ©^S§ÏÏÏ~~~···���¬¬¬ÀÀÀJJJ'''���ÎÎÎÜÜÜAAAÛÛÛ���***���ÈÈÈ©©©^̂̂

SSS§~XXJÀJ/k���0§�½(x, y)kézÈ©'�ÓÑ§XJÀJ/k��

�0�È©^S§�½zké(x, y)È©'�ÓÑ"Ød�	�k'uÈ©^S��
ï

Æ§,�ÏLe¡n�~K5Ð«

1.Äk´lÈ©«��/GÑu§·�F"�½gCþ±�§�{�gCþ�����

´aq�§©ã?Ø¬E¤æ�§�~K1"

2.Ùg��Ä�´�È¼êé=�gCþ�±O��¼ê§7L��yS�È©´�±

O��§�~K2"

3.k�aAÏ��È¼ê§��(x, y, z)¥���gCþk'§ùanÈ©Ï~ÀJ

/k���0�È©^S§kO���È¼êÃ'�ü�gCþ/¤��È©§�~

K3"

~~~ 1. ¦I =
∫∫∫

Ω(y2 + z2)−1dxdydz§Ù¥Ω´8�:(0, 0, 1), (0, 1, 1), (1, 1, 1)Ú

(0, 0, 2), (0, 2, 2), (2, 2, 2)�¤�c�"

©Ûµ�K´�Ä��nÈ©¯K§nÈ©�J:3uÈ©^S�ÀJ"�K

·�ÀJ/k���0�^S§�½zéx, yÈ©§ùo���Ï´éu�½z ∈ [1, 2]§

c���¡=(x, y)�����o´����n�/"XJÀJO�È©ÙGä§~X

�½xéy, zÈ©§@o�x ∈ [0, 1)�c���¡´F/§�x ∈ [1, 2]�c���¡´n

�/§Ò7L�9©ã?Ø"

Proof. 1.xÑÈ©«�«¿ã§Xã2"

2.ÀJÈ©^S/k���0§·���éu�½z ∈ [1, 2]§gCþ(x, y)��ã

/Dz
(x,y)´±:(0, 0), (0, z), (z, z)�n�º:�����n�/"
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ã 3: �ãµ~2È©«��ncIΩ«¿ã"mãµ(y, z)�����D(y,z)�«¿ã"

3.�Ñ\gÈ©"

I =

∫ 2

1

(∫∫
Dz

(x,y)

(y2 + z2)−1dxdy

)
dz. (4)

4.O�\gÈ©"·�ÄkO�S���È©§ÀJkx�y�È©^S§é�½

�y ∈ [0, z]§gCþx����[0, y]§¤±∫∫
Dz

(x,y)

(y2 + z2)−1dxdy =

∫ z

0

(∫ y

0
(y2 + z2)−1dx

)
dy

=

∫ z

0
y(y2 + z2)−1dy

=
1

2
ln
(
y2 + z2

)∣∣∣∣y=z

y=0

=
ln 2

2
. (5)

��

I =

∫ 2

1

(
ln 2

2

)
dz =

ln 2

2
. (6)

~~~ 2. ¦I =
∫∫∫

Ω(1− y)e−(1−y−z)2dxdydz§Ù¥Ω´²¡x+ y + z = 1Ún��I²¡

��31�%�/¤�o¡N"

©Ûµ�K��È¼ê�~E,§XJØbg¢ÀJÈ©^S§�U¡��È¼

ê�¼êÃ{O��(¸"~X¼ê(1− y)e−(1−y−z)2égCþy, z¢SÑØUO��¼

ê§¤±S�È©7Léx?1"

Proof. ·�Äk*	�È¼ê(1 − y)e−(1−y−z)2§�¹�e−(1−y−z)2§due��ê�'

uyÚzÑ´�gõ�ª§·�dcÆSpdÈ©Q�Ñe−(1−y−z)2égCþyÚz��¼

ê�Ø�O�§¤±�S�7LkÈx"dd·�ÀJ/k���0�È©^S"

1.xÑÈ©«�«¿ã§d?Ñ�"
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ã 4: �ãµ~3È©«�Ω«¿ã"mãµ3�I¶z��È©«�Ω«¿ã"

2.ÀJÈ©^S/k���0§éu�½(y, z)§gCþx�����´0 ≤ x ≤

1− y − z"(y, z)�����´±(0, 0), (1, 0), (0, 1)�º:�����n�/D(y,z)"

3.�Ñ\gÈ©µ

I =

∫∫
D(y,z)

(∫ 1−y−z

0
(1− y)e−(1−y−z)2dx

)
dydz

=

∫∫
D(y,z)

(
(1− y − z)(1− y)e−(1−y−z)2

)
dydz. (7)

4.O�\gÈ©µ·���uO�þã����È©"�È¼ê(1 − y − z)(1 −

y)e−(1−y−z)2wå5�,éE,§�È©�È©^Swå5¿ØN´ÀJ"ÏL}

Á§·�uy�È¼êégCþz��¼ê´�±O��§¤±ÀJkz�y�È©^

Sµéu�½y ∈ [0, 1]§gCþz�����´0 ≤ y ≤ 1− zµ

I =

∫ 1

0

(∫ 1−y

0
(1− y − z)(1− y)e−(1−y−z)2dz

)
dy

=

∫ 1

0
(1− y)

(
1

2
e−(1−y−z)2

∣∣∣z=1−y
z=0

)
dy

=
1

2

∫ 1

0
(1− y)

(
1− e−(1−y)2

)
dy = − 1

4

(
(1− y)2 + e−(1−y)2

)∣∣∣∣y=1

y=0

=
1

4e
. (8)

~~~ 3. ¦I =
∫∫∫

Ω z
2dxdydz§Ù¥Ω´ü�¥x2+y2+z2 ≤ R2�x2+y2+z2−2Rz ≤ 0�

¤«�"

©Ûµ�K�È©«�´éE,�§ÏdÀJÈ©^S´�§��"�K��È

¼ê�¹gCþz§¤±·�ÀJ/k���0�È©^S§kO�(x, y)gCþ��

È©§�O�z��È©"
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Proof. 0��KL§¥§·�Äk¦^�¯�{µkO�(x, y)gCþ��È©§�

O�z��È©"��é'§·�0�Ù¦È©^S�5�(J"

1.xÑÈ©«�«¿ã§Xã2"

2.ÀJÈ©^S/k���0"éu�½�z ∈ [0, R]§(x, y)�����Dz
(x,y)�¤

±�:��%§�»Rz(x,y)�±©ãO�

Rz(x,y) =


√
R2 − (R− z)2 , 0 ≤ z ≤ R

2 ,
√
R2 − z2 , R2 < z ≤ R.

(9)

Ù¥�»�O��±(Üã3mý��¡ã"

3.�Ñ\gÈ©"duS�´'u(x, y)�È©§·��±ò�È¼êz2J��

È©±	

I =

∫ R

0

(∫
Dz

(x,y)

z2dxdy

)
dz =

∫ R

0
z2

(∫
Dz

(x,y)

1dxdy

)
dz. (10)

4.O�È©"dud�S���È©��uO��Dz
(x,y)�¡È§�âz���

©ãµ

I =

∫ R

0

[
πz2

(
Rz(x,y)

)2
]

dz

= π

[∫ R
2

0
z2(2Rz − z2)dz +

∫ R

R
2

z2(R2 − z2)dz

]

= πR5

(
1

32
− 1

160
+

7

24
− 31

160

)
=

59R5π

480
. (11)

·���È©^S#O��K§kÈ©z§2é(x, y)�È©µ·���éu�

½(x, y)§z�����´

R−
√
R2 − x2 − y2 ≤ z ≤

√
R2 − x2 − y2. (12)

(x, y)�������´±�:��%§�»�
√

3
2 R��§T�P�Dx,y"±ù«^

S�Ñ\gÈ©µ

I =

∫∫
Dx,y

(∫ √R2−x2−y2

R−
√
R2−x2−y2

z2dz

)
dxdy

=
1

3

∫∫
Dx,y

(
z3

∣∣∣∣z=√R2−x2−y2

z=R−
√
R2−x2−y2

)
dxdy (13)

·�5¿��e�'u(x, y)��È©��È¼ê´É~E,�§u´·��U
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MF"u4�I��{�O�

I =

∫ 2π

0

[∫ √
3

2
R

0
r

(
z3

3

∣∣∣z=√R2−r2
z=R−

√
R2−r2

)
dr

]
dθ

= 2π

∫ √
3

2
R

0
r

(
z3

3

∣∣∣z=√R2−r2
z=R−

√
R2−r2

)
dr £©lCþ¤

= 2π

∫ π
3

0
R2 sin γ cos γ

(
z3

3

∣∣∣z=R cos γ
z=R(1−cos γ)

)
dγ £½È©��r = R sin γ¤

=
2πR5

3

∫ π
3

0
sin γ cos γ

[
(cos γ)3 − (1− cos γ)3

]
dγ.

þãn�½È©�O�·���æ^n�©��{§�Ä½È©��t = cos γ�∫ π
3

0
sin γ cos γ

[
(cos γ)3 − (1− cos γ)3

]
dγ = −

∫ 1

1
2

(
−2t4 + 3t3 − 3t2 + t

)
dt =

59

320
.

(14)

dd�±���Ó�(J"

�,ü«È©^SÑ�±O�K8�nÈ©§�´w,ÀJ/k���0�1�

«È©^SO��{B"ÄÙ�Ï§´nÈ©�O�E,Ý5u\gÈ©¥�È

©�O�E,Ý§�«Ð�È©^S�±¦�\gÈ©¥��È©O�Ü©{z"�

K�1�«/k���0�È©^S§|^
�È¼êz2�ÚgCþzk'�A:§d

dS�égCþ(x, y)��È©¢S´�È¼ê�~ê��È©¶1�«/k��

�0�È©^S§	�égCþ(x, y)��È©I�¡éS�½È©���E,�È

¼ê§V\
�þO�þ"

ùp�Xeo(µXJ,nÈ©��È¼ê��n�gCþ¥���gCþk'

£X�K�È¼ê�z2=�zk'¤§@oÀJ�½ù���È¼êk'�Cþ§3S

�ÄkO�'u,	ü�gCþ��È©£X�KÀJ�½zkÈ©x, y¤Ï~´�{

ü�"

é¡5�A^

ÏLþ�!�n�~K§·�0�
nÈ©z\gÈ©�Ä�O��{ÚÈ©^

SÀJE|"�±��§�È©«�½�È¼êéæ��§z\gÈ©O���{´�

~æ��",éu�
AÏ�nÈ©§XJ�È¼êÚÈ©«�äké¡5§Ün

¦^é¡5��{¬��ü$O�þ"�´��¦^é¡5�K8Ï~Lu{ü§é¡

5�¦^�I�E|§we¡�~Kµ

~~~ 4. ¦I =
∫∫∫

Ω(x+ 1)(y + 1)dxdydz§Ù¥Ω´ý¥x2

a2
+ y2

b2
+ z2

c2
≤ 1"
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©Ûµý¥´äkéré¡5�«�§ý¥Ø='un��I²¡é¡§�'u�

:¥%é¡"�´�È¼êq�Øäkér�é¡5§ù´·�I�X?n�Ü©"

Proof. ·�ò�È¼ê¤o�Ü©xy + x+ y + 1O�§Äk´

I1 =

∫∫∫
Ω
xydxdydz. (15)

ý¥Ω'u�I²¡XoZ´é¡�§y3·��Ä'u�I²¡XoZé¡�ü�

:(x0, y0, z0)Ú(x0,−y0, z0)§�È¼êxy3ùü�:���´���§Ïdý¥'u�

I²¡XoZé¡�üÜ©äk���È©�§¤±È©I1 = 0

Ó�|^'u�I²¡XoZ�é¡5§·��±y²I2 =
∫∫∫

Ω ydxdydz = 0"|

^'u�I²¡Y oZ�é¡5§·��±y²I3 =
∫∫∫

Ω xdxdydz = 0§¤±È©��

e�Ü©

I =

∫∫∫
Ω

(x+ 1)(y + 1)dxdydz =

∫∫∫
Ω

1dxdydz. (16)

ù�Ü©�,Ã{¦^é¡5§�´��uO�ý¥�NÈ"ý¥�NÈ�±ÏLz\

gÈ©O�£du�È¼ê�1§¦^/k���0�È©^S¤µ∫∫∫
Ω

1dxdydz =
4

3
πabc. (17)

,�«�Äý¥NÈ��{´ÏL.�C�"·���ü ¥¡È´4
3π§

ý¥Ω��u3n��I¶x, y, z��©Oòü ¥.�a, b, c�§ddý¥�NÈC

�4
3πabc"

~4ù«òòò���ÈÈÈ¼¼¼êêê¤¤¤ØØØÓÓÓ���ÜÜÜ©©©©©©OOO¦¦¦^̂̂ééé¡¡¡555OOO���ÈÈÈ©©©��{´�©�

�§XJ~4Ø¦^é¡5´��O�§O�þ´É~ã��"

1.3 nÈ©��{

·�Äk£Á�È©���ü�8�µ{z�È¼ê{zÚ{zÈ©«�"du

nÈ©O�þ�§��éuÈ©�O�´�	��§$�`nÈ©��{´O�

nÈ©�Ì��{"

nÈ©�����{K

�Än��� 
x = x(u, v, w),

y = y(u, v, w),

z = z(u, v, w),

(18)
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÷vn�^�

1.´«�Ω′�Ω���V�§=Q´ü��´÷�"

2.¼êx(u, v, w)§y(u, v, w)Úz(u, v, w)ÑäkëY� �ê"

3.Jacobi111���ªªªJ = D(x,y,z)
D(u,v,w)333(ξ, η) ∈ D′??????���0"""

@okXe(Ø∫∫∫
Ω
f(x, y, z)dV =

∫∫∫
Ω′
f(x(u, v, w), y(u, v, w), z(u, v, w))|J |dudvdw, (19)

Ù¥Jacobi1�ª

J =
D(x, y, z)

D(u, v, w)
=

∣∣∣∣∣∣∣∣
∂x
∂u

∂x
∂v

∂x
∂w

∂y
∂u

∂y
∂v

∂y
∂w

∂z
∂u

∂z
∂v

∂z
∂w

∣∣∣∣∣∣∣∣ (20)

l��*��Ýw§nÈ©���,´^gCþ(u, v, w)3«�Ω′�È©��/

O�gCþ(x, y, z)3Ω�È©§�
(��Ò¤á\\
NÈ��'X

dxdydz =

∣∣∣∣D(x, y, z)

D(u, v, w)

∣∣∣∣ dudvdw. (21)

��È©aq§nÈ©���8��,´ò��nÈ©z��ÐO��n

È©§���äNÚ½ØC

1.�Ñ���c�nÈ©§xÑÙÈ©«�"

2.�Ñ��¦^�N�£Xª(18)¤9ÙJacobi1�ªJ"

3.�âN�(18)¦����#È©«�Ω′µùpΩ′�L(x, y, z) ∈ Ω�(u, v, w)�¤k�

�"éuE,���O�Ω′éæ�§�´éukAÛ¿Â�{ü��ù�Ú½�~{

ü"

4.�âúª(19)�Ñ#��È©"

Î�I��{

Î�I��{´�Xe���5K
x = r cos θ, 0 6 r < +∞,

y = r sin θ, 0 6 θ 6 2π,

z = z, −∞ ≤ z < +∞,

(22)

Ùä�'1�ª�~{üµ

J =
D(x, y, z)

D(r, θ, z)
= r. (23)

dd��Î�I��∫∫∫
Ω
f(x, y, z)dV =

∫∫∫
Ω′
f(r cos θ, r sin θ, z)rdrdθdz. (24)

9



ã 5: Î�IgCþ«¿ã"

Î�Iäk�*�AÛ¿Â§Xã¤«§gCþr�L:(x, y, z)�z¶�ål§

=z =
√
x2 + y2§θK�L
(x, y, z)3XoY²¡�x¶Y�",�«n)´§�Ä

:(x, y, z)3XoY²¡�ÝK(x, y)§(r, θ)´(x, y)3XoY²¡�4�I",�«�*�

n)´§�Äé�ÎΩ = {x2 + y2 ≤ 1, z ∈ [0, 1]}�nÈ©§È©«�Ω�±w���

�s§·�¯�s�¬kò�s�¤eZ��/§·�éz��/È©Ò��ué�½

�θkér, zÈ©"

Î�Iü«~^�¦^�¹µ

1.duÎ�I÷vx2 + y2 = r2§¤±��È¼ê�9�x2 + y2�§¦^Î�I�±¦

�È¼êC{ü"

2.duÎ�I�AÛ5�§�È©«�´ÎN½ÎN��Ü©�§½(½È©«��

��9�x2 + y2�§Î�I«��±��{zÈ©«�"

~~~ 5. ¦I =
∫∫∫

Ω(x2 + y2)
1
2 dxdydz§Ù¥Ω´d�m¡x2 + y2 = 9, x2 + y2 = 16, z =

0, z =
√
x2 + y2�¤«�"

©Ûµ�Kl�È¼êÚÈ©«�þwÑ·Ü¦^Î�IC�"

Proof. Î�I���'�´¦Ñ#�È©«�"�Ä�Ω´ü�ÎNYÑ�Ü©¿

�z����I²¡XoYÚ/�G¡0z =
√
x2 + y2��§¤±��Ω′÷v�^�!

3 ≤ r ≤ 4,

0 ≤ z ≤ r,

0 ≤ θ ≤ 2π.

(25)

·��Ñ#�nÈ©

I =

∫∫∫
Ω′
r2drdθdz, (26)

·�3ã¥xÑ
#�È©«�Ω′§�´��È©��{aq§���¿�´

xÑΩ′§´ÏL'Xª(25)(½\gÈ©�È©«�"Ï��È¼êr2��rk'§
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ã 6: ¥�IgCþ«¿ã"

·��Äké(θ, z)�È©,�	�érÈ©"�½r ∈ [3, 4]"gCþ(θ, z)�����

´Ý/[0, 2π]× [0, r]"�Ñ\gÈ©¿O�

I =

∫∫∫
Ω′
r2drdθdz

=

∫ 4

3

(∫∫
[0,2π]×[0,r]

r2dθdz

)
dr =

∫ 4

3
2πr3dr =

175π

2
. (27)

¥�I��{

¥�I´�Xe���5K
x = ρ sinϕ cos θ, 0 6 ρ < +∞,

y = ρ sinϕ sin θ, 0 6 ϕ 6 π,

z = ρ cosϕ, 0 6 θ < 2π,

(28)

ä�'1�ªµ

J =
D(x, y, z)

D(ρ, ϕ, θ)
= ρ2 sinϕ. (29)

dd��¥�I��∫∫∫
Ω
f(x, y, z)dV =

∫∫∫
Ω′
f(ρ sinϕ cos θ, ρ sinϕ sin θ, ρ cosϕ)ρ2 sinϕdρdϕdθ. (30)

¥�Iäk�*�AÛ¿Â§Xã¤«§gCþρ�L:(x, y, z)��:�ål§

=ρ =
√
x2 + y2 + z2§ϕ�L:(x, y, z)Ú�:�ë��z¶�Y�§dϕÚρ�±(½�

Iz = ρ cosϕ¶θK�Î�Iaq§´3z(½±��L(x, y, z)3XoY�I�ÝK�x¶

�Y�"

¥�Iü«~^�¦^�¹µ

1.du¥�I÷vx2 + y2 + z2 = ρ2§¤±��È¼ê�9�x2 + y2 + z2�§¦^¥�

I�±¦�È¼êC{ü¶

11



2.du¥�I�AÛ5�§�È©«�´¥N½´¥N��Ü©�§½´(È©«��

��9�x2 + y2 + z2�§¥�I«��±��{zÈ©«�"

~~~ 6. ¦
∫∫∫

D y
2dxdydz§Ù¥D´¥Nx2 + y2 + z2 ≤ 2z"

©ÛµduÈ©«�Ø´�IO��§·�Q�±��¦^¥�I��{§��±

3�Ä��¥�IC�þ��
?n"d	du�K�È¼ê'�{ü§��y��g

Cþk'§ÏdØ?1��ÀJ��z\gÈ©�´�1�"

Proof. ���{{{1.���%%%ØØØ333���:::���¥¥¥���IIICCC��� duÈ©«�´±(0, 0, 1)�¥%§1��»

�¥§·�F"3¥�IC�þ?1N�§ÀJ���´µ
x = ρ sinϕ cos θ, 0 6 ρ < +∞,

y = ρ sinϕ sin θ, 0 6 ϕ 6 π,

z = 1 + ρ cosϕ, 0 6 θ < 2π,

(31)

ù��?nØ¬UC¥�I���ä�'1�ª§���#�È©«�ÝN´Ω′ =

[0, 1]× [0, π]× [0, 2π]§âd·����Ñ����È©

I =

∫∫∫
Ω′
ρ4 sin3 ϕ sin2 θdρdϕdθ. (32)

��Ý/þ�È©�©lCþO�{§·���±¦^©lCþ{O�þãnÈ

©µ

I =

(∫ 1

0
ρ4dρ

)
·
(∫ π

0
sin3 ϕdϕ

)
·
(∫ 2π

0
sin2 θdθ

)
=

1

5
· 4

3
· π =

4

15
π. (33)

���{{{2.������¦¦¦ ^̂̂¥¥¥���III������ #�È©«�Ω′÷vρ2 ≤ 2ρ cosϕ§��uρ ≤

2 cosϕ§égCþθ¿vk��§��#�\gÈ©

I =

∫∫∫
Ω′
ρ4 sin3 ϕ sin2 θdρdϕdθ. (34)

duÈ©«�éθvk5�§·�ÄkéθÈ©§(r, ϕ)�����D(r,ϕ)÷v0 ≤ ρ ≤

cosϕ§��5¿�´ù�^�Ûõ
cosϕ ≥ 0§¤±ϕ ∈ [0, π2 ]§ù�:ÏL«¿ã�

�±wÑ"

I =

∫∫
D(r,ϕ)

ρ4 sin3 ϕ

(∫ 2π

0
sin2 θdθ

)
dρdϕ

= π

∫∫
D(r,ϕ)

ρ4 sin3 ϕdρdϕ. (35)
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,�^kÈρ�Èϕ��{O�È©∫∫
D(r,ϕ)

ρ4 sin3 ϕdρdϕ =

∫ π
2

0
sin3 ϕ

(∫ 2 cosϕ

0
ρ4dρ

)
dϕ

=
32

5

∫ π
2

0
sin3 ϕ cos5 ϕdϕ

=
32

5

∫ 1

0
t5(1− t2)dt£½È©��t = cosϕ¤

=
4

15
. (36)

·��Ñ§�K¦^¥�I��O���{�,´��~K§�´I�X'5È

©«�Ω′�(½"du¥�I�E,5·�ØU��lÀúþwÑ°O���§�\¥

�§�±��0 ≤ ρ ≤ 2 cosϕ§ù��Ûõ��¦cosϕ ≥ 0��'5§ÄKρÒvk��

��
¶lAÛ��Ýw§duΩ�� uz ≥ 0��ý§Ïdϕ ∈ [0, π2 ]"

���{{{3.������zzz\\\gggÈÈÈ©©©

du�È¼ê�¹y§·�^/k���0�È©^S�½yS�é(x, z)��È

©"éu�½�y ∈ [0, 1]§(x, z)����§´x2 + (z − 1)2 ≤ 1 − y2§´±(0, 1)��

%
√

1− y2��»��§P�Dy
(x,z)"∫∫∫

D
y2dxdydz =

∫ 1

−1
y2

[∫∫
Dy

(x,z)

1dxdz

]
dy

=

∫ 1

−1
πy2(1− y2)dy =

4

15
π. (37)

3þãÈ©¥§·�¦^
Xe�'un�¼ê���È©úª

In =

∫ π
2

0
sinn xdx =

∫ π
2

0
cosn xdx, n ≥ 0. (38)

Ù¥

In =


(n−1)!!
n!! , n´Ûê,

(n−1)!!
n!! · π2 , n´óê.

(39)

AO/§!!�LV�¦§=

n!! =

 n× (n− 2)× · · · × 1, n´Ûê,

n× (n− 2)× · · · × 2, n´óê.
(40)

þãúª�±¦^½È©�©ÜÈ©í�§äN�±ë\þþ½È©ùÂ"þãÈ©¬

�EÑy3È©O�§ïÆÓÆ��e5þãúª±\¯O��Ý"
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2 ²;SK

nÈ©Ü©�K8ÊHg´{ü§O�þ�§ÆSnÈ©Ì�´ÆSXÛ~$

O�þ"é¡{§©�È©§È©^SÚ���ª�ÜnÀJÑ�~�§d	�kÜ

©K8�JÝ5uã/�E,�5��m��JÝ§½´½È©�O�"du��S

K¥k�þ��@^Î�I½¥�IO��K8§·��~K¥Ì�ÀJ��SK�k

�9�K8a.§�´���ÖÖÖ777`̀̀kkkÝÝÝººº������SSSKKK���aaa...222ÝÝÝºººùùù


~~~KKK"

2.1 ~K

3�Ù�~K)�¥§�
�Ö�B§·����[�©ÚL§§Öö�±g1o

(È©O�g´ÚÚ½"

KKK 1. ¦I =
∫∫∫

Ω (x+ y + z)2 dxdydz§Ù¥Ω´ý¥x2

a2
+ y2

b2
+ z2

c2
≤ 1�SÜ"

©Ûµ�K�,´��~K§%�©²;"�K/Ï©�È©Úé¡5§k�~{

ü�O��{"

Proof. ©�O�È©I§�Ä�È¼ê

(x+ y + z)2 = x2 + y2 + z2 + 2xy + 2xz + 2yz,

duÈ©«�´��ý¥§ý¥'un��I²¡Ñ´é¡�§��~4��{¦^

é¡5 ∫∫∫
D
xydxdydz =

∫∫∫
D
yzdxdydz =

∫∫∫
D
xzdxdydz = 0. (41)

�eÜ©�È©�¹�x2 + y2 + z2§ùn�z��Ñ´�'u��gCþ�¼

ê§¤±üÕéz��O�´ØJ�"�Ä
∫∫∫

D x
2dxdydz§du�È¼ê��xk

'§·�ÀJ/k���0�È©^S§é�½�xÄké(y, z)?1�È©:é

�½�x ∈ [−a, a]§y, z�����Dx
(y,z)�ý�

y2

b2
+ z2

c2
≤ 1 − x2

a2
§x�������

´x ∈ [−a, a]"AO/§ý�Dx
(y,z)�ü^�¶��

√
b2 − b2x2

a2
Ú
√
c2 − c2x2

a2
"Ïdý

�Dx
(y,z)�¡È�

Sx(y,z) = π

√(
b2 − b2x2

a2

)(
c2 − c2x2

a2

)
= πbc

(
1− x2

a2

)
. (42)

�e5?1O�∫∫∫
D
x2dxdydz =

∫ a

−a
x2

[∫∫
Dx

(y,z)

1dydz

]
dx

= πbc

∫ a

−a
x2

(
1− x2

a2

)
dx =

4

15
πa3bc. (43)
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Ón�±O�Ñ∫∫∫
D
y2dxdydz =

4

15
πab3c,

∫∫∫
D
z2dxdydz =

4

15
πabc3. (44)

3O�L§¥§·�éØÓ�¦^
ØÓ�È©^S±��~�O�þ�8�"K8¤

¦È©� ∫∫∫
D

(x+ y + z)2 dxdydz =
4

15
πabc(a2 + b2 + c2). (45)

KKK 2. ¦I =
∫∫∫

Ω
dV√

x2+y2+(z−2)2
§Ù¥Ω´ü ¥x2 + y2 + z2 ≤ 1"

©Ûµ�K´O�þ ��nÈ©K8§�{Ø����«�{O�þÑé�"

Proof. XJlÈ©«�´ü ¥5w§¦^¥�I��{A�´�{ü�§Î�IC

���±�"�K¥kÃõ[!I�5¿"

1.ÎÎÎ���III������{{{ �����#È©´

I =

∫∫∫
Ω′

r√
r2 + (z − 2)2

drdzdθ, (46)

Ù¥È©«�Ω′÷vr2 + z2 ≤ 1�r ≥ 0"du�È¼êÚÈ©«�ÑÚθÃ'§·�Ä

kéθÈ©=z��È©∫∫∫
Ω′

r√
r2 + (z − 2)2

drdzdθ = 2π

∫∫
D−

r√
r2 + (z − 2)2

drdz. (47)

,�^z\gÈ©��{O��È©µéu�½�z ∈ [−1, 1]§gCþr ∈

[0,
√

1− z2]§ùpI�AO5¿r��Î�I�»�7L�Kµ

I = 2π

∫∫
D.

r√
r2 + (z − 2)2

drdz

= 2π

∫ 1

−1

(∫ √1−z2

0

r√
r2 + (z − 2)2

dr

)
dz

= 2π

∫ 1

−1

√
r2 + (z − 2)2

∣∣∣r=√1−z2

r=0
dz

= 2π

∫ 1

−1

(√
5− 4z − (2− z)

)
dz =

2π

3
. (48)

2.¥¥¥���III������{{{ �����#È©´

I =

∫∫∫
Ω′

ρ2 sinϕ√
ρ2 − 4ρ cosϕ+ 4

dρdϕdθ, (49)

Ù¥È©«�Ω′´ÝN[0, 1]× [0, π]× [0, 2π]"·��,�±òθ�Ü©JÑ5∫∫∫
Ω′

ρ2 sinϕ√
ρ2 − 4ρ cosϕ+ 4

dρdϕdθ = 2π

∫∫
D′

ρ2 sinϕ√
ρ2 − 4ρ cosϕ+ 4

dρdϕ, (50)
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Ù¥D′´Ý/[0, 1]× [0, π]"ÄkéϕÈ©¿A^n�©��{

I = 2π

∫∫
D′

ρ2 sinϕ√
ρ2 − 4ρ cosϕ+ 4

dρdϕ

= 2π

∫ 1

0

(∫ π

0

ρ2 sinϕ√
ρ2 − 4ρ cosϕ+ 4

dϕ

)
dρ

= 2π

∫ 1

0

ρ

2

√
ρ2 − 4ρ cosϕ+ 4

∣∣∣ϕ=π

ϕ=0
dρ

= 2π

∫ 1

0

ρ

2
(|ρ+ 2| − |ρ− 2|) dρ =

2π

3
. (51)

,	§�K��±^±(0, 0, 2)�¥%�¥�I��{�§O�þ�cü«�{�

�§�Öög1}Á"

KKK 3. ¦I =
∫∫∫

Ω
xyz
x2+y2

dV§Ù¥Ω´¡
(
x2 + y2 + z2

)2
= 4xy��I²¡¤�«�3

1�%��Ü©"

©Ûµ�K(½Ω�¡É~E,±�u·�Ã{��xÑ«�Ω�ã/"�
O

\é«�Ω�n)§·�7Læ^¥�I����{§3{zÈ©«��Ó�O\é

uΩ�
)"ùa¯KáuÄ�¡(½�nÈ©¯K§��{3ùa¯Kå��

^"

Proof. A^¥�I��{§·�ò¡
(
x2 + y2 + z2

)2
= 4xy=�¥�I�§

ρ4 = 4ρ2 sin2 ϕ sin θ cos θ, (52)

du·��Ä1�%�§ù`²ϕ ∈ [0, π2 ]Úθ ∈ [0, π2 ]§éu1�%��(ϕ, θ)§»�ρä

k�½�����§dd¡
(
x2 + y2 + z2

)2
= 4xy�¤�«�����

Ω′ = {(r, ϕ, θ) : 0 ≤ ρ ≤ 2 sinϕ
√

sin θ cos θ}. (53)

�Ñ#�È©

I =

∫∫∫
Ω′
ρ3 sinϕ cosϕ sin θ cos θdρdϕdθ. (54)

�Ä�·�íäÑ�Ω′�/ª§·�S�7LéρÈ©µé�½�(ϕ, θ) ∈ [0, π2 ]2§ρ�

����0 ≤ ρ ≤ 2 sinϕ
√

sin θ cos θ§¤±

I =

∫∫∫
Ω′
ρ3 sinϕ cosϕ sin θ cos θdρdϕdθ

=

∫∫
[0,π

2
]2

sinϕ cosϕ sin θ cos θ

(∫ 2 sinϕ
√

sin θ cos θ

0
ρ3dρ

)
dϕdθ

= 4

∫∫
[0,π

2
]2

sin5 ϕ cosϕ sin3 θ cos3 θdϕdθ

= 4

(∫ π
2

0
sin5 ϕ cosϕdϕ

)(∫ π
2

0
sin3 θ cos3 θdθ

)
= 8 · 1

6
· 1

12
=

1

9
. (55)
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éuùaE,¡(½«�þ�nÈ©§·��õ�ÿÃIxÑΩ�äNã/§

�I�£Ï~´3Î�I½¥�I¿Âe¤©ÛÑéu�½�gCþÙ¦gCþ���

��§,�±d�Ñ\gÈ©=�"

KKK 4. �ëêa, b, c > 0§¦¡
(
x2

a2
+ y2

b2
+ z2

c2

)2
= ax��I²¡¤�«�31�%�

�Ü©�NÈ"

©Ûµ�K�þ�Kaq§¡
(
x2

a2
+ y2

b2
+ z2

c2

)2
= ax�,�~E,J±��n

)§·�I�|^����{¼�¡�&E§�Ä�¡�ýký¥�/ª·�ÀJ

ý¥�I��{"

Proof. �¡
(
x2

a2
+ y2

b2
+ z2

c2

)2
= ax��I²¡¤�«�31�%��Ü©�ã/

�Ω§·��O��B´nÈ©I =
∫∫∫

Ω 1dV"

ý¥�I��{�¡2Â¥�I��{§´¥�I��{�{üí2§3¥�I�

��Ä:þO\Xêµ 
x = aρ sinϕ cos θ, 0 6 ρ < +∞,

y = bρ sinϕ sin θ, 0 6 ϕ 6 π,

z = cρ cosϕ, 0 6 θ < 2π,

(56)

�¥�I��aq§ù���Ð?´x2

a2
+ y2

b2
+ z2

c2
= ρ2§�±{zK8?Ø�¡�/

ª"ý¥�I��{�Jacobi1�ª�

J =
D(x, y, z)

D(ρ, ϕ, θ)
= abcρ2 sinϕ. (57)

3������È©´

I =

∫∫∫
Ω′
abcρ2 sinϕdρdϕdθ, (58)

Ù¥Ω′´�(½�#�È©«�"

,��¡ý¥�I��¦�¡�§{z�

ρ4 = a2ρ sinϕ cos θ. (59)

duΩ u1�%�§=(ϕ, θ) ∈ [0, π2 ]2§u´�����#«�Ω′¥gCþρ����

�´

0 ≤ ρ ≤ a
2
3

3
√

sinϕ cos θ. (60)
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dd·�æ^�½(ϕ, θ)kÈρ��ªO�È©(58)µ

I = abc

∫∫∫
Ω′
ρ2 sinϕdρdϕdθ

= abc

∫∫
D′

sinϕ

∫ a
2
3 3√sinϕ cos θ

0
ρ2

dϕdθ

=
a3bc

3

∫∫
D′

sin2 ϕ cos θdϕdθ, (61)

Ù¥D′ = [0, π2 ]2´(ϕ, θ)�����§^©lCþ�È©�{

I =
a3bc

3

∫∫
D′

sin2 ϕ cos θdϕdθ =
a3bc

3

(∫ π
2

0
sin2 ϕdϕ

)(∫ π
2

0
cos θdθ

)
=
a3bcπ

12
. (62)

�K���´�:´§Ü©ÓÆ¬ò«�NÈúª���
∫∫∫

Ω′ 1dρdϕdθØ

´
∫∫∫

Ω 1dxdydz§Ù�Ï´�k3���Iþ,«��NÈâU�ÑT«�þé�È¼

ê1�È©V =
∫∫∫

Ω 1dxdydz§XJ�3����IXþïÄNÈÒ7Ll���IX

þ����§=

V =

∫∫∫
Ω

1dxdydz =

∫∫∫
Ω′
|J |dρdϕdθ. (63)

KKK 5. �ëêa, b, c > 0§-h =
√
a2 + b2 + c2§�f´Rþ�ëY¼ê§¦y

∫∫∫
Ω f(ax+

by + cz)dV = π
∫ 1
−1(1− t2)f(ht)dt§Ù¥Ω´ü �x2 + y2 + z2 ≤ 1"

©Ûµ�K´2021Ï¥�ÁØ¶K�W~K§ÙÌ�g´kü:µ1�§�
¦�

�ªmý�nÈ©��mý�½È©§�±Äkæ�,«nÈ©��§,�é��

�#�nÈ©¦^©lCþ{¶1�§·��±ÏLAÛ�*5�Ä§òü ¥ΩU

ìax + by + cz���©�©§�½È©z{"·�Äkæ^�*�{Qã§,��

Ñî�y²§�ö¢S¿��Ó"�K�î�y²Qãþ7L/Ï�5�ê�£§vk

ÆL�5�ê�ÓÆ�IÝº�*g´=�"

Proof. ���***ggg´́́ é(x, y, z) ∈ Ω§kax+ by+ cz ∈ [−h, h]"·�ò«m[−h, h]©�NÜ

©µ

−h = u0 < u1 < · · · < uN−1 < uN = h, (64)

Ù¥∆uk = uk − uk−1"�k = 0, 1, · · · , N§N + 1�²¡ax + by + cz = uk²1/�ü

 ¥Ω��"d�·��Äzü���²¡ax + by + cz = uk−1Úax + by + cz = uk�

¥����«�Ωk§«�þax + by + cz ∈ [uk−1, uk]"XJ�ÄNv
�§�ó�z

��∆ukÑv
�§@o·��±@�Ωkþ�z��:ax + by + cz���Ñ´ð½
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�uk§Ïd�±ÏL\\��ΩkCqnÈ©∫∫∫
Ω
f(ax+ by + cz)dV ≈

N∑
k=1

f(uk)V(Ωk). (65)

Ù¥V(Ωk)�LΩk�NÈ"

·�e�ÚI�O�Ωk�NÈ§§dü���²¡ax+ by+ cz = uk−1Úax+ by+

cz = uk��"ddΩk�þe²¡���»©�
√

1−
(
uk
h

)2
Ú
√

1−
(uk−1

h

)2
§��F/

¡È�O�úª�±O�Ωk�NÈ�

V(Ωk) =
π∆uk

2

(
1−

(uk
h

)2
+ 1−

(uk−1

h

)2
)

= π∆uk

(
1−

(uk
h

)2
)

+ o
[
(∆uk)

2
]
.

(66)

�∆uk → 0¿�ïp��Ã¡�þ

V(Ωk) ≈ π∆uk

(
1−

(uk
h

)2
)
. (67)

,��\ª(65)�∫∫∫
Ω
f(ax+ by + cz)dV ≈

N∑
k=1

f(uk)V(Ωk) ≈ π
N∑
k=1

f(uk)

(
1−

(uk
h

)2
)

→ π

∫ h

−h

(
1− u2

h2

)
f(u)du = π

∫ 1

−1
f(hu)(1− u2)du.(68)

îîî���ggg´́́ �âdc©Û§·�F"÷Xax+ by + cz���O�nÈ©§Ïd·

�I�,«��T

T


u = ax+by+cz

h ,

v = v(x, y, z),

w = w(x, y, z).

(69)

Ù¥��¼êv, w´���",��¡§�Ä�mý½È©�/ª§·�F"ü 

¥Ω3²L��T�/G�,´��¥±�yÈ©�{B§÷vù��¦��«�

�TB´�5�m¥���C�§=�n���Ý
A = (ai,j)
3
i,j=1¦�

u

v

w

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33




x

y

z

 (70)

duA�1�1�þ´(½�ü �þ(
a11 a12 a13

)
=
(

a
h

b
h

c
h

)
. (71)

�Ä���Ý
��1�þ�¤���þ|§��^��A��z��{Ò�±���

�Ý
A"
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·��e5|^��C�(70)5y²~K"Äk´Jacobi1�ª�O�

D(x, y, z)

D(u, v, w)
= det

(
A−1

)
= 1, (72)

ùpI�5¿��Ý
�5�det(A) = det(A−1) = 1"du��Ý
�AÛ¿Â´îª

�m¥�^=§¤±��#�È©«�Ω′E´ü ¥u2 + v2 +w2 ≤ 1§#�nÈ©´∫∫∫
Ω
f(ax+ by + cz)dV =

∫∫∫
Ω′
f(hu)dudvdw. (73)

éu#�È©§·�¦^/k���0�È©^S§�½ué(v, w)�È©µéu�

½u§gCþ(v, w)�����´�%��:��v2 + w2 ≤ 1− u2P�Du
(v,w)∫∫∫

Ω′
f(hu)dudvdw =

∫ 1

−1
f(hu)

(∫
Du

(v,w)

1dvdw

)
du

= π

∫ 1

−1
f(hu)(1− u2)du. (74)

2.2 °ÀÖ¿K

ÖÖÖ 1. 2021SSSGGGÏÏÏ¥¥¥���ÁÁÁKKK. ¦I =
∫∫∫

Ω(y2+z2)dV§Ù¥Ω�L«�0 ≤ z ≤ x2+y2 ≤

1"

ÖÖÖ 2. ¦
∫∫∫

Ω z(x
2 + y2 + z2)dxdydz§Ù¥Ω´¥Nx2 + y2 + z2 ≤ 2z"

ÖÖÖ 3. �N ∈ N∗§Pn��mü ¥
∑n

k=1 x
2
k ≤ 1�NÈ�α(n)§O�α(4)§¿�ÑS

�α(n)�4íL�ª"

ÖÖÖ 4. �Ω = {(x, y, z) |0 6 x+ y − z 6 1, 0 6 y + z − x 6 1, 0 6 x+ z − y 6 1}´8�

²¡��/¤�«�§¦È©I =
∫∫∫

Ω(x+ y − z)(y + z − x)(x+ z − y)dxdydz"

ÖÖÖ 5. �ëêa, b, c > 0§¦¡
(
x
a + y

b

)2
+
(
z
c

)2
= 1�¤�mã/�NÈ"£J«µ�

�ý¥�I��{�OÜ·����ª¤

ÖÖÖ 6. ¦I =
∫∫∫

Ω(x+ y + z)2dV§Ù¥Ω´x2 + y2 ≤ 2zÚx2 + y2 + z2 ≤ 3��Ü©"

£J«µ©�È¼ê¿|^é¡5¤
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